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Relaxation time spectra of basaltic lavas
between 500–1150 ◦C reveal patterns of
Kramers–Kronig inconsistency of the
complex viscoelastic shear modulus
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Abstract: An important, yet until now neglected, aspect of the viscoelastic behaviour of

lavas is the Kramers–Kronig consistency of their complex viscoelastic shear modulus. The

most general linear viscoelastic model – the generalized Maxwell body with continuous

relaxation time spectrum – produces a consistent storage and loss modulus, as can be

verified by Kramers–Kronig formulae. We reprocessed the original datasets of the high-

precision laboratory data by James et al. (2004) supplied as pairs of magnitude of the

complex viscoelastic shear modulus and the loss angle. We introduce the magnitude-borne

and loss-angle-borne logarithmic relaxation time spectra and their ratio as a suitable

indicator of the linear viscoelastic inconsistency. The basaltic lavas from Etna, Hawai’i

and Vesuvius have shown a general convergence to the ideal consistency with increasing

temperature, although each sample with an individual inconsistency pattern. The biggest

surprise is the inconsistency ratio rising to ∼20 in Etna 1992 top sample at 786 ◦C. Such
a high inconsistency level still waits for an explanation and for the discoveries of its

class-mates either in laboratory or field experiments.

Key words: viscoelasticity, generalized Maxwell body, Kramers–Kronig relationships,
relaxation time spectrum, viscoelastic modulus inconsistency

1. Introduction

The basis for our curret work is provided by the study of James et al. (2004).
The amount and the quality of the laboratory viscoelastic data prompted
us to reprocess it again, focusing on the phenomenon of viscoelastic incon-
sistency not addressed in the original study. We shall briefly summarize its
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essence relevant to our study in the sequel.
The basaltic lava samples from Etna, Hawai’i and Vesuvius, heated up

to temperatures between ∼ 500 ◦C and 1150 ◦C and fixed between Al rods
of the apparatus (Bagdassarov and Dingwell, 1993), were subject to small
forced harmonic torques (∼10−3Nm) generated by a synthesiser at frequen-
cies between 0.002 and 20 Hz. The angular deformation across the sample
was measured by pairs of capacitive pick-ups responding to the movement
of pure iron plates located at the ends of the Al wings of the rods. The shear
modulus and phase difference between the applied torque and the angular
displacement were calculated from the phase and amplitude parameters of
the sinusoids fitted to the recorded signals.

Two samples from Etna were collected from lava erupted in 1992. One
of these samples was taken from the top surface, the other one from the
base (∼10cm down from the surface), and thus they represent samples with
different cooling regimes. The surface sample has smaller vesicles (∼ 0.2 to
0.5 mm, 15 to 20 vol. %) and smaller crystal content (∼20 to 30 vol. %)
than the basal sample (∼20 vol. % of 1 to 2 mm vesicles and ∼30 vol. %
phenocrysts). No chemical composition of the samples was given either by
the study itself, or by precedent studies. A further sample was collected
from near the south east cone in 1999, from the least vesicular area found
in a recently emplaced flow near hornito H3 (Calvari and Pinkerton, 2002)
at the top of the active flow field. The sample was used to study mainly
the crack-healing-related phenomena. The Etna 1999 sample data were not
included in the dataset made available to us by the authors.

The Hawai’ian basalt was sampled in the east rift eruption zone of Ki-
lauea from a lava flow from a pahoehoe toe in September, 1984 (eruption
temperature ∼1147 ◦C). This pahoehoe lava flow corresponds to the episode
25 of the eruption Pu’u ’O’o of Kilauea Volcano. Its chemical composition
has been presented in Garcia et al. (1992) and Bagdassarov (2000). The
vesicularity varies around 50 vol. %. The sample has ∼10 vol. % of olivine
quenched from magma during sampling and a few percent of other phe-
nocrysts.

The Vesuvius samples were collected from the 1834 flow at Cava Ranieri
approximately 6.3 km ESE of the central cone of Vesuvius by the group from
University College of London. Chemical analysis of the samples is given in
Belkin et al. (1993). The same sample was also used by Rocchi et al. (2004)
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in experiments to determine Young’s modulus and tensile strength.
The most important findings of James et al. (2004) with respect to our

study are the temporal variations in complex shear modulus and internal
friction at ∼800 ◦C. They suggest that, over durations of up to 120 hours,
structural adjustments were occurring within some of the samples. This
time-varying behaviour of lava samples is attributed to the slow closing
(healing) of microcracks resulting in the apparent stiffening of lava samples
under annealing. Thus, those parts of lava flows that underwent slow cool-
ing have more elastic properties. Regions which cool faster possess smaller
shear moduli and higher internal friction due to thermal microcracking.

Since the publication of James et al. (2004), several other studies on
rheological properties of lavas and other geomaterials were performed using
the methods of mechanical spectroscopy (bending and torsional tests). We
shall list here the ones addressing the factors that influence viscoelasticity at
various time scales, temperatures and pressures: Wagner (2004), Fontaine
et al. (2005), Fontaine et al. (2008), Okumura et al. (2010), Takei et al.
(2011), McCarthy et al. (2011), Chien (2014) and Okumura et al. (2016).
Some of them could serve as a source of data for potential future viscoelastic
consistency tests.

2. Consistency of viscoelastic storage and loss shear modulus
according to Kramers–Kronig relationships

A causal and time-invariant linear system shall have a complex frequency
response (FR) whose real and imaginary parts are consistent, i.e. complying
with Kramers–Kronig relationships. Let us test whether the linear viscoelas-
tic shear modulus represented by the generalized Maxwell body fits into this
category.

The shear stress response τ (t) of the linear viscoelastic shear modulus
of the generalized Maxwell body with finite number of Maxwell modes to
the unit step in engineering shear strain:

γ (t) = γ θ(t) , (1)

where γ is a constant and
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θ(t) =

{
0 for t < 0

1 for t ≥ 0
,

is

τ(t) =

⎧⎪⎪⎨
⎪⎪⎩

0 for t < 0

γ
N∑

n=0

gn exp (−t/τn) for t ≥ 0
. (2)

The Laplace transform of (1) and (2) yields γ(s) = γ/s and τ(s) =

γ
N∑

n=0

gnτn
1 + sτn

, respectively. The shear modulus of the generalized Maxwell

model then reads:

G(s) =
τ (s)

γ (s)
= γ

N∑
n=0

gnτn
1 + sτn

/
(γ/s) =

N∑
n=0

gnτn s

1 + sτn
. (3)

For a viscoelastic solid, one of relaxation times τn is infinite. Let us choose
τ0 → ∞. Then:

G(s) = g0 +
N∑

n=1

gnτn s

1 + sτn
. (4)

The substitution of s = jω yields the complex shear modulus:

G(jω) = g0 +
N∑

n=1

gnτ
2
n ω

2 + jgnτnω

1 + τ2nω
2

(5)

denoted also as G∗(ω). The relaxed modulus GR and unrelaxed modulus
GU are:

GR = lim
ω→0

G(jω) = g0 , GU = lim
ω→∞G(jω) =

N∑
n=0

gn = GR +
N∑

n=1

gn . (6)

The real part of (5) is the storage modulus:

G′(ω) = g0 +
N∑

n=1

gnτ
2
n ω

2

1 + τ2nω
2
, (7)
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the imaginary part is the loss modulus:

G′′(ω) =
N∑

n=1

gnτnω

1 + τ2nω
2
. (8)

Let us verify that the storage (7) and loss modulus (8) satisfy the Kramers–
Kronig relationships (Kronig, 1926; Kramers, 1927):

G′(ω) = lim
ω→∞G′(ω)− 2

π
PV

∞∫
0

ω′G′′(ω′)− ωG′′(ω)
ω′2 − ω2

dω′ , (9)

G′′(ω) =
2ω

π
PV

∞∫
0

G′(ω′)−G′(ω)
ω′2 − ω2

dω′ , (10)

where PV denotes the Cauchy principal value of the integral.
Before we substitute (7) and (8) to (9) and (10), let us note that:

PV

∞∫
0

dω′

ω′2 − ω2
= lim

ε→0+

⎛
⎝ ω−ε∫

0

dω′

ω′2 − ω2
+

∞∫
ω+ε

dω′

ω′2 − ω2

⎞
⎠ =

= lim
ε→0+

(
−arctanh((ω − ε)/ω)

ω
+

arctanh(ω/(ω + ε))

ω

)
= 0 .

(11)

This means that in (9) and (10), any integrand with a constant numerator
integrates to zero. The presence of the “null” terms (cf. e.g. Rusu et al.,

2005) −ωG′′(ω)
ω′2 − ω2

and − G′(ω)
ω′2 − ω2

in (9) and (10), respectively, is a trick

aimed at cancelling the singular term ω ′2 − ω2 in the denominator of the
integrand for suitably shaped G′(ω) and G′′(ω), thus turning the integral
from a singular into a non-singular one, as we shall see in the sequel.

The substitution of (7) and (8) to (9) yields:

G′(ω) = g0 + lim
ω→∞

N∑
n=1

gnτ
2
n ω

2

1 + τ2nω
2
− 2

π

N∑
n=1

∞∫
0

gnτn
1 + τ2nω

′2dω
′ =

= g0 +
N∑

n=1

gn − 2

π

N∑
n=1

π gn
2 (1 + τ 2nω

2)
= g0 +

N∑
n=1

gnτ
2
n ω

2

1 + τ2nω
2
,

(12)
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which is the same as (7). Similarly, the substitution of (7) to (10) yields
(omitting the term g0 in (7) which integrates to 0 according to (11)):

G′′(ω) =
2ω

π

N∑
n=1

∞∫
0

gnτ
2
n

1 + τ2nω
′2dω

′ =
2ω

π

N∑
n=1

π gnτn
2 (1 + τ 2nω

2)
=

N∑
n=1

gnτnω

1 + τ2nω
2
, (13)

which is the same as (8).
Thus, according to the Kramers–Kronig relationships, the storage and

loss modulus of a viscoelastic solid with a finite number of Maxwell modes
uniquely determine each other.

For τn > 0, G(s) is a minimum-phase function and lnG(s) is analytic for
Re(s) > 0. Then the logarithm of the magnitude α(ω) = ln |G∗(ω)| and the
phase ϕ(ω) in lnG∗(ω) = α(ω) + jϕ(ω) form also a unique pair of functions
(except for a constant term in α(ω)) coupled for instance by Bayard–Bode
relationships (Bode, 1945):

ϕ(ω) =
1

π

∞∫
−∞

dα(u)

du
ln coth

| u |
2

du (14)

and

α(ω) = lim
ω→0

α(ω)− 1

π

∞∫
−∞

d (ϕ(u)/exp(u))

du
ln coth

|u |
2

du (15)

or

α(ω) = lim
ω→∞α(ω)− 1

π

∞∫
−∞

d (ϕ(u) exp(u))

du
ln coth

| u |
2

du , (16)

where u = ln (ω′/ω).
The reader can try to apply the formulae (14), (15) and (16) to α(ω) and

ϕ(ω) of a viscoelastic model with finite number of Maxwell modes only to
discover that they fail to yield closed symbolic forms of the integrals. If we
are not interested in asymptotic estimates, but in exact general transforma-
tions between α(ω) and ϕ(ω) of a generalized Maxwell model with discrete
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modes, the Bayard–Bode formulae are practically useless. In the next sec-
tion, we shall offer alternative formulae practically applicable to generalized
Maxwell body with both discrete and continuous relaxation spectrum and
suitable for testing the consistency of α(ω) and ϕ(ω).

3. Methods

3.1. Relaxation time spectra as consistency test tools

The formulae (7) and (8) could be used to extract the discrete spectra gn,
n ∈ {0, 1, . . . ,N} for each of the sampled functions G′(ω), G′′(ω) separately.
The respective discrete spectra g′n and g′′n could then be compared to as-
sess the inconsistency of G′(ω) and G′′(ω). The difficulty with the discrete
spectra is the arbitrariness of both input sampling of G′(ω) and G′′(ω) in
frequency domain and output sampling of g ′n(τn) and g′′n(τn) in the domain
of relaxation times, resulting in non-uniqueness and non-representativeness
of the latter. Moreover, the formulae (7) and (8) do not have a form suit-
able for an effective numerical implementation of the inversion process, with
a high potential of its failure.

We shall present a solution of this problem based on widely used continu-
ous logarithmic relaxation spectra, comprehensively presented e.g. in Ferry
(1980). The shear stress response of a viscoelastic solid with continuous
relaxation spectrum H(ln τ) to unit step (1) is:

τ(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 for t < 0

γ

⎛
⎝g0 θ(t) +

∞∫
−∞

H(ln τ) exp (−t/τ) d(ln τ)

⎞
⎠ for t ≥ 0

. (17)

After performing the Laplace transform, the shear modulus in the s-
domain is:

G(s) = g0 +

∞∫
−∞

s τ H(ln τ)

1 + s τ
d(ln τ) (18)

and the storage and loss modulus are:
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G′(ω) = g0 +

∞∫
−∞

ω2 τ2 H(ln τ)

1 + ω2τ2
d(ln τ) , (19)

G′′(ω) =
∞∫

−∞

ω τ H(ln τ)

1 + ω2τ2
d(ln τ) . (20)

Now it is natural to introduce the logarithmic frequency and relaxation
time variables Ω, Θ (T cannot be used because it shall denote temperature).
The substitution of τ = exp(Θ) and ω = exp(Ω) yields:

G′(Ω) = g0 +

∞∫
−∞

exp(2Ω + 2Θ)H(Θ)

1 + exp(2Ω + 2Θ)
dΘ , (21)

G′′(Ω) =
∞∫

−∞

exp(Ω + Θ)H(Θ)

1 + exp(2Ω + 2Θ)
dΘ . (22)

The kernel of the integral in (22):

K ′′(Ω,Θ) =
exp(Ω + Θ)

1 + exp(2Ω + 2Θ)
(23)

is, for a fixed Θ, a bell-shaped function of Ω. The bell has its maximum at
ΩC = −Θ and is exactly symmetric with respect to ΩC . This bell shape
is of utmost importance for the numerical implementation of the G′′(Ω) to
H(Θ) inversion. On the other hand, the kernel of the integral in (21)

K ′(Ω,Θ) =
exp(2Ω + 2Θ)

1 + exp(2Ω + 2Θ)
(24)

has an unpleasant form of a smoothened ramp growing from 0 to 1 as Ω
goes from −∞ to ∞.

The desired bell-shaped kernel appears in:

dG′(Ω)
dΩ

=

∞∫
−∞

d

dΩ

(
exp(2Ω + 2Θ)

1 + exp(2Ω + 2Θ)

)
H(Θ)dΘ =

=

∞∫
−∞

2 exp(2Ω + 2Θ)

(1 + exp(2Ω + 2Θ))2
H(Θ)dΘ .

(25)
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In this case, the kernel

dK ′(Ω,Θ)

dΩ
=

2 exp(2Ω + 2Θ)

(1 + exp(2Ω + 2Θ))2
(26)

forms a bell centred at ΩC = −Θ and exactly symmetric with respect to
ΩC . Compared to (23), the bell (26) is narrower.

The main idea of the G′′(Ω) to H(Θ) and
dG′(Ω)
dΩ

to H(Θ) inversion is

based on the fact that due to the bell shape of the respective kernel, the

value H(Θ) influences the functions G′′(Ω),
dG′(Ω)
dΩ

mainly at Ω = −Θ. The

details will be provided in the section 3.2.
The experimental data from the harmonic measurements of the viscoelas-

tic (shear) modulus are very often supplied in the form of samples of the
magnitude of the complex modulus |G∗(ω)| and of the loss angle ϕ(ω). Both
these datasets are likely to be contaminated by measurement errors char-
acteristic to each of them. Computing G′(ω), G′′(ω) out of |G∗(ω)|, ϕ(ω)
would produce an undesirable mixture of errors of |G∗(ω)| and ϕ(ω). An
ideal approach to |G∗(ω)|, ϕ(ω) is therefore their totally separate process-
ing. We have realized that the Bayard–Bode relationships do not provide
a reasonable option for the direct test of consistency of |G∗(ω)|, ϕ(ω). We
shall show that there is a viable alternative approach very similar to the use
of relaxation time spectrum H(Θ) in (22) and (25).

Just for the purpose of a short derivation within this paragraph, let us
consider the complex viscoelastic modulus G∗

01(ω) containing only the 0-th
and the 1-st Maxwell mode. To avoid a variable confusion in the sequel, let
us change g0, g1 to k0, k1 in advance. Then the modulus reads:

G∗
01(ω) = k0 +

ω2τ2k1 + jωτ1k1
1 + τ12ω2

. (27)

The tangent of its phase tanϕ01(ω), where

ϕ01(ω) = arctan
ωτ1k1/k0

1 + ω2τ21 (1 + (k1/k0))
, (28)

has the same structure as the rational function
gnτnω

1 + τ2nω
2
– the summand of

(8). Let us introduce p1 = k1/k0 and compare the rational functions in (8)
and (28) term by term: gnτn = p1τ1, τ

2
n = τ21 (1 + p1). Then
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p1 =

(
g2n + gn

√
4 + g2n

)/
2 (29)

and

τ1 = τn

/√
(1 + p1) (30)

transform (28) to

ϕn(ω) = arctan
gnτnω

1 + τ2nω
2
, (31)

which can be summed to the total phase

ϕ(ω) =
N∑

n=1

arctan
gnτnω

1 + τ2nω
2
. (32)

Here, unlike in (8), gn is dimensionless. Analogically to the transition
from discrete (8) to continuous (20) representation, we can introduce a di-
mensionless relaxation time spectrum h(Θ) and write:

ϕ(Ω) =

∞∫
−∞

arctan
exp(Ω +Θ)h(Θ)

1 + exp(2Ω + 2Θ)
dΘ . (33)

We have to substitute (29) and (30) also to G∗
01(ω) in (27), denote |G∗

n(ω)|
= |G∗

01(jω)| and express it in terms of k0, gn and τn:

|G∗
n(ω)| = k0

√
1 +

g2n
2

+
gn
2

√
4 + g2n exp

(
arctanh

gn tanh(lnωτn)√
4 + g2n

)
. (34)

Alternatively, after the substitution of

p2 = k1

/
(k0 + k1) =

(
−g2n + gn

√
4 + g2n

)/
2 , (35)

τ1 = τn

/√
(1− p2) , (36)
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|G∗
n(ω)| = (k0 + k1)

√
1 +

g2n
2

− gn
2

√
4 + g2n ×

× exp

(
arctanh

gn tanh(lnωτn)√
4 + g2n

)
.

(37)

Then the total magnitude of the shear modulus corresponding to the
total phase ϕ(ω) (32) is:

|G∗
n(ω)| = GR

N∏
n=1

√
1 +

g2n
2

+
gn
2

√
4 + g2n ×

× exp

(
arctanh

gn tanh(lnωτn)√
4 + g2n

)
.

(38)

or

|G∗
n(ω)| = GU

N∏
n=1

√
1 +

g2n
2

− gn
2

√
4 + g2n×

× exp

(
arctanh

gn tanh(lnωτn)√
4 + g2n

)
.

(39)

In the case of continuous relaxation spectrum h(Θ) as in (33) (in the
sequel, denoted as h for brevity), the integral forms corresponding to the
latter two expressions are:

ln |G∗
n(Ω)| = lnGR +

1

2

∞∫
−∞

ln

(
1 +

h2

2
+

h

2

√
4 + h2

)
dΘ+

+

∞∫
−∞

arctanh
h tanh(Ω + Θ)√

4 + h2
dΘ ,

(40)

ln |G∗
n(Ω)| = lnGU +

1

2

∞∫
−∞

ln

(
1 +

h2

2
− h

2

√
4 + h2

)
dΘ+

+

∞∫
−∞

arctanh
h tanh(Ω + Θ)√

4 + h2
dΘ .

(41)
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Similarly to the kernel K ′(Ω,Θ) in (24), also the integrand

K(Ω,Θ) = arctanh
h tanh(Ω + Θ)√

4 + h2
(42)

is a smooth ramp-like function of Ω. Therefore, for the purpose of |G∗(ω)|
to h(Θ) inversion, we have to use the formula:

d ln |G∗(Ω)|
dΩ

=

∞∫
−∞

dK(Ω,Θ)

dΩ
dΘ =

∞∫
−∞

h
√
4 + h2

2 + h2 + 2cosh 2(Ω + Θ)
dΘ . (43)

The integrand dK(Ω,Θ)/dΩ is a symmetric bell-shaped function of Ω
centred at −Θ. Once h(Θ) is known, it can be supplied back to (40) and
(41) to yield GR and GU , respectively. The first terms in (40) and (41) are
analogical to (9) in Kramers–Kronig or (15) and (16) in Bayard–Bode rela-
tionships, since GR = lim

ω→0
|G∗(ω)|, GU = lim

ω→∞ |G∗(ω)| (cf. (6)). Note that

GR and GU can be evaluated at any Ω. Their constancy over the frequency
range indicates the quality of the inversion.

The quantity h(Θ) does not meet all usual expectations of a spectrum.
The integral transformations (33) and (43) are (unlike (22)) non-separable

into the classical spectral form
∞∫

−∞
k(Ω,Θ)h(Θ)dΘ and nonlinear in h(Θ).

For our numerical implementation of the h(Θ) search, this is not a problem,
as far as rough proportionality (the greater h(Θ), the greater ϕ(−Θ)) is
preserved. The phase ϕ(Ω) and the spectrum h(Θ) have roughly the same
order of magnitude (cf. 52). For crustal rocks then ϕ(Ω) → 0, h(Θ) → 0.
The reader can expand the functions used in the expressions (33) and (43)
in Taylor series to see that for h(Θ) → 0 they converge to the usual integral

transformation
∞∫

−∞
k(Ω,Θ)h(Θ)dΘ.

In experimental practice, the formulae (22) and (25) give different H(Θ)
spectra and the formulae (43) and (33) give different h(Θ) spectra. There-
fore, we will speak of G′(ω)-, G′′(ω)-, |G∗(ω)|- and ϕ(ω)-borne relaxation
spectra and denote them accordingly: H ′(Θ), H ′′(Θ), h|G∗|(Θ) and hϕ(Θ).
The method of Winter (1997), giving a single discrete parsimonious spec-
trum for jointly inverted G′(ω), G′′(ω) would be the less successful, the less
G′(ω) and G′′(ω) comply with Kramers–Kronig relationships.
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With the introduction of the unscaled relaxation time spectrum h(Θ),
we filled the grey field in the table of inversion schemes for viscoelastic
consistency tests (Table 1).

Table 1. Inversion methods for viscoelastic consistency tests.

The measured and Kramers–Kronig inverted moduli G′(ω), G′′(ω) are
not as suitable consistency test tools as the relaxation time spectra H(Θ)
or h(Θ) because of the ambiguity, which of G′(ω), G′′(ω) shall be preferred
as the comparison basis.

3.2. Numerical implementation of the consistency test based on
the relaxation spectra

The numerical implementation of the spectral consistency test can be di-
vided into three parts: data pre-processing, their inversion to spectra and
the post-processing of spectra to retrieve additional characteristics (GR, GU ,
misfits of the spectra etc.). All the stages are implemented in a script in
the computational environment Mathematica R© by Wolfram Research.

We shall first describe the inversion itself, because it poses require-
ments to the input data to be met in the pre-processing stage. As an
example, let us explain the inversion of G′′(Ω) to H(Θ). The integral

G′′(Ω) =

∞∫
−∞

exp(Ω + Θ)H(Θ)

1 + exp(2Ω + 2Θ)
dΘ (22) shall first be discretized. The in-

finitesimal integration step dΘ shall be approximated by constant finite
step ΔΘ and the infinite integration range shall be approximated by fi-
nite range 〈Θmin, Θmax〉 such that 〈−Ωmax, −Ωmin〉 ⊂ 〈Θmin, Θmax〉, where
〈Ωmin, Ωmax〉 is the frequency range of the G′′(Ω) data. Typically, Θmin ≈
−2Ωmax, Θmax ≈ −2Ωmin. The original G

′′(Ω) must be extrapolated to the
range Ω ∈ 〈−Θmax, −Θmin〉.

The inversion shall be iterative according to the cyclic scheme:

121

Bereitgestellt von  University Library Bratislava | Heruntergeladen  05.09.19 10:09   UTC
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G′′
i(Ω) =

N∑
n=1

exp(Ω + Θn)Hi−1(Θn)

1 + exp(2Ω + 2Θn)
ΔΘ , (44)

ci(Θn) = G′′(−Θn)
/
G′′

i(−Θn) , (45)

Hi(Θn) = ci(Θn)Hi−1(Θn) , (46)

where i denotes the iteration number starting with i = 1. The H0(Θn) = 1
for all n can be used as start model. The ratio (45) of the original (inter-
or extrapolated) data to their i-th synthetic approximation (44) gives the
correction coefficients ci(Θn) that will improve the estimate of Hi(Θn) (46).
In (44), Mathematica allows us to use symbolic, continuous representation
of G′′

i(Ω).
With G′′(Ω) ≥ 0 and H0(Θn) > 0, the repetition of (44÷46) can never

arrive at Hi(Θn) < 0. The correction coefficients themselves provide a suit-
able convergence criterion, as:

lim
i→∞ci(Θn) =

⎧⎪⎨
⎪⎩

1 for G′′(−Θn) > 0

0 for G′′(−Θn) = 0
. (47)

At ci(Θn) approaching to either 1 or 0 for all n, the best possible approx-
imation of G′′

i(Ω) to G′′(Ω) and Hi(Θn) to H(Θn) will be achieved within
the bounds of the discretization and integration range truncation errors.

The convergence can be accelerated by a correction predictor more coura-
geous than (45):

ci(Θn) =
(
G′′(−Θn)

/
G′′

i(−Θn)
)β

, (48)

where β ∈ 〈1, 2) . As β approaches 2, the more uneven (oscillatory) the
convergence is. At β = 2, the process diverges.

The schemes of inversion of other FRs to their respective time relaxation
spectra are analogical to (44÷46).

The preprocessing should supply easily invertible data. We have to assure

that G′′(Ω) ≥ 0,
dG′(Ω)
dΩ

≥ 0, ϕ(Ω) ≥ 0,
d ln |G∗(Ω)|

dΩ
≥ 0. It is usually

not a problem with the first and third quantity in the list, but in G′(Ω),
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ln |G∗(Ω)| it often happens that on a part of their frequency range, they

decrease with frequency. There, the negative values of
dG′(Ω)
dΩ

,
d ln |G∗(Ω)|

dΩ
shall be replaced by 0.

The truncation of the integration range is based on the assumptions
lim

Θ→−∞
H(Θ) = 0, lim

Θ→∞
H(Θ) = 0, lim

Θ→−∞
h(Θ) = 0, lim

Θ→∞
h(Θ) = 0. If we

want H(Θ), h(Θ) to go to zero already at Θmin, Θmax, we have to make

sure that G′′(Ω),
dG′(Ω)
dΩ

, ϕ(Ω),
d ln |G∗(Ω)|

dΩ
also go to zero at Ω = −Θmax,

Ω = −Θmin. If it is not the case with the original (extrapolated) data, we
have to apply band-pass filtering. A very abrupt transition from nonzero
to (almost) zero values is not desirable, as it produces truncation artefacts
in the relaxation spectrum. The filter must therefore offer a good trade-off
between suppression in the stopband and smoothness around the cut-off
frequencies.

We have very good experiences with the band-pass filter of the type:

F (Ω− Ω0) =

⎛
⎝1 +

√(
Ω− Ω0

Ωthr

)2n
⎞
⎠

−1

, (49)

where Ω0 is the central frequency of the passband and Ωthr is the cut-off
frequency. F (Ω − Ω0) is an even function of Ω− Ω0 even for an odd n, thus
widening the set of candidates for its optimum order.

The lower are n and Ωthr, the more the filter influences the data in the
middle of the passband. As a consequence, the relaxation spectrum of the
filtered FR may considerably differ from that of the original FR even in the
passband. To minimize this effect, the original FR should be pre-deformed
with the reciprocal band-stop filter and only then fitted by a polynomial of
a suitably low order.

Let us denote the original data generally as D(Ω− Ω0). We have to
produce the pre-deformed data:

DBS(Ω− Ω0) = D(Ω− Ω0)
/
F (Ω− Ω0) , (50)

and fit it by the polynomial P (Ω −Ω0).
Then the optimal continuous representation of the original data within

the passband of the filter is:
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DBP (Ω − Ω0) = P (Ω− Ω0)F (Ω − Ω0) . (51)

In the passband, the band-stop filter implicitly present in the pre-deformed
data (50) cancels with the explicitly present band-pass filter in (51). In the
stopbands, the band-pass filter prevails and suppresses the original FR. The
main idea is very similar to that of pre-emphasis – de-emphasis signal pro-
cessing.

When filtering ln |G∗(Ω)|, G′(Ω) or
∫
ϕ(Ω),

∫
G′′(Ω), the order of the fit-

ting polynomial P (Ω − Ω0) shall be equal to that of the filter (49). The
desired band-pass filtering effect becomes obvious after the differentiation
of the former quantities. In the stopbands, the values of derivatives will be
negative and replaced by zero. If we accept a non-ideal stopband suppres-
sion, it is possible to fit ϕ(Ω) and G′′(Ω) directly as well. The polynomials
that fit them must then be of a lower order than the filter (49).

The lower n, the smoothest the transition from non-zero to zero values
is and the smaller the cut-off artefacts in the corresponding spectra are.

Applying the same kind of filtering (51) to both sides of the couple sub-
ject to Kramers–Kronig relationships introduces their violation. This viola-
tion is however relevant only to the stopbands, where we do not expect to
have any useful data.

A cleaner trick to suppress the stopbands is to subtract from the filtered
FR a constant, whose equivalent in terms of constant ΔH or Δh we shall re-
turn to H(Θ) or h(Θ), respectively, at the very end. For instance, according
to:

ΔG′′ =
∞∫

−∞

exp(Ω + Θ)ΔH

1 + exp(2Ω + 2Θ)
dΘ =

π

2
ΔH , (52)

a constant ΔG′′ subtracted from G′′(Ω) shall be compensated by a constant
ΔH = 2ΔG′′/π added to H(Θ). The negative values of thus lowered G′′(Ω)
are replaced by 0. This operation does not introduce any inconsistency
with Kramers–Kronig relationships and is physically justified: a nonzero
constant extrapolation of H(Θ) or h(Θ) to the zones not covered by data
may be a more realistic estimate than their zero extrapolation. If we apply
the same procedure to the linearized version of (33), we get Δh = 2Δϕ/π.
Similarly, we obtain also ΔH = Δ(dG′/dΩ), Δh = Δ(d ln |G∗(Ω)|/dΩ).
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One of the roles of the post-processing is to provide an independent check
of the iteration outcome. Once H(Θ) is known, from (21) we yield GR = g0,
which shall be constant over 〈Ωmin,Ωmax〉. For this purpose GU can be used,
as well. Its calculation requires GR, though:

GU = lim
Ω→∞

G′(Ω) = GR +

∞∫
−∞

H(Θ) dΘ . (53)

Once h(Θ) is known, the formulae (40) and (41) can be used to obtain
GR and GU , respectively. GR and GU and can be used as indicators of the
consistency, as well. For this purpose, the spectra couples shall be obtained
by compatible procedures, resulting in their nearly equal range of non-zero
values.

An important part of the post-processing is the presentation of the re-
sults. The ratios H ′(Θ)/H ′′(Θ) and h|G∗|(Θ)/hϕ(Θ) or their reciprocals are
particularly suitable for the inconsistency assessment provided the division
by zero is avoided either by the subtract-return pre-processing or some other
suitable means.

4. Results

The h|G∗|(Θ)/hϕ(Θ) ratios of the samples Etna 1992 top, Etna 1992 base,
Hawai’i and Vesuvius are presented in Fig. 1 to 4. They are almost identi-
cal with the respective H ′(Θ)/H ′′(Θ) ratios. Therefore, the latter will not
be presented here. The feature common to all samples is the convergence
of h|G∗|(Θ)/hϕ(Θ) to 1 (ideal linear viscoelasticity) with the temperature
increasing to the melting point.

At 500–600 ◦C, the scatter of the measured FRs allows for a large ar-
bitrariness of their fits. Thus, the evidence for the convergence to ideal
linear anelasticity with the temperature decrease is rather weak, but still
visible in the case of Etna 1992 top. The biggest surprise is the very large
h|G∗|(Θ)/hϕ(Θ) ratio (almost 20) of the Etna 1992 top sample at 786 ◦C.
The measured |G∗(ω)|, ϕ(ω) at 786 ◦C are very smooth and raise no doubts
about their reliability. The batman-shaped transitions in h|G∗|(Θ)/hϕ(Θ)
are due to the band-pass filtering of ln |G∗(Ω)| and narrow kernel in (43).
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Fig. 1. Linear viscoelastic consistency of the Etna 1992 top sample.

Fig. 2. Linear viscoelastic consistency of the Etna 1992 base sample.

The effects of ϕ(Ω) filtering on hϕ(Θ) are broader transitions without ring-
ing, because the kernel in (33) is broader than in (43). Still, the filtering
artefact is rather local and does not contaminate the whole spectrum. For
the purpose of independent spectrum retrieval by the reader, we attached
the source data of the Etna 1992 top sample in the Appendix (Table 2).

Similar, but not that pronounced inconsistencies can be seen in the sam-
ples Etna 1992 base (h|G∗|(Θ)/hϕ(Θ) → 4 already at 616 ◦C) and Hawai’i
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Fig. 3. Linear viscoelastic consistency of the Hawai’i sample.

Fig. 4. Linear viscoelastic consistency of the Vesuvius sample.

(h|G∗|(Θ)/hϕ(Θ) → 3 at 760 ◦C and 870 ◦C). In the case of Vesuvius, the
peak h|G∗|(∼ 4 s)/hϕ(∼ 4 s) → 4 at 832.8 ◦C (Fig. 4) is an artefact due to
a sudden drop of hϕ(Θ) to the Δhϕ baseline, while h|G∗|(Θ) continues its
smooth run.

While the transition of the samples Etna 1992 and Vesuvius to the
full consistency comes rather suddenly above ∼ 900 ◦C, the Hawai’i sam-
ple shows a more smooth decrease to h|G∗|(Θ)/hϕ(Θ) = 1. The curiosity of
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the Hawai’i dataset at 553 ◦C is |G∗(ω)| decreasing with frequency almost on
the whole range of ω. Such behaviour is totally incompatible with the gener-
alized Maxwell model. Therefore, we have a flat zero line of h|G∗|(Θ)/hϕ(Θ)
at 553 ◦C in Fig. 3. At lower temperatures, the decrease of |G∗(ω)| happens
occasionally also in other samples and causes h|G∗|(Θ)/hϕ(Θ) to drop to
zero. In Fig. 3 we also see the gradual retreat of the curves from lower fre-
quencies with increasing temperature. This is due to an experimental fact
mentioned by James et al. (2004) – at lower frequencies, the sample started
to flow.

The best consistency is shown by the Vesuvius sample, owing also to the
fact that the measurements start there only as high as at 832.8 ◦C.

5. Discussion

The unexpected discovery of viscoelastic inconsistency as large as 20 in terms
of h|G∗|(Θ)/hϕ(Θ) ratio in Etna 1992 top sample demonstrates the impor-
tance of prompt consistency screening of any data deemed to be generated
by a linear system. An early discovery by the authors themselves would
have incited a thorough search for a possible error. With the error ruled
out, one could concentrate on physics behind that strange behaviour. Now
we are left with measurements of a single sample at a single temperature
786 ◦C with neighbours as much as 200 ◦C afar. The measurement with the
original sample is unrepeatable, because in the course of being heated up to
1100 ◦C, the sample was completely annealed and lost its original material
structure. Our experience with the rest of the dataset prepared by the au-
thors who are specialists in this kind of measurements makes the probability
of a huge error quite low and the matter is thus worth discussing it further.

The chemical and crystalline composition, although not stated, is roughly
the same as in Etna 1992 base sample. The latter does not show any excep-
tional behaviour at 781 ◦C (Fig. 2). Thus, a sudden crystal phase change
cannot be blamed for the inconsistency. The authors of the original study
identified the mechanism of crack healing as a possible cause of quality factor
and shear modulus increase during the annealing. Due to the more intensive
cooling of the surface of the lava flow, the Etna 1992 top sample exhibited
more thermally-induced microcracking than Etna 1992 base. It is possible
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that at 786 ◦C, the measurements are covering a non-equilibrium state in the
middle of the crack healing process: the transformation of cracks into ellip-
tical/spherical pores already decreased the loss angle, but the migration of
volatiles out of the material and the decrease of the pore volume leading to
shear factor increase is still in progress or waiting for higher temperatures.
The high frequency torsions might propel the migration of volatiles more
intensively than the low frequencies. Such extra stiffening with increas-
ing frequency can add to the classical linear stiffening effect and increase
h|G∗|(Θ).

An alternative explanation is that even in an equilibrium multicompo-
nent/multiphase system, especially at the possible onset of an additional
relaxation mechanism (diffusion creep), one component can prevailingly in-
fluence the loss factor, the other the magnitude of the shear modulus. There
can also be complicated nonlinear interactions between the components.

6. Conclusions

The main achievements of our current work are:

a) The introduction of |G∗(ω)|-borne and ϕ(ω)-borne relaxation time spec-
tra, h|G∗|(Θ) and hϕ(Θ), makes a totally separate treatment of the orig-
inal |G∗(ω)|, ϕ(ω) datastreams possible. The naturally unscaled spectra
h|G∗|(Θ), hϕ(Θ) are very well suited for comparing the attenuation of ma-
terials with very different scales of viscoelastic moduli. As an alternative
to h|G∗|(Θ)/hϕ(Θ), the ratio H ′(Θ)/H ′′(Θ) can be used as viscoelastic
consistency indicator and yields very similar results. The only serious
methodological disadvantage of the latter approach is the mixing of the
original |G∗(ω)|, ϕ(ω) frequency responses and their errors.

b) Our method of iterative inversion of the frequency responses to relaxation
time spectra is very stable, provided that the FRs are suitably pre-
filtered. The quality of the inversion can be checked by the calculation
of the relaxed or unrelaxed shear modulus GR, GU . Ideally, they should
be independent of Ω.

c) With temperature increase from 500 ◦C to 1100 ◦C, the viscoelastic con-
sistency of all examined lava samples improves to the ideal linear vis-
coelasticity. Nevertheless, each sample has a specific fingerprint. In the
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Etna 1992 samples, there is a not very convincing evidence for fairly
good consistency at ∼500 ◦C, then there is a loss of consistency between
∼600 ◦C and ∼800 ◦C, especially dramatic in Etna 1992 top sample at
786 ◦C, where h|G∗|(Θ)/hϕ(Θ) approaches 20. This inconsistency level
remains a mystery and a very strong motivation for a further search for
extreme inconsistencies. If zones with that high inconsistency really oc-
cur within the lithosphere, then there could be a chance to detect them
by seismic tomography.
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Bednárik M., Kohút I.: Relaxation time spectra of basaltic lavas . . . (109–132)

Appendix

Table 2. The frequency responses of the magnitude of shear modulus and the loss angle
for the Etna 1992 top sample at 786 ◦C (James et al., 2004).

f [Hz] |G∗∗| [GPa] loss angle [rad]

0.002 7.8984 0.029311

0.005 8.6888 0.02522

0.01 9.6538 0.023243

0.02 10.968 0.019216

0.05 11.665 0.016594

0.1 12.721 0.013335

0.2 15.352 0.0120599

0.5 17.345 0.01170799

1 18.169 0.0102132

2 19.268 0.0088959

5 20.627 0.0064447

10 21.312 0.0046908

20 21.669 0.0039605
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Abstract: We have developed a simple method to determine completely the model pa-

rameters of a buried dipping fault from gravity data (depths to the centers of the upper

and lower portions of the faulted thin slab, dip angle, and amplitude coefficient). The

method is based on defining the anomaly values at the origin and at four symmetrical

points around the origin on the gravity anomaly profile. By defining these five pieces of

information, the dip angle is determined for each value of the depth of the lower portion

of the faulted thin slab by solving iteratively one nonlinear equation of the form f(α) = 0.

The computed dip angles are plotted against the values of the depth representing a con-

tinuous depth-dip curve. The solution for the depth to the lower portion of the faulted

thin slab (down-thrown block) and the dip angle of the buried fault is read at the common

intersection of the depth-dip curves. Knowing the depth to the center of the lower portion

of the faulted layer and the dip angle, the problem of determining the depth to the center

of the upper portion of the faulted slab (up-thrown block) is transformed into the problem

of solving iteratively a nonlinear least-squares equation, f(z) = 0. Because the depths

and the dip angle are known, the amplitude coefficient, which depends on the thickness

and density contrast of the thin slab, is determined using a linear least-squares equation.

The method is applied to theoretical data with and without random errors. The validity

of the method is tested on real gravity data from Egypt. In all cases examined, the model

parameters obtained are in good agreement with the actual ones and with those given in

the published literature.

Key words: gravity interpretation, dipping faults, iterative methods, least squares
method, depth-curves method, noise

1. Introduction

The dipping fault model is frequently used in gravity interpretation to find
the depth and the dip angle of a class of faulted structures. Estimation
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of these parameters from gravity anomalies has drawn considerable atten-
tion. Fault interpretation using gravity modeling methods, e.g., 2D (Tanner,
1967), 2.5D (Chakravarthi, 2011), or 3D (Cordell and Henderson, 1968) in-
volves personal judgments and requires density information as part of the
input, along with depth and dip angle information obtained from geological
and/or other geophysical data. Other methods use fixed simple geometry
for interpreting gravity anomalies due to dipping faults (Geldart et al., 1966;
Paul et al., 1966; Green, 1976; Thompson, 1982; Gupta, 1983; Lines and
Treitel, 1984; Abdelrahman et al., 1989; Gupta and Pokhriyal, 1990; Reid
et al., 1990; Abdelrahman et al., 2003; Phillips et al., 2007; Utyupin and
Mishenin, 2012). The advantage of fixed geometry methods over continuous
modeling methods is that they require neither density, dip angle, nor depth
information, and they can be applied if little or no factual information other
than the gravity data is available.

Very recently, Abdelrahman et al. (2013), Essa (2013) and Abdelrah-
man and Essa (2015) developed methods to determine only the depth to
the upper portion of the faulted thin slab as well as the dip angle of the
faulted structure from gravity data using numerical techniques. However,
the drawback of these methods is that they assume that the throw of the
fault is extremely large, i.e., the depth to the lower portion of the thin slab
approaches infinity. This assumption will lead definitely to large errors in
estimating the model parameters of the faulted structure from real gravity
data.

In this paper, we have developed a simple method to determine com-
pletely the model parameters of a buried dipping fault from the residual
gravity anomaly. Using the anomaly values at the origin and four symmet-
rical points on the gravity anomaly profile, the problem of determining the
depth to the center of the lower portion of the thin slab and the dip angle
is transformed into the problem of solving one nonlinear equation to con-
struct depth-dip angle curves. Knowing the depth and the dip angle com-
puted from the constructed curves, the problem of determining the depth
to the center of the upper portion of the faulted thin slab determination is
transformed into the problem of solving iteratively a nonlinear least-squares
equation, whereas the amplitude coefficient is determined using a simple
linear least-squares equation. The accuracy of the result abstained by the
procedures depends upon the accuracy to which the origin of the residual
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anomaly profile can be determined from geological and/or other geophysical
data. Also for this method to be valid, we assume that the thickness of the
faulted layer is small compared to the depth of the up-thrown faulted block,
i.e. the layer can be approximated by a thin sheet located at its center. The
thin sheet approximation is valid and correct within 2% if the thickness is
equal to or less than the depth. The method is applied to theoretical data
with and without random errors. The validity of the method is tested on
real gravity data from Egypt.

2. The method

The formula for the residual gravity anomaly generated along the profile
normal to the strike of a 2-D dipping faulted thin slab having infinite strike
length is given by the following equation (Telford et al., 1976):

g(xi, z, h, α) = K

[
π + atan

(
xi
z

+ cotα

)
− atan

(
xi
h

+ cotα

)]
, (1)

where z and h are the depths to the centers of the upper and the lower
portions of the layer, respectively, α is the angle of dip measured counter-
clockwise from surface, K = 2γσt, is the amplitude coefficient related to the
thickness (t) and density contrast (σ) of the faulted slab, γ is the universal
gravitational constant, and xi is the horizontal coordinate position. The
two-dimensional gravity dipping fault model is shown in Fig. 1.

Fig. 1. Geometry of the dipping faulted thin slab model.
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Equation (1) can be written as:

g(xi, z, h, α) =
g(0)

π

[
π + atan

(
xi
z

+ cotα

)
− atan

(
xi
h

+ cotα

)]
, (2)

where g(0) = Kπ is the anomaly value at the origin of the residual anomaly
profile.

Equation (2) gives the following values at xi = ±N and ±M :

g(N) =
g(0)

π

[
π + atan

(
N

z
+ cotα

)
− atan

(
N

h
+ cotα

)]
, (3)

g(−N) =
g(0)

π

[
π + atan

(−N

z
+ cotα

)
− atan

(−N

h
+ cotα

)]
, (4)

g(M) =
g(0)

π

[
π + atan

(
M

z
+ cotα

)
− atan

(
M

h
+ cotα

)]
, (5)

g(−M) =
g(0)

π

[
π + atan

(−M

z
+ cotα

)
− atan

(−M

h
+ cotα

)]
, (6)

where g(N), g(−N), g(M), and g(−M) are the anomaly values at four
symmetrical points around the origin.

Equations (3–6), can be simplified as:

tan

[
πD(N) + atan

(
N

h
+ cotα

)]
− cotα =

N

z
, (7)

tan

[
πD(−N) + atan

(−N

h
+ cotα

)]
− cotα =

−N

z
, (8)

tan

[
πD(M) + atan

(
M

h
+ cotα

)]
− cotα =

M

z
, (9)

tan

[
πD(−M) + atan

(−M

h
+ cotα

)]
− cotα =

−M

z
, (10)

where

D(N) =
g(N)

g(0)
− 1 , D(−N) =

g(−N)

g(0)
− 1 ,
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D(M) =
g(M)

g(0)
− 1 , D(−M) =

g(−M)

g(0)
− 1 .

Adding Eq. (7) to Eq. (8), and adding Eq. (9) to Eq. (10) will eliminate (z)
and the following equations are obtained:

tan

[
πD(N) + atan

(
N

h
+ cotα

)]
+

+tan

[
πD(−N) + atan

(−N

h
+ cotα

)]
= 2cotα , (11)

and

tan

[
πD(M) + atan

(
M

h
+ cotα

)]
+

+tan

[
πD(−M) + atan

(−M

h
+ cotα

)]
= 2cotα . (12)

Using equations (11–12), we obtain after simple mathematical manipu-
lation the following nonlinear equation in the dip angle (α) and the depth
to the center of the lower portion of the faulted thin slab (h).

α = datan

(
tan
〈
atan(T1 + T2 − T3)− πD(−M)

〉
+

M

h

)
, (13)

where

T1 = tan

[
πD(N) + atan

(
N

h
+ cotα

)]
,

T2 = tan

[
πD(−N) + atan

(−N

h
+ cotα

)]
,

T3 = tan

[
πD(M) + atan

(
M

h
+ cotα

)]
.

The dip angle (α) can be obtained by solving Eq. (13) using a simple
iteration method (Press et al., 2007) if h is known. The iterative form of
equation (13) is given as:

αf = f(αj) , (14)

where (αj) is the initial dip and (αf ) is the revised dip; (αf ) will be used
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as the αj for the next iteration. The iteration stops when |αf − αj | ≤ e,
where e is a small predetermined real number close to zero.

Thus, the dip angle of the faulted thin slab is determined by solving one
non linear equation f(α) = 0. Any initial guess for α works well because
there is always one minimum, provided that (h) remains fixed in the process.

However, Eq. (13) can be used also not only to determine the dip angle
(α) of the buried structure but also to simultaneously estimate the depth
(h) to the center of the lower block of the faulted structure. The procedure
is as follows:

1. Determine the origin of the observed gravity anomaly profile (xi = 0)
using geological and/or other geophysical data.

2. Digitize the observed gravity anomaly profile at several points with a
suitable interval.

3. Eq. (13) is then applied to the input data yielding dip solutions α for all
possible h values for fixed N and M values. The computed α values are
plotted against h values representing a continuous depth-dip curve. The
depth-dip curves should intersect at a single point, i.e., the value of α at
the point of intersection is the dip angle of the faulted structure, and the
value of h gives the depth to the center of the lower portion of the faulted
thin slab. Theoretically, any two curves associated with two different
values of N and M are just enough to simultaneously determine α and
h. In practice, more than two values of N and M might be necessary
because of the presence of noise in data.

Substituting the computed depth (hc) and the computed dip angle (αc)
as fixed parameters in Eq. (2), we obtain:

g(xi, z) =
g(0)

π
W (xi, z) , (15)

where W (xi, z) =

[
π + atan

(
xi
z

+ cotαc

)
− atan

(
xi
hc

+ cotαc

)]
.

Applying the least-squares method, the unknown z in Eq. (15) can be
obtained by minimizing:

ϕ(z) =
P∑
i=1

[
L(xi)− g(0)

π
W (xi, z)

]2
, (16)

where L(xi) denoted the observed residual gravity anomaly at xi.
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Setting the derivative of φ(z) to zero with respect to z leads to:

f(z) =
P∑
i=1

[
L(xi)− g(0)

π
W (xi, z)

]
W ∗(xi, z) = 0, P = 1, 2, 3 . . . , (17)

where W ∗(xi, z) =
d

dz
W (xi, z) .

Eq. (17) can be solved for z using the standard methods for solving non-
linear equations. Here Eq. (17) is solved by a simple iteration method (Press
et al., 2007). The iterative form of Eq. (17) is given as:

zf =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

P∑
i=1

⎛
⎜⎝ xi L(xi)

1 +
(
xi
zj

+ cot αc

)2
⎞
⎟⎠

P∑
i=1

g(0)

π

⎡
⎢⎢⎣xi
(
π + atan

(
xi
zj

+ cot αc

)
− atan

(
xi
hc

+ cot αc

)
zj2
[
1 +

(
xi
zj

+ cot αc

)2]
⎤
⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1/2

, (18)

where zj is the initial depth parameter and zf is the revised depth parame-
ter; zf will be use as the zj for the next iteration. The iteration stops when
|zf − zj | ≤ e, where e is a small predetermined real number close to zero.

Thus, the depth to the center of the upper portion of the faulted thin
slab is determined by solving one non linear equation f(z) = 0. Any initial
guess for (z) works well because there is always one minimum, provided
that (αc) and (hc) remain fixed in the process.

Substituting the depths (zc) and (hc) and the dip angle (αc) in Eq. (1)
as fixed parameters, we obtain:

g(xi) = K

[
π + atan

(
xi
zc

+ cotαc

)
− atan

(
xi
hc

+ cotαc

)]
. (19)

Finally, applying the least-squares method to Eq. (19), the unknown
amplitude coefficient (K) can be determined from:

Kc =

P∑
i=1

L(xi)

[
π + atan

(
xi
zc

+ cotαc

)
− atan

(
xi
hc

+ cotαc

)]
P∑
i=1

[
π + atan

(
xi
zc

+ cotαc

)
− atan

(
xi
hc

+ cotαc

)]2 . (20)
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In this way, the problem of determining the depth (h) and the dip angle
(α) is transformed into the problem of constructing the depth-dip curves and
the problem of depth (z) determination is transformed into the problem of
solving a nonlinear least-squares equation, f(z) = 0, whereas the amplitude
coefficient (K) is determined using a simple linear least-squares equation.
Eqs. (13, 18, 20) are ready for determining the model parameters of a buried
faulted structure from observed gravity data using a personal computer.

An interpretation scheme based on the above equations for analyzing
field data is illustrated in Fig. 2.

Fig. 2. Generalized scheme for depths, dip angle, and amplitude coefficient determination.
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3. Theoretical examples:

3.1. Error response of the method

Fig. 3 shows a synthetic gravity anomaly due to a dipping fault (K =
100 mGal, z = 8 km, h = 12 km, α = 75◦, profile length = 40 km, and
sample interval = 1 km). The synthetic gravity anomaly was interpreted
using our method (Eqs. (13, 18, 20)) to determine, respectively, the depth
to the center of the lower portion, the dip angle, the depth to the center
of the upper portion, and the amplitude coefficient of the faulted structure.
Fig. 4 shows the intersection of the depth-dip curves at the correct location
h = 12 km and α = 75◦. The computed depth to the center of the upper
portion and the amplitude coefficient determined from Eqs. (18, 20) were,
respectively, z = 8 km, and K = 100 mGal. Perfect results are obtained
when using synthetic noise-free data.

Moreover, the synthetic gravity anomaly was contaminated with 5% ran-
dom Gaussian error using the following equation:

Fig. 3. A synthetic gravity anomaly with and without random errors of a buried dipping
fault thin slab. The model parameters are: K = 100 mGal, z = 8 km, h = 12 km, and
α = 75◦. The computed gravity anomaly using the estimated model parameters from
noisy data is also illustrated.
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Fig. 4. Interpretation of the data in Fig. 3 using the depth-dip curves method.

Δgrnd1(xi) = Δg1(xi) [1 + (RND(i)− 0.5) ∗ 0.05] , (21)

where Δgrnd1(xi) is the contaminated anomaly value at xi and RND(i) is
a pseudo-random number whose range is (0, 1). The interval of the pseudo
random number is an open interval, i.e. it does not include the extremes
values 0 and 1.

The depth-dip curves method (Eq. 13) was then applied to the noisy
gravity anomaly (Fig. 3). The results are plotted in Fig. 5. In this case, the
depth-dip curves intersect each other at h = 12.5 km and α = 74.8◦. Using
these values, Eqs. (18, 20) were then used to estimate the depth to the center
of the upper portion and the amplitude coefficient of the fault. The result is:
z = 8.3 km and K = 100.3mGal. The calculated gravity anomaly using the
estimated model parameters is shown also in Fig. 3. This figure shows the
numerical fitting between the noisy and the calculated synthetic anomaly
values. The best fit is considered as a good criterion for accepting the
solution in this example and noisy field conditions. The solution for all the
model parameters is in good agreement with the actual model parameters.
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Fig. 5. Interpretation of the data in Fig. 3 after adding 5% random errors using the
present depth-dip curves method.

This demonstrates that our method will give reliable results when applied
to noisy gravity data as well.

3.2. Effect of wrong origin

Uncertain knowledge of the origin may lead to error in the model parameters
(z, h, α,K) when interpreting real data. In this subsection we investigate
this effect. The origin of the dipping faulted thin slab was assumed to be
chosen incorrectly by introducing errors (offset) of ±500m in the horizontal
coordinate xi using synthetic data (K = 100 mGal, z = 8 km, h = 12 km,
α = 75◦, profile length = 40km, and sample interval = 1km). Following the
same interpretation method, the results are shown in Fig. 6 and Table 1.

It was verified numerically that Eqs. (13, 18, 20) give an acceptable error
of 7.5% in the model parameters. Fig. 7 shows the gravity anomaly profiles
computed using the estimated model parameters (Table 1) compared with
the synthetic gravity anomaly. In spite of the error in the calculated model
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Fig. 6. Data interpretation of Fig. 3 in which offset of ±0.5 km is introduced into the
horizontal position xi.
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Table 1. Numerical results obtained from synthetic example (K = 100 mGal, z = 8 km,
h = 12 km, α = 75◦, and profile length = 40 km) after adding ±500 m errors into the
horizontal coordinate xi.

Parameters Offset = –500 m Offset = +500m

Computed % of Computed % of
values error values error

Depth z (km) 7.4 −7.5 8.61 7.6

Depth h (km) 11.2 −6.7 12.8 6.7

Dip angle α (degrees) 80.1 6.8 69.7 −7.1

Amplitude coefficient K (mGal) 99.5 0.5 100.5 0.5

parameters, the overall fitting between the computed and actual gravity
anomalies in case the offset is ±500m is clear. On the other hand when us-
ing larger offset values, the method may result in an instable interpretation
curves. However, since the interpretation requires only a relatively short

Fig. 7. Synthetic and calculated gravity anomalies using the estimated model parameters
after introducing offset of ±500 m.
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profile length, the problem may be solved effectively and economically by
increasing the number of measurements made within the restricted length
of the profile. At the same time, using a relatively short length of profile,
results in a very high rejection of neighboring disturbances. Generally, the
accuracy of the result obtained by the present method depends upon the ac-
curacy of which the origin of the fault is determined from geological and/or
other geophysical.

3.3. Effect of using different observation points N ′s and M ′s

In the above examples, we have used a fixed M value and different N
values to construct the depth-dip curves. In this subsection, we test a large
range of N ′s and M ′s to investigate whether or not our method would give
consistent results.

The synthetic gravity anomaly due to a dipping fault (K = 100 mGal,
z = 8 km, h = 12 km, α = 75◦, profile length = 40 km, and sample interval
= 1km) shown previously in Fig. 3 was interpreted using the present depth-
dip curves method using a large range of N ′s and M ′s. The results are
shown in Fig. 8. It is verified that the depth-dip curves intersect at the
correct solution h = 12 km and α = 75◦. The depth-dip curves shown in
Fig. 8 are similar to the depth-dip curves shown in Fig. 4 but they are not
identical because of using different N and M values. This demonstrates
that our method will give consistent results when using a large range of N ′s
and M ′s.

4. Field example

A Bouguer gravity anomaly profile over the Gazal fault, south Aswan, Egypt
is interpreted to determine the model parameters (z, h, α,K). The Bouguer
anomaly profile over Gazal fault is shown in Fig. 9. The fault affected
both the basement and sedimentary rocks and crops out at the surface
(Abdelrahman et al., 1999). The depth to the basement is found to be
about 200 m as obtained from drilling information (Evans et al., 1991). In
this example, the fault trace point is determined on the gravity profile, as
usual, by projecting the point of intersection between the fault and the
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Fig. 8. Interpretation of the data in Fig. 3 using the depth-dip curves method applying a
large range of N ′s and M ′s values.

Fig. 9. Gazal Fault gravity anomaly, south Aswan, Egypt.
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ground surface vertically. The gravity profile has been digitized at an in-
terval of 62.5 m. Eq. (13) is applied to the gravity anomaly profile using
five combinations of N and M points to construct the depth-dip curves
(Fig. 10). This figure shows that the curves can be interpreted to intersect
at h = 315 m and α = 65◦. Eqs. (18, 20) are used then to determine the
depth to the center of the upper portion of the fault slab and the amplitude
coefficient. The complete interpretation is: z = 162m, h = 315m, α = 65◦,
and K = 19.4 mGal. This suggests that Gazal fault resembles a dipping
fault (α = 65◦) where the center of the upper portion of the faulted slab is
buried at a depth of 162m and the center of the lower portion of the faulted
slab is located at a depth of 315 m. The depth to the center to the upper
portion of the faulted bed and the dip angle obtained by the present method
generally agrees well with those obtained from drilling information and by
Abdelrahman et al. (2013), Essa (2013) and Abdelrahman and Essa (2015)
as summarized in Table 2. However, the amplitude coefficient obtained by

Fig. 10. Data interpretation of Fig. 9 using the depth-dip curves method.
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Table 2. Comparative results of the Gazal field example.

Parameters
Abdelrahman
et al. method

(2013)

Essa method
(2013)

Abdelrahman and
Essa method (2015)

present
method

Depth z (m) 173 208 202 162

Depth h (m) – – – 315

Dip angle α (Degrees) 62.5 40 58 65

Amplitude coefficient
K (mGal)

– – 2.4 19.42

the present method is extremely larger than that obtained by Abdelrahman
and Essa (2015). This is because of the fact that the gravity anomaly over
Gazal fault consists of a residual component due to Gazal fault and a re-
gional component represented by a first order polynomial (Abdelrahman and
Essa, 2015). It is evident from this field example that our method gives a
complete insight from gravity data concerning the nature of Gazal fault
structure.

5. Conclusions

The problem of determining the depths to the center of the upper and
lower portions, dip angle, and amplitude coefficient of a buried dipping
faulted thin slab from observed gravity data can be solved using the present
method. The present approach is capable of determining completely the
model parameters of the buried structure from the gravity data given in
a small area over the buried structure, i.e., from the small segment of the
gravity profile above the origin. The depths, dip angle, and the amplitude
coefficient obtained by present method might be used to gain a complete
geologic insight concerning the subsurface. The advantages of the present
method over previous graphical and numerical techniques used to interpret
gravity data due to dipping faults are: 1) all the four model parameters
can be obtained, and 2) the method gives good results when the gravity
anomaly is contaminated with Gaussian random noise.

Finally, we envisage the newly introduced method will result in the future
development of new methods to interpret completely gravity gradient data
due to dipping faults.
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Abstract: In this paper, an inversion method based on the Marquardt’s algorithm is

presented to invert the gravity anomaly of the simple geometric shapes. The inversion

outputs are the depth and radius parameters. We investigate three different shapes, i.e.

the sphere, infinite horizontal cylinder and semi-infinite vertical cylinder for modeling.

The proposed method is used for analyzing the gravity anomalies from assumed models

with different initial parameters in all cases as the synthetic data are without noise and

also corrupted with noise to evaluate the ability of the procedure. We also employ this

approach for modeling the gravity anomaly due to a chromite deposit mass, situated

east of Sabzevar, Iran. The lowest error between the theoretical anomaly and computed

anomaly from inverted parameters, determine the shape of the causative mass. The

inversion using different initial models for the theoretical gravity and also for real gravity

data yields approximately consistent solutions. According to the interpreted parameters,

the best shape that can imagine for the gravity anomaly source is the vertical cylinder

with a depth to top of 7.4 m and a radius of 11.7 m.

Key words: chromite deposit, gravity anomaly, Marquardt’s algorithm, simple geometric
shapes

1. Introduction

Non-uniqueness is a feature in the inverse modeling of the residual grav-
ity anomaly as can assign a set of the measured gravity field data on the

∗corresponding author
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ground to the geometrical distributions of the subsurface mass with var-
ious shapes or physical parameters such as density and depth. One way
to eliminate this ambiguity is to put a suitable geometry to the anoma-
lous body with a known density followed by inversion of gravity anomalies
(Chakravarthi and Sundararajan, 2004). Although simple models may not
be geologically realistic, they are usually are sufficient to analyze sources of
many isolated anomalies (Abdelrahman and El-Araby, 1993b). The interpre-
tation of such an anomaly aims essentially to estimate the parameters such
as shape, depth, and radius of the gravity anomaly causative body such as
geological structures, mineral mass and artificial underground structures.

Several graphical and numerical methods have been developed for ana-
lyzing residual gravity anomalies caused by simple bodies, such as Saxov
and Nygaard (1953) and Bowin et al. (1986). The methods include, for ex-
ample, Fourier transform (Odegard and Berg, 1965; Sharma and Geldart,
1968); Mellin transform (Mohan et al., 1986); Walsh transforms techniques
(Shaw and Agarwal, 1990); ratio techniques (Hammer, 1977; Abdelrahman
et al.,1989); least-squares minimization approaches (Gupta, 1983; Lines and
Treitel, 1984; McCowan and Abdelrahman, 1990; Abdelrahman et al., 1991)
and different neural networks (Salem et al., 2001; Osman et al., 2006, 2007;
Al-Garni, 2013; Eshaghzadeh and Kalantari, 2015; Eshaghzadeh and Ha-
jian, 2018); effective quantitative interpretations using the least-squares
method (Gupta, 1983) based on the analytical expression of simple moving
average residual gravity anomalies are yet to be developed. Abdelrahman
and El-Araby (1993a) introduced an interpretive technique based on fitting
simple models convolved with the same moving average filter as applied to
the measured gravity. A simple method proposed by Essa (2007) is used to
determine the depth and shape factor of simple shapes from residual gravity
anomalies along the profile. Another automatic method, the least-squares
method, was proposed by Asfahani and Tlas (2008), by which the depth
and amplitude coefficient can be determined.

In this paper, a simultaneous non-linear inversion based on Marquardt
optimization is developed to estimate the radius and depth parameters of
the simple structures such as sphere, infinite horizontal cylinder and semi-
infinite vertical cylinder. The Marquardt inversion method has been used
for modeling the geological structures such as faulted beds (Chakravarthi
and Sundararajan, 2005), anticlinal and synclinal structures (Chakravarthi
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and Sundararajan, 2007, 2008), multiple prismatic structures (Chakravarthi
and Sundararajan, 2006). The validity of the method is tested on synthetic
gravity data with and without random noise and also on a real gravity data
set from Iran.

2. Gravity of simple geometry

In gravity, fields of many simple bodies are symmetric about the location
of the source. For example, the general gravity g effect caused by simple
models (such as a sphere, an infinite horizontal cylinder, and a semi-infinite
vertical cylinder as shown in Fig. 1) at point p(xi, z) is given as (Abdelrahman
et al., 1989):

g(xi, z, q) = K
zm

(x2i + z2)q
, (1)

where z is the depth, m = 1 for a sphere or a horizontal cylinder and m = 0
for a vertical cylinder, q,is a value (shape factor) characterizing the nature
of the source (q = 0.5 for a vertical cylinder, q = 1 for a horizontal cylinder,
and q = 1.5 for a sphere) and K is an amplitude factor related to the radius
R and density contrast ρ of the source, as:

K =

⎧⎪⎨
⎪⎩
(4/3)πGρR3 for a sphere,
2πGρR2 for a horizontal cylinder,
πGρR2 for a vertical cylinder,

(2)

Fig. 1. (a) sphere and infinite horizontal cylinder models, (b) semi-infinite vertical cylinder
model.
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where G is the universal gravitational constant. For optimizing the gravity
anomaly using Marquardt inversion, the gravity derivatives than the radius
(radius derivative) and depth (vertical derivative) must be calculated. The
radius and vertical derivative for the sphere model can be computed by
equations 3 and 4, respectively, as:

∂g

∂R
= 4πGρR2

[
z

(x2 + z2)3/2

]
, (3)

∂g

∂z
=

4

3
πGρR3

[
x2 − 2z2

(x2 + z2)5/2

]
, (4)

corresponding expressions for the horizontal cylinder model can be written
by:

∂g

∂R
= 4πGρR

[
z

(x2 + z2)

]
, (5)

∂g

∂z
= 4πGρR2

[
x2 − z2

(x2 + z2)2

]
, (6)

and for the vertical cylinder model the radius and vertical derivatives, re-
spectively, give as following relationship:

∂g

∂R
= 2πGρR

[
1

(x2 + z2)1/2

]
, (7)

∂g

∂z
= −πGρR2

[
z

(x2 + z2)3/2

]
. (8)

3. Methodology

The inversion of gravity anomalies is implicitly a mathematical process, try-
ing to fit the computed gravity anomalies to the theoretical ones in the least-
squares approach and then estimating the two parameters namely depth (z)
and radius (R). The process of the inversion begins with computing the the-
oretical gravity anomaly of the simple geometry using equation (1).

The difference between the theoretical gravity gobs(xi), and calculated
gravity anomaly of an initial assumed model gcal(xi), can be estimated by
a misfit function, J (Chakravarthi and Sundararajan, 2007), as:
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J =
N∑
i=1

[gobs(xi)− gcal(xi)]
2 , (9)

N is the number of theoretical gravity data. We have employed the Mar-
quardt’s algorithm (Marquardt, 1963) given by Chakravarthi and Sundarara-
jan (2006) for minimizing the misfit function until the normal equations can
be solved for over all modifications of the two unknowns structural param-
eters (depth and radius), as:

N∑
i=1

2∑
k=1

∂g(xi)

∂aj

∂g(xi)

∂ak
(1 + δλ) dak =

n∑
i=1

[gobs(xi)− gcal(xi)]
∂g(xi)

∂aj
,

for j = 1, 2 ,

(10)

where dak, k = 1 and 2 are the amendments to the two model parameters
of the simple geometry structure, i.e. depth and radius. Partial derivatives
required in the above system of equation (10) are calculated by the equations
(3) to (8) according to the shape of the considered model. Also,

δ =

{
1 for k = j,

0 for k �= j,

and λ is the damping factor. The advancements, dak, k = 1 and 2 evalu-
ated from equation (10) are then added to or subtracted from the available
parameters estimated from last iteration and the process repeats until the
misfit, J , in equation (9) descends below a predetermined allowable error
or the damping factor obtains a large value which is greater than allowable
amount or the repetition continues until the end of the considered number
for iterations (Chakravarthi and Sundararajan, 2008).

4. Theoretical examples

In this section, the performance of the foregoing method are investigated for
the gravity anomalies of the three simple geometric models, i.e. sphere, infi-
nite horizontal cylinder and semi-infinite vertical cylinder, with and without
added random noise.
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4.1. Sphere model

Fig. 2a shows the theoretical and calculated gravity field variations with
1 m interval along a 100 m profile due to an initial sphere model with the
parameters z = 25 m and R = 15 m and an assumed sphere model with
parameters z = 30 m and R = 12 m (Fig. 2b) where the maximum is the
center of the profile. The density contrast is given as ρ = 1000 kg/m3.
Hence, the input initial parameters are z = 30 m and R = 12 m which with
the theoretical gravity field are exerted to the inversion algorithm coded in
Matlab. During inversion, ρ is constant and the model parameters, z and R
are improved iteratively. The allowable values for error (misfit, J), iteration
and damping factor (λ) are 0.00000001mGal, 100 and 15, respectively. The
initial damping factor is 0.5.

The misfit, J , reduces intensely from its initial value of 0.25 mGal at
the first iteration to 0.0014 mGal at the end of the 5th iteration and then
gradually reaches 0.000000034 mGal after the 9th iteration and its value at
the 10th iteration becomes 0.00000000014 mGal which is smaller than the

Fig. 2. (a) Theoretical and calculated gravity due to, (b) initial and assumed sphere
models.
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allowable error value (Fig. 3c). The iteration terminated at 10th echo and
therefore the estimated parameters at 9th iteration are the final results of
the inversion.

Fig. 3a and 3b illustrates the variations of the model parameters z and
R during inversion with increasing the iteration number. The conclusive
obtained parameters values are z = 24.998 m and R = 15.001. Fig. 4a
shows the computed gravity anomaly from the inferred structure which is
shown in Fig. 4b. The error value in the estimation of the model parameters,
that is, depth and radius are 0.008 m and within 0.007 m, respectively.

Fig. 3. Improvements of the structures parameters and misfit function versus iteration
number for the assumed sphere model in Fig. 2.

The efficacy of error has been evaluated by adding 10% random noise to
the gravity response of the initial sphere model (Fig. 5a) using the following
expression:

gnois(xi) = gobs(xi) [(1 +RND(i)− 0.5) × 0.1] , (11)

where gnois(xi) is the noise corrupted synthetic data at xi, and RND(i) is
a pseudorandom number whose range is between 0 to 1.

The initial values for the parameters of the assumed sphere model are
given as z = 22m and R = 12.5 m (Fig. 5b). The allowable values for error
(misfit, J), iteration and damping factor (λ) are 0.00001 mGal, 100 and 15,
respectively. The initial damping factor is 0.2. The misfit, J , reduces rapidly
from its initial value of 0.061 mGal at the first iteration to 0.00088 mGal
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Fig. 4. (a) Theoretical and calculated gravity due to, (b) initial and estimated sphere
models.

Fig. 5. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and assumed sphere models.
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at the end of the 6th iteration and then gradually reaches 0.000465 mGal
after the 10th iteration and this value remained constant until the last
iteration (Fig. 6c). After completing the iteration number, the damping
factor, depth and radius attained 0.0000976, 24.97 m and 14.98 m values,
respectively (Fig. 6a and 6b). The amount of error in the estimation of the
model parameters, that is, depth and radius are 0.12m and within 0.133m,
respectively.

Fig. 6. Improvements of the structures parameters and misfit function versus iteration
number for the assumed sphere model in Fig. 5.

Fig. 7a shows the computed gravity anomaly from the inferred structure
which is shown in Fig. 7b. The numerical results for the free noise data and
contaminated data with the random noise are summarized in Tables 1 and
2, respectively.

Table 1. Numerical results evaluated from the initial and assumed structural parameters
for the each three models.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter Depth (m) Radius (m) Depth (m) Radius (m) Depth (m) Radius (m)

Initial 25 15 30 10 30 10

Assumed 30 12 35 7 34 8

Estimated 24.998 15.001 29.999 9.997 30 10

Error % 0.008 0.007 0.003 0.03 0 0
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Table 2. Numerical results evaluated from the initial and assumed structural parameters
for the each three models after adding 10% noise to the gravity response of the initial
parameters.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter Depth (m) Radius (m) Depth (m) Radius (m) Depth (m) Radius (m)

Initial 25 15 30 10 30 10

Assumed 22 12.5 27 12 27 11.8

Estimated 24.97 14.98 30.035 9.96 29.84 9.92

Error % 0.12 0.133 0.12 0.4 0.53 0.8

To test the stability of the Marquardt inversion, two different initial
sphere models were assumed to investigate the gravity anomalies related to
them with and without a random noise of 10% (Table 3 and 4). The inferred
structural parameters simulate almost the assumed ones.

Table 3. Numerical results evaluated from the various initial and assumed structural
parameters for the each three models.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter Depth Radius Depth Radius Depth Radius Depth Radius Depth Radius Depth Radius
(m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

Initial 35 18 27 10 34 15 27 8 20 15 45 25

Assumed 42 11 19 18 25 10 40 16 13 21 36 30

Estimated 35 18.001 26.997 10 33.998 15.002 27 8.001 20 15 45.003 25

Error % 0 0.006 0.01 0 0.006 0.013 0 0.013 0 0 0.007 0

Table 4. Numerical results evaluated from the various initial and assumed structural
parameters for the each three models after adding 10% noise to the gravity response of
the initial parameters.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter Depth Radius Depth Radius Depth Radius Depth Radius Depth Radius Depth Radius
(m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

Initial 35 18 27 10 34 15 27 8 20 15 45 25

Assumed 42 11 19 18 25 10 40 16 13 21 36 30

Estimated 35.02 18.04 27.043 9.987 33.76 14.87 27.08 7.96 19.95 14.96 45.063 25.04

Error % 0.057 0.22 0.16 0.13 0.71 0.87 0.3 0.5 0.25 0.27 0.14 0.16
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Fig. 7. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and estimated sphere models.

4.2. Horizontal cylinder model

Fig. 8a shows the theoretical and calculated gravity field variations with
1m interval along a 100m profile due to an initial horizontal cylinder model
with the parameters z = 30 m and R = 10 m and an assumed horizontal
cylinder model with parameters z=35 m and R=7 m (Fig. 8b) where the
maximum is the center of the profile and the density contrast is given as
ρ = 1000 kg/m3. Hence, the input initial parameters are z = 35 m and
R = 7 m. During inversion, ρ is constant and the model parameters, z and
R are progressed iteratively. The allowable values for error (misfit, J), iter-
ation and damping factor (λ) are 0.00000001 mGal, 50 and 12, respectively.
The initial damping factor is 0.5.

The misfit, J , reduces intensely from its initial value of 0.265 mGal at
the first iteration to 0.0013 mGal at the end of the 6th iteration and then
gradually reaches 0.00000000753 mGal at the 15th iteration (Fig. 9c). Be-
cause the misfit, J , obtained a value smaller than the allowable error value
at the 15th echo, the iteration stopped and therefore the depth and radius
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Fig. 8. (a) Theoretical and calculated gravity due to, (b) initial and assumed horizontal
cylinder models.

estimates at 14th iteration are the best response of the inverse modeling
process.

Fig. 9a and 9b shows the variations of the model parameters z and R
versus the iteration number. The conclusive obtained parameters values

Fig. 9. Improvements of the structures parameters and misfit function versus iteration
number for the assumed horizontal cylinder model in Fig. 8.
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are z = 29.999 m and R = 9.997. Fig. 10a exhibits the computed gravity
anomaly from the resulted model which is shown in Fig. 10b. The error
value in the appraisal of the model parameters, that is, depth and radius
are 0.003 m and about 0.03 m, respectively.

Fig. 10. (a) Theoretical and calculated gravity due to, (b) initial and estimated horizontal
cylinder models.

The efficacy of error has been evaluated by adding 10% random noise to
the gravity response of the initial horizontal cylinder model (Fig. 11a) using
the equation (11). The initial values for the parameters of the assumed
horizontal cylinder model are given as z = 27 m and R = 12 m (Fig. 11b).
The allowable values for error (misfit, J), iteration and damping factor (λ)
are 0.00001 mGal, 100 and 15, respectively. The initial damping factor is
0.2. The misfit, J , reduces quickly from its initial value of 0.247 mGal at
the first iteration to 0.0016 mGal at the end of the 4th iteration and then
incrementally attains 0.00074 mGal after the 79th iteration (Fig. 12c). The
iteration finished at the 79th iteration where the damping factor value ex-
ceeded from the allowable value. The final values of the evaluated depth
and radius are 30.035 m and 9.96 m, respectively (Fig. 12a,b). The error
value in the estimation of the model parameters, that is, depth and radius
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Fig. 11. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and assumed horizontal cylinder models.

are about 0.12 m and 0.4 m, respectively.
Fig. 13a shows the generated gravity anomaly of the final structure that

is derived from the estimated parameters as shown in Fig. 13b. The nu-
merical results for the gravity data, with and without random noise are
tabulated in Tables 2 and 1, respectively.

Fig. 12. Improvements of the structures parameters and misfit function versus iteration
number for the assumed horizontal cylinder model in Fig. 11.
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Fig. 13. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and estimated horizontal cylinder models.

For evaluating the convergence of the Marquardt inversion, two differ-
ent initial horizontal cylinder models were assumed to consider the gravity
anomalies related to them with and without a random noise of 10% (Ta-
ble 3 and 4). The estimated structural parameters approximately mimic
the supposed ones.

4.3. Vertical cylinder model

The theoretical and calculated gravity field variations with 1 m interval
along a 100 m profile due to an initial infinite vertical cylinder model with
the parameters z = 30m and R = 10m is shows in Fig. 14a and an assumed
infinite vertical cylinder model with parameters z = 34 m and R = 8 m
is shown in Fig. 14b, as the maximum is the center of the profile and the
density contrast is given as ρ = 1000kg/m3. Hence, the input initial param-
eters are z = 34m and R = 8m. During inversion, ρ is fixed and the model
parameters, z and R are amended iteratively. The allowable values for error
(misfit, J), iteration and damping factor (λ) are 0.0000000001mGal, 50 and
15, respectively. The initial damping factor is 0.5.
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Fig. 14. (a) Theoretical and calculated gravity due to, (b) initial and assumed vertical
cylinder models.

The misfit, J , decreases intensely from its initial value of 0.053 mGal
at the first iteration to 0.00064 mGal at the end of the 5th iteration and
then gradually reaches 0.000000000675mGal at the 9th iteration and finally
attains zero at the end of 10th iteration (Fig. 15c). The depth and radius
estimates at 9th iteration are the final evaluated results.

Fig. 15. Improvements of the structures parameters and misfit function versus iteration
number for the assumed vertical cylinder model in Fig. 14.
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Fig. 15a,b shows the variations of the model parameters z and R versus
the iteration number. The values of the final obtained parameters are z =
30 m and R = 10. Fig. 16a displays the calculated gravity anomaly from
the resulted model which is shown in Fig. 16b.

Fig. 16. (a) Theoretical and calculated gravity due to, (b) initial and estimated vertical
cylinder models.

The efficiency of the Marquardt inversion method has been investigated
by adding 10% random noise to the gravity response of the initial infinite
vertical cylinder model (Fig. 17a) using the equation (11). The initial values
for the parameters of the assumed vertical cylinder model are given as z =
27 m and R = 11.8 m (Fig. 17b). The allowable values for error (misfit, J),
iteration and damping factor (λ) are 0.0001 mGal, 50 and 12, respectively.
The initial damping factor is 0.2. The misfit, J , abates sharply from its
initial value of 0.075 mGal at the first iteration to 0.00063 mGal at the end
of the 4th iteration and then progressively attains 0.000241 mGal after the
9th iteration as this value remained constant until the iteration number
finished (Fig. 18c). The final values of the evaluated depth and radius are
29.84 m and 9.92 m, respectively (Fig. 18a,b). The amount of error in the
estimation of the model parameters, that is, depth and radius are about
0.53 m and 0.8 m, respectively.
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Fig. 17. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and assumed vertical cylinder models.

Fig. 18. Improvements of the structures parameters and misfit function versus iteration
number for the assumed vertical cylinder model in Fig. 17.

Fig. 19a shows the generated gravity anomaly of the final structure which
is inferred from the estimated parameters as shown in Fig. 19b. The nu-
merical results of the gravity data analysis, with and without random noise
are given in Tables 2 and 1, respectively.
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Fig. 19. (a) 10% noise corrupted theoretical gravity and calculated gravity due to, (b) ini-
tial and estimated vertical cylinder models.

To examine the constancy and efficiency of the Marquardt inversion, two
different initial vertical cylinder models were presumed to analyze the grav-
ity anomalies related to them with and without a random noise of 10%
(Table 3 and 4). The estimated structural parameters are almost corre-
sponding to the assumed ones.

5. Field example

The site under survey is located in the east of Iran, around Sabzevar. The
outcomes of the stones in the this area are mostly the alkali and ultrabasic
igneous rocks and ophiolite as the chromite mineralization can be found in
these rocks (Fig. 20).

In this region, the chromite deposits are massive. Fig. 21 shows the
Bouguer gravity anomalies map of the area under consideration. It is worth
mentioning, the average density computed by the Nettleton’s graphical
method for this area is given as 2.8 gr/cm3. The value obtained for the
density has been considered for the Bouguer correction. The gravity mea-
surement was done along 12 profiles with a station interval of about 10 m.
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Fig. 20. The geological map of the region under investigation adapted from the Sabzevar
1/250000 geological map (Geological Survey & Mineral Explorations of Iran – GSI, 2019).

The gravity data covering a 120 × 100 m area of the Sabzevar region.
For reaching to the residual gravity anomalies which is our desire, the

regional gravity anomalies must be removed using a trend (degree 2) from
the Bouguer anomaly. Fig. 22 displays the map of the computed local grav-

Fig. 21. The Bouguer gravity anomalies map of the area under consideration.
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ity field. The host rock of the chromite have the positive density contrast
than the surrounding formation, therefore on the residual gravity anoma-
lies map is appeared as the positive anomaly. The average density of the
chromite mass is about 4.5gr/cm3, whereas the density of the encompassing
formation is between 3 gr/cm3 to 3.5 gr/cm3. The positive gravity anomaly
related to the chromite deposit has been outlined with gray in Fig. 22. Here,
we analyze the residual gravity field variations along the profile AA′ which
runs across the chromite mineral mass in a approximately W–E direction as
is shown in Fig. 22. The length of profile is 42 m and the gravity sampling
interval is given as 2 m.

Fig. 22. The local gravity anomalies map. Gravity data from the chromite mass outlined
in gray. Profile AA′ has been shown on the positive gravity anomaly in a approximately
W–E direction.

We applied the Marquardt inversion for the real gravity data where the
causative mass shape was assumed as a sphere, an infinite horizontal cylin-
der and a semi-infinite vertical cylinder, separately. The initial values of the
depth and radius parameters are given as z = 50 m and R = 15 m for the
sphere model, z = 40 m and R = 25 m for the infinite horizontal cylinder
model and z = 25 m and R = 15 m for the semi-infinite vertical cylinder
model (Table 5). For each three supposed structure under consideration,
the assigned values for misfit (J), iteration and damping factor (λ) are
0.001 mGal, 100 and 20, respectively. The variability of each shape param-
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eter and misfit of the sphere, infinite horizontal cylinder and semi-infinite
vertical cylinder geometry models against the iteration number during in-
version process are shown in Figs. 23–25, respectively.

The performed iteration for the sphere, infinite horizontal cylinder and
semi-infinite vertical cylinder configurations are 89, 74 and 77, respectively,
before it was ceased, as in the end of these iteration numbers, the damping
factor obtained a value greater than the allowable value. The depth and
radius parameters and misfit abided constant after the 9th iteration in the
case of the sphere shape, the 11th iteration in the case of the horizontal
cylinder shape and the 6th iteration in the case of the vertical cylinder
shape. The inverted structural parameters are given in Table 5.

Table 5. Inferred numerical results from analyzing the real gravity data along the profile
AA′ cross-section and the gravity response of the assumed parameters for the each three
structural shapes.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter Depth (m) Radius (m) Depth (m) Radius (m) Depth (m) Radius (m)

Assumed 50 15 40 25 25 15

Estimated 24.7 19.8 8.1 11.6 7.4 11.7

Misfit (mGal) 1.192 0.176 0.375

The theoretical gravity anomaly along profile AA′ and modeled gravity
anomalies corresponding to the estimated parameters in the latest misfit
function values are shown in Fig. 26. Since the least misfit function value

Fig. 23. Modifications of the structures parameters and misfit function versus iteration
number based on assumed parameters for the sphere model as given in Table 5.
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Fig. 24. Modifications of the structures parameters and misfit function versus iteration
number based on assumed parameters for the horizontal cylinder model as given in Table 5.

Fig. 25. Modifications of the structures parameters and misfit function versus iteration
number based on assumed parameters for the vertical cylinder model as given in Table 5.

(minimum error) indicate the best shape for the anomaly sources, with at-
tention to Table 5, the horizontal cylinder model with a misfit value of
0.176mGal, a depth of 8.1m and a radius of 11.55m must be the best form
that can imagine for the anomaly causative body. But the computed struc-
tural parameter demonstrate a unrealistic structure, because if a subsurface
source with the horizontal cylinder feature whose depth be 8.1 m, the max-
imum value which the radius can possess, is equal the depth of the center
of the model, while the inverted radius for the horizontal cylinder model is
11.6 m. The average values of the depth and radius parameters estimated
by the Marquardt inversion for the vertical cylinder model are 7.45 m and
11.7 m and for the sphere model are 24.8 m and 19.9 m, respectively. There
is a sharp discrepancy between the observed gravity (green curve in Fig. 26)
and computed gravity response based on the inverted sphere model param-
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Fig. 26. The observed gravity along the profile AA′ (green curve) and inverted gravity
from the interpreted parameters for the assumed sphere model (red curve), horizontal
cylinder model (blue curve) and vertical cylinder model (black curve).

eters (red curve in Fig. 26). As a result, the obtained value for the misfit, is
larger than two other models and indicate the gravity anomaly source can’t
be sphere shape. Therefore, the best suitable geometric shape which can
consider for the anomaly causative mass, i.e. chromite deposit, is the verti-
cal cylinder form, because obtained misfit for the vertical cylinder model is
smaller than one calculated for the sphere model.

The permanency and isotropy of the interpreted parameters from the
real gravity data were investigated using different assumed values for the
each three case of the models. The input and output values are summarized
in Table 6. The estimated structural parameters illustrate a very slight dif-
ferences that confirm the stability of the method.

The Euler deconvolution method is a common technique in potential
fields study which is widely used for estimating the depth of the anomaly

Table 6. Inferred numerical results from analyzing the real gravity data along the profile
AA′ cross-section and the gravity response of the different assumed parameters for the
each three structural shapes.

Model Sphere Horizontal cylinder Vertical cylinder

Parameter DepthRadiusDepthRadiusDepthRadiusDepthRadiusDepthRadiusDepthRadius
(m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

Assumed 28 10 55 30 35 20 30 15 18 12 10 15

Estimated 24.8 19.7 24.8 20.1 8.1 11.5 8.1 11.6 7.5 11.7 7.4 11.7

Misfit (mGal) 1.191 1.194 0.175 0.176 0.376 0.375

Iteration 95 85 71 64 67 53
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source (Thompson, 1982; Reid et al., 1990; Barbosa and Silva, 2011). In
this study, for comparison the depth estimates from gravity data, we have
employed the Euler method for calculating the depth of the chromite min-
eral mass by choosing a structure index of 1 and a window size of 5 × 5
points. Fig. 27 show the solutions obtained from Euler deconvolution as
plotted on the residual gravity anomaly map. The Euler solutions located
on the gravity anomaly present a depth between 5 to 10 m for the buried
deposit.

Fig. 27. The residual gravity anomalies overlaid by solutions of the 3D Euler method.

6. Conclusions

In this paper, we have introduced a optimization approach based on the Mar-
quardt’s algorithm for the inverse modeling of the residual gravity anomaly
due to the simple geometric shapes, i.e. sphere, infinite horizontal cylinder
and semi-infinite vertical cylinder. To check the constancy of the procedure
and the convergency of the parameters attained from the Marquardt inver-
sion, the free-noise and noise-impregnated theoretical gravity data related
to the different initial models were used in each case and it was eventuated
that the inversion yields almost the same solutions in all cases. Therefore,
the stable and accurate solutions verify the reliability and applicability of
the Marquardt’s algorithm as a powerful and useful inverse modeling tools.
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The method was applied for estimating the structure parameters and
determining the geometric shape using the gravity anomaly of a chromite
deposit from Iran. The minimum misfit value was considered as a criterion
for selecting the best mass shape, provided that the estimated parameters
depict a acceptable structure naturally. The amount of misfit obtained for
the assumed sphere models after 95 and 85 iterations is 1.191 mGal and
1.194 mGal, for assumed horizontal cylinder models after 71 and 64 iter-
ations is 0.175 mGal and 0.176 mGal and for assumed vertical cylinder
models after 67 and 53 iterations is 0.376 mGal and 0.375 mGal, respec-
tively. Although the lowest estimated misfit is related to the horizontal
cylinder model, but with attention to the inferred parameters for the hor-
izontal cylinder models from the inversion, that is an average depth and
radius of 8.1m and 11.55m respectively, these amounts do not demonstrate
a subsurface body. The inverted gravity from the final interpreted param-
eters of this procedure for various assumed vertical cylinder models is very
close to the real gravity along profile AA′ cross-section. Therefore, it can be
found that the anomaly causative mass shape is approximately the vertical
cylinder form geometrically and depth and radius of the deposit are about
7.4m and 11.7m. This evaluated depth has good conformity with the Euler
solutions.
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Abstract: Resistivity Profiling and Very Low Frequency (VLF) electromagnetic methods

were introduced to study fracture zones detection in Zaouia Jdida locality, within the

Errachidia basin. The Horizontal Profiling was conducted in Wenner-α array, with AB =

300m and profile lines oriented NW–SE and NE–SW. The resistivity measurements were

taken using MAE advanced geophysics instruments. The VLF profiles were implanted

with the length reaches 1000 m and profile lines oriented in NE–SW direction. The VLF

measurements were collected using T-VLF iris instrument and the data filtering was

done using KHFFILT software. Two filters, Karous-Hjelt and Fraser, were applied to the

real component of the secondary electromagnetic field. The qualitative interpretation of

resistivity results, showed the presence of subsurface targets; fracture zones were detected

at 70m, 240m and 450m positions along the profile P1, at 180m, 340m and 450m positions

from the profile P2. The semi-quantitative interpretation of VLF results revealed the

presence of two principal fracture zones at L3 and L5 locations, oriented NW–SE, at a

depth range of 30 m to 60 m. The VLF anomaly observed at L3 location is confirmed by

the resistivity measurements from the profile P1 (at 70m station). The identified fractures

represent the potential zones for groundwater supply and then will have an implication

on storage and movement of groundwater in the prospect area.

Key words: Errachidia basin, fracture zone, Resistivity, Very Low Frequency, data
filtering, groundwater exploration
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1. Introduction

The region of Errachidia-Tafilalt, which includes the study area, faces var-
ious environmental difficulties, including the scarcity and salinization of
groundwater (Ammary, 2007). In this arid to semi-arid zone, the overex-
ploitation of groundwater, as a result of demographic pressure and agricul-
tural activities, has contributed to the decline in water table levels (Ammary,
2007). Given the scarcity of geophysical studies undertaken in the study
area and for the sustainable use of water, it is necessary to implement geo-
physical investigation methods to better recognize the aquifer systems in
the region.

The problematic aimed by this work, is around the potential groundwater
within the area of Ain El Atti, in Zaouia Jdida locality. The present paper
contributes to evaluate this potential by detecting fracture zones. The frac-
ture zones represent a special target for hydrogeological exploration and can
play an important role for groundwater supply and hydrogeological practice
(Kirsch, 2006). Generally, fracture zones are considered hydraulic conduc-
tors (Kirsch, 2006). To achieve the purpose of this paper, on one hand, the
working procedure will be based on the Resistivity Profiling, in order to
determine the horizontal variation of resistivity. On the other hand, it will
be based on the Very Low Frequency electromagnetic (VLF-EM) technique
with the aim of measuring the parameters of the secondary electromagnetic
field.

The Horizontal Profiling method was chosen for this study, because it is
a common method to measure horizontal variation of electrical resistivity.
It has been recognized to be more suitable for hydrogeological exploration
of sedimentary basin. Generally, the resistivity method reveals an impor-
tant result during the detection of fractured zones and metalliferous veins
(Dakir et al., 2019). The VLF-EM method is widely used for the detection
of buried conductive targets, including aquiferous faulting systems (Ogilvy
and Lee, 1991). It offers relatively a fast approach to delineate the fractures
(Benson et al., 1997). The advantage of this technique is that the mea-
surements are easy to be interpreted in a qualitative manner (Vargemezis,
2007).
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2. Geography and geological setting

The study area is located about 50 km south of Errachidia and 20 km north
of Erfoud (Fig. 1). It is a part of Cretaceous basin of Errachidia (South-
eastern Morocco). This basin is characterized by a stratigraphic series that
ranges from Paleozoic to Quaternary. In the outcrop (Fig. 1), the basin is
generally composed of carbonate deposits of Turonian (Choubert and Faure-
Muret, 1962), sandstone and sand with gypsum intercalation attributed to
Infracenomanian and sand clay with gypsum and anhydrite of Senonian
(Choubert, 1948). Locally, from drilling data, the Infracenomanian deposits
overlie the Paleozoic (angular discordance). The Quaternary is presented
by alluvium and conglomerates. It shows varying thickness layers between
5 and 40 m (Amharref, 1991).

Fig. 1. Geographic situation and regional geology of the study area (DRH-GRZ, 2007)
modified.

3. Hydrogeological data

The Errachidia basin consists of a multilayer aquifer system consisting of
four main aquifer levels (Margat, 1977). The quaternary aquifer, in the
south part of the Errachidia basin, is formed by alluvial deposits, which
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contain the essential reserves of the tablecloth. The senonian aquifer, in the
north section of the basin, consists of detritic sediments with some sand-
stone, sand, red marl, gypsum, sodium chloride and limestone. The turo-
nian aquifer consists of fractured limestone and marine origin dolomite as
karst facies. Concerning the infracenomanian artesian aquifer, it is made by
continental deposits (sandstones and conglomerates) and lagoon sediments
(sand, clay and marl). Its water quality varies from one sector to another
(Aoubouazza et al., 2013); good quality at the NW of the Ain Al Atti, brack-
ish at Aoufous and highly mineralized between Douira and foundation raft
Erfoud (Ammary, 2007) where the residue reaches 16 gL−1.

4. Materials and methods

4.1. Resistivity profiling survey

InWenner array (Fig. 2), the four electrodes with a definite array spacing “a”
are moving after each measurement. In each station, the value of resistivity
is affected to the center of the array (Kunetz, 1966). The resistivity of
the ground is measured by injected currents and the resulting potential
differences at the surface. Two pairs of electrodes are required: electrodes
A and B are used for current injections, while electrodes M and N are for
potential difference measurements. The apparent resistivity ρa is calculated
from the current I and the potential difference ΔV (Eq. 1). The coefficient
K is called geometric factor. For Wenner configuration, the factor K can
be calculated from the electrode spacing Eq. (2):

ρa = K
ΔVMN

IAB
, (1)

K = 2πa . (2)

Fig. 2. Wenner configuration used in Resistivity Profiling.
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The instrument used in this research work is MAE advanced geophysics in-
struments. The measure of the filed resistivity is done by a digital Georesis-
tivimeter (4 iterations). The profiles, oriented in NW–SE and NE–SW di-
rections, were conducted using Wenner-α configuration, where the voltage
and the current electrodes are closely spaced and fixed to the center of the
array. On the field, Four electric horizontal profiles (P1, P2, P3 and P4)
with maximum electrode separation AB = 300m (a = 100m), were carried
out. For each profile, 50 measures were taken with a spacing of 10 m.

4.2. VLF electromagnetic survey

4.2.1. Principle and data acquisition

The Very Low Frequency electromagnetic (VLF-EM) is based on the use of
radio waves in the range of 15 to 30 kHz (Müller et al., 1984). The signal
(primary magnetic field Hp) emitted by the VLF stations, can be captured
in the field by the VLF instruments. When a conductor (e.g. a fracture zone)
is crossed by the Hp electromagnetic field, an induced current (Current of
Foucault) flows through it and produces a secondary magnetic field Hs out-
of-phase with Hp, oriented in any direction (McNeill and Labson, 1991). In
this case, the conductive body acts as a second source (Kaya et al., 2007).
The resulting field from the sum of Hp and Hs is elliptically polarized. This
ellipse of polarisation has two components with the same frequency, but
different amplitude and phase (Eze et al., 2004). The in-phase Hp is the
real component (Re) proportional to the tilt τ (inclination of the major
axis of the ellipse), while the out of phase Hp is the imaginary component
(Im) proportional to the ellipticity ε (the ratio between the minor axis and
the major axis b/a). These two components τ and ε are described by the
equations (3 and 4) below (Saydam, 1981):

τ = Re/Hp , (3)

ε = Im/Hp . (4)

During our study, the survey was carried out using the Receiver T-VLF
Iris Instruments, operating in tilt angle mode, in order to measure the pa-
rameters of the ellipse of polarization, which are the tilt τ and the ellipticity
ε (Fig. 3). In this mode, it is convenient to operate with a transmitter (VLF
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Fig. 3. Principle of induction in a subsurface conductive target and parameters of the
ellipse of polarisation in tilt angle mode.

station) which is located in the supposed strike (±45◦) of the prospected
target for a maximum coupling. For detecting the supposed fractures in the
study area, the GBR station located in Rugby (England) has been chosen,
with a power of 750 kW, which emits a signal with a frequency of 16 kHz.
On the fieldwork, five VLF-EM profiles were conducted, with profile length
reaches 1000 m. Readings were taken respecting a spacing of 20 m. The
profile lines were oriented in NE–SW direction and denoted as L1 to L5.

4.2.2. Data filtering and semi-quantitative interpretation

For our measurements, on one hand, the Karous and Hjelt (KH) filter has
been applied to the real component. This filter permits the draw of appar-
ent current density cross-sections, which show the response of the conductor
in depth (Karous and Hjelt, 1983). Qualitatively, it is possible to discrim-
inate between conductive and resistive structures using apparent current
density cross-section (Karous and Hjelt, 1977), where a high positive value
corresponds to conductive structure and low negative values are related to
resistive one (Benson et al., 1997; Sharma and Baranwal, 2005). On the
other hand, the Fraser filter has been applied to the real component too,
and the filtered data were presented in the form of a contour map. There-
fore, the filtered real component will always show a positive peak above
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an anomalous zone (Fraser, 1969). In order to perform Karous-Hjelt and
Fraser filtering on VLF EM data, the software KHFFILT is used in the
interpretation of the measurements along VLF traverses.

To better visualize the location of resistivity profiles and VLF lines, the
Fig. 4 represents the MNT of the prospect area and the study location.

Fig. 4. MNT of the prospect area and study location.

5. Results and discussion

5.1. Resistivity profiling results

For resistivity data, the measurements were plotted against the distance
(Fig. 5). For all electrical profiles, there are fluctuations of apparent resis-
tivity curves, covering a distance of 500 m. From the profile P1 (Fig. 5a),
a low apparent resistivity (46 Ωm) occurs at the beginning of the profile up
to a distance of 70 m. Towards NE, two anomalous values of resistivity are
observed; the first one (41 Ωm) is crossed at 240 m and the second (45 Ωm)
is situated at 450 m. Along the profile P2 (Fig. 5b), from a distance of
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Fig. 5a. The apparent resistivity response against the distance along the profile P1 (NE–
SW) with AB = 300 m.

Fig. 5b. The apparent resistivity response against the distance along the profile P2 (NW–
SE) with AB = 300 m.

Fig. 5c. The apparent resistivity response against the distance along the profile P3 (NW–
SE) with AB = 300 m.

Fig. 5d. The apparent resistivity response against the distance along the profile P4 (NW–
SE) with AB = 300 m.
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60 m and towards SE, the resistivity decreases from 62 Ωm to a very low
value of 30 Ωm up to a distance of 450 m. One prominent low resistivity
is observed at position 180 m (30.6 Ωm), and two other anomalous zones
are revealed at 290 m and 450 m positions. The profile P3 (Fig. 5c) shows
that the resistivity increases from the beginning of the profile and reaches
a maximum value of 61 Ωm at 100 m position. Towards SE and for the
rest of the profile, the resistivity decreases. One anomalous resistivity value
(46 Ωm) is observed at 180 m station. From the profile P4 (Fig. 5d), a low
apparent resistivity (49 Ωm) appears at the beginning of the profile up to a
distance of 50m. At range distance between 60m and 150m, the resistivity
increases and reaches 67 Ωm at 150 m position. From this station (150 m),
the resistivity decreases for the rest of the profile.

The qualitative interpretation of these curves suggests that each low
anomalous value of apparent resistivity observed along each profile, indi-
cate the presence of a conductive zone, probably attributed to a fracture
zone. Here we evidenced the presence of conductive zones at positions 70m,
240m and 450m from P1, at positions 180m, 340m and 450m from P2, at
position 180 m on P3 and at position 50 m from P4. Along the profiles P1
and P2, these conductive zones were easily interpreted as fracture zones.

5.2. VLF results

For semi-quantitative interpretation and target visualisation, we focus the
analysis on positive Karous-Hjelt and Fraser anomalies. Concerning KH fil-
tered data, the apparent current density cross sections plots were produced.
Here, the KH plots are represented for two VLF lines type; L3 and L5. The
L3 plot (Fig. 6a) shows prominent positive response between 100–125 m,
from the beginning of the profile, corresponding to a conductive axis, re-
sulting in a fracture zone, located between 100–125m, at a depth extending
from 30 m to 60 m. The L5 plot (Fig. 6b) reveals a positive anomalous
related to the presence of a conductive target between 90–120 m, from the
beginning of the profile. It is interpreted as a fracture zone at a deep rang-
ing from 20 m to 60 m. The KH data filtering from the rest of these lines
show no pronounced anomalies. The VLF response is more prominent in
L5 location. So, the subsurface target could be more interested in this lo-
cation.
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Fig. 6a. Apparent Current density cross section plot of real component data against
distance from VLF lines L3 (NE–SW).

Fig. 6b. Apparent Current density cross section plot of real component data against
distance from VLF lines L5 (NE–SW).

The Fraser filtered data are transformed into a contour map (Fig. 7).
The Fraser filtered map reveals the presence of anomalies. Two several
positive anomalies were distinguished, where the top of the anomalies was
observed at L3 and L5 locations. These are related to the presence of con-
ductive structures, interpreted as fracture zones. The low positive Fraser
values represent other anomalies, particularly detected at L1 and L5 loca-
tions. These are related to other conductive targets, but the VLF response
was moderate. Thus, two principal conductive axes oriented NW–SE were
identified, which could be the principal fractures in the study area. The rest
of anomalies may be associated to secondary conductive axes.
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Fig. 7. Interpreted Fraser filtered contour map of real component from five VLF lines.

Taken into account both KH and Fraser filtered data, a 3D model was
elaborated (Fig. 8). The model shows two several anomalies, related to the
principal fractures zones oriented in NW–SE direction, at L3 and L5 loca-
tion. The anomaly observed at L3 location is confirmed by the resistivity

Fig. 8. Interpreted 3D model integrating both Fraser and Karous-Hjelt data filtering.
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measurements along the profile P1 (at 70 m station). Integrated resistivity
and VLF data confirm that the north part of the prospect area is more
fractured, because the resistivity response and the VLF anomalies are more
pronounced.

6. Conclusions

In this study, we contributed to the evaluation of the groundwater potential
of Zaouia Jdida locality, by detecting fracture zones. Integrated resistivity
results and VLF data confirm the presence of subsurface targets. The resis-
tivity measurements revealed the presence of fracture zones at 70 m, 240 m
and 450m positions from the profile P1, at 180m, 340m and 450m positions
along the profile P2. The VLF filtered data showed two several anomalies
at L3 and L5 locations, resulting in two principal fracture zones, oriented
NW–SE, at a deep ranging from 30m to 60m. The identified fracture zones
constitute the potential zones for hydrogeological practice. Thus, they will
have an implication on the movement of groundwater and on its storage in
the surveyed area.
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Mlynská dolina, 842 48 Bratislava, Slovak Republic

3 Faculty of Natural Sciences, Comenius University in Bratislava,
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Abstract: The National Network of Seismic Stations of Slovakia (NNSS) consists of eight

short period and five broadband permanent seismic stations and a data centre located

at the Earth Science Institute of the Slovak Academy of Sciences (ESI SAS). The NNSS

recorded and detected 10 719 seismic events from all epicentral distances in 2017. Totally

73 earthquakes originated in the territory of Slovakia in 2017. This paper provides basic

information on the configuration of the NNSS, routine data processing, seismic activity

on the territory of Slovakia in 2017 as well as macroseismic observations collected in 2017.

Key words: Slovakia, National Network of Seismic Stations, seismicity, macroseismic
observations

1. Introduction

The aim of this paper is to provide a quick overview of earthquakes which
originated on the territory of Slovakia or were macroseismically felt on the
territory of Slovakia in 2017. The seismic activity on the territory of Slo-
vakia and adjacent areas has been reported on the daily basis by the so called
Seismo Reports published on the web sites of the Department of Seismology,
ESI SAS http://www.seismology.sk/Seismo Reports/reports.html and
in annual reports as a part of the project Partial monitoring system – Geo-
logical factors (Lǐsčák et al., 2018) which is solved with a contract between
ESI SAS and State Geological Institute of Dionýz Štúr.
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2. Seismic stations operating in 2017

The seismic monitoring of the Slovak territory is provided by the NNSS op-
erated by the ESI SAS (ESI SAS, 2004), Local Seismic Network in Eastern
Slovakia operated by the Faculty of Mathematics, Physics and Informatics
of the Comenius University in Bratislava and local network of seismic sta-
tions around NPPs Jaslovské Bohunice and Mochovce operated by Progseis
Ltd. company. The networks of seismic stations cooperate and the exchange
of data is on the regular basis. The positions of the seismic stations on the
territory of Slovakia are shown in Fig. 1.

In 2017 the NNSS consisted of thirteen permanent seismic stations, from
which eight are short period and five are broadband. Broadband stations
are: Červenica (CRVS), Kolonické sedlo (KOLS), Modra (MODS), Vyhne
(VYHS) and Železná studnička (ZST). Short period stations are: Hur-
banovo (HRB), Izabela (IZAB), Iža (SRO1), Kečovo (KECS), Liptovská
Anna (LANS), Moča (SRO2), Stebńıcka Huta (STHS) and Šrobárová (SRO).
The HRB is the oldest NNSS seismic station that has been in operation since
1909 (Pajdušák, 1997). In the year 2017 no significant changes were realized
in instrumental equipment of the seismic stations. The NNSS permanent
seismic stations and their instrumentation are summarized in Table 1. More

Fig. 1. Seismic stations operational on the territory of Slovakia in 2017.
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details can be found on the web page http://www.seismology.sk/Nation
al Network.

Table 1. Equipment of seismic stations of the NNSS operating in 2017.

Station ISC Lat. Long. Alt. Sensor DAS Sampl. Data
code [◦N] [◦E] [m] freq. format

Bratislava
ZST 48.196 17.102 250 3×SKD Wave24 100/sec mSEEDŽel. Studnička

Červenica CRVS 48.902 21.461 476 STS-2 Wave24 100/sec mSEED

Vyhne VYHS 48.493 18.836 450 STS-2 Wave24 100/sec mSEED

Modra-Piesok MODS 48.373 17.277 520 STS-2 Wave32 100/sec mSEED

Hurbanovo HRB 47.873 18.192 115
2×

Analog –
smoked

Mainka paper

Izabela IZAB 48.569 19.713 450 3×SM3 Wave24 100/sec mSEED

Iža SRO1 47.7622 18.2328 111 ViGeo Gaia 100/sec mSEED

Kečovo KECS 48.483 20.486 345 LE3D Wave24 100/sec mSEED

Kolonické sedlo KOLS 48.933 22.273 460
Guralp-

Wave32 100/sec mSEED6T-30s

Liptovská Anna LANS 49.151 19.468 710 LE3D SEMS 100/sec mSEED

Moča SRO2 47.763 18.394 109
Guralp-

Wave24 100/sec mSEED40T-1s

Stebńıcka Huta STHS 49.417 21.244 534 LE3D Wave24 100/sec mSEED

Šrobárová SRO 47.813 18.313 150
3×

Wave24 100/sec mSEEDSKM-3

Four additional short period seismic stations has been operated on the
jointly bases of ESI SAS and the other institutions. The seismic stations
Banka (BAN), Podolie (POD) and Jaľsové (JAL) located in the Little Car-
pathians have been operated in cooperation with Progseis Ltd. company
and the Institute of Rock Structure and Mechanics of the Czech Academy
of Sciences (IRSM CAS) (Fojt́ıková et al., 2015). The seismic station Pusté
Úl’any (PULA) has been operated in cooperation with the IRSMCAS. These
stations have been installed as temporary seismic stations.

3. Data processing

Digital data from all NNSS stations (except the analog seismic station HRB)
are transferred in real-time to the data centre at the ESI SAS either by the
internet or satellite telemetry. Software package SeisComp3 (Weber et al.,
2007) and SeedLink server are used for data acquisition and exchange.
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Beside observations from the NNSS stations the data centre at ESI SAS
also use the data from the above mentioned local networks of seismic sta-
tions in Slovakia and observations from networks of neighbouring coun-
tries: Austrian Seismic Network (ZAMG – Zentralanstalt für Meterologie
und Geodynamik, 1987), Czech Regional Seismic Network (Institute of Geo-
physics, Academy of Sciences of the Czech Republic, 1973), Hungarian Na-
tional Seismological Network (Kövesligethy Radó Seismological Observatory,
1992), Local seismological network for monitoring NPP Dukovany (Institute
of Physics of the Earth Masaryk University, 2014), GEOFON Seismic Net-
work (GEOFON Data Center, 1993), Polish Seismological Network. These
stations form a so-called Regional Virtual Network of ESI SAS that consists
of approximately 55 seismic stations.

Routine analysis of the digital recordings at the ESI SAS has been per-
formed by the Unix package Seismic handler (Stammler, 1993). Interactive
locations of seismic events within Seismic Handler are performed by external
program LocSat. The collected digital observations are manually processed
on the daily basis. The epicentre locations are based on the IASPI91 travel-
time curves. Local magnitudes have been determined from the maximum
vertical trace amplitudes of Sg waves, using the pre-defined Seismic Handler
formula for local events. Continuous raw seismic data from the NNSS are
stored in a local archive and seismic data interpretations (together with in-
formation on equipment of stations) are stored in a web accessible database.

4. Seismic activity in 2017

The NNSS analyzed 10719 local, regional and teleseismic events in 2017.
More than 42200 seismic phases were determined. Seismic events identi-
fied as quarry blasts were excluded from further processing and were not
included in the event statistics. All events recorded by the NNSS and analy-
ses at the data centre at ESI SAS has been reported in the so called Seismo
Reports and published on the above mentioned web sites of the Department
of Seismology, ESI SAS.

Altogether 73 seismic events located by the NNSS originated in the ter-
ritory of Slovakia in 2017 (Fig. 2). Known quarry blasts are not included
in this number. 40 earthquakes reached local magnitude 1.0 or more and
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Fig. 2. Map of epicentres of local earthquakes originated on the territory of Slovakia in
2017. Diameters of the circles are proportional to local magnitudes.

are listed in Table 2. The strongest earthquake was detected on June 16 at
13:38 UTC with local magnitude ML 2.3.

The seismicity of the Slovak territory is dominated by the Little Carpathi-
ans and Komárno seismic source zones (Hók et al., 2016). The strongest
earthquake in the Little Carpathians source zone was detected on the March
25 at 19:11 UTC with local magnitude ML 1.7. The strongest earthquake in
the Komárno source zone was detected on the December 12 at 16:28 UTC
with local magnitude ML 1.8. Although the low level of seismic activity
from the last decades remained unchanged also in 2017, these two source
zones remain of the primary interest for the monitoring of seismic activity
within the territory of Slovakia.

5. Macroseismic observations

Five earthquakes were macroseismically felt on the territory of Slovakia in
2017 (Table 3), all of them with the epicentre on the territory of Slovakia
(Fig. 3). These five earthquakes were also seismometrically observed and
processed. Intensities were estimated by the European Macroseismic Scale
1998 (EMS-98) introduced by Grünthal (1998).
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Table 2. List of earthquakes originated on the territory of Slovakia in 2017 with ML ≥ 1.0.

Date Origin Time Lat. Lon. Depth MLLL I000 Region

[YYYY-MM-DD] (UTC) [◦N] [◦E] [km] [NNSS] [◦EMS]
[HH:MM:SS]

2017-01-21 22:16:21.06 48.36 17.08 0 1.6
Little

Carpathians

Gabč́ıkovo –
2017-02-12 08:55:25.40 47.74 17.79 3.3 1.4 Komárno –

Štúrovo

Gabč́ıkovo –
2017-02-22 11:59:15.95 47.80 18.53 1.5 1.0 Komárno –

Štúrovo

2017-02-23 01:35:37.53 49.15 18.84 0 1.3 Žilina region

2017-03-01 12:36:27.73 48.89 22.09 7.9 1.9 Vihorlat Mts.

2017-03-16 11:29:22.88 48.84 20.55 3.1 1.4 Volovec Mts.

2017-03-17 11:44:02.90 48.87 21.83 0 1.3 Vihorlat Mts.

2017-03-25 19:11:39.40 48.54 17.60 2.6 1.7
Little

Carpathians

2017-04-15 04:12:26.38 48.76 19.19 0.1 1.6 3
Banská Bystrica

region

2017-04-15 04:23:45.82 48.74 19.20 0 1.4 felt
Banská Bystrica

region

2017-04-24 07:31:54.76 48.88 21.60 0.2 1.0 Slanské Hills

2017-05-03 01:49:27.05 48.73 22.24 4 1.5 Vihorlat Mts.

Gabč́ıkovo –
2017-05-14 21:50:06.53 47.76 18.20 4.9 1.4 Komárno –

Štúrovo

2017-05-18 10:16:48.78 48.78 21.14 0 1.3 Volovec Mts.

2017-05-26 08:35:03.48 49.13 20.64 0 1.5 Levoča Mts.

2017-05-31 11:55:04.23 48.70 22.14 0 1.3
Eastern Slovak

Lowland

2017-06-05 14:32:21.41 49.23 20.96 0 1.5 Čergov Mts.

2017-06-06 08:41:54.08 49.21 20.47 0 1.3 Levoča Mts.

2017-06-07 10:10:28.05 49.27 21.09 0 1.6 Čergov Mts.

2017-06-16 13:38:20.58 48.98 22.28 10.8 2.3 Bukovec Mts.

2017-06-29 15:03:14.18 49.02 20.95 10 1.6 Šarǐs region

2017-06-30 23:53:22.30 48.69 19.73 0 1.4 Vepor Mts.
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Table 2. Continued from the previous page.

Date Origin Time Lat. Lon. Depth MLLL I000 Region
[YYYY-MM-DD] (UTC) [◦N] [◦E] [km] [NNSS] [◦EMS]

[HH:MM:SS]

2017-07-13 03:25:02.68 48.73 22.07 7.7 1.6
Eastern Slovak

Lowland

2017-08-21 10:37:34.91 48.63 21.36 0 1.1 Slanské Hills

2017-08-21 10:44:09.68 49.18 20.80 0 1.0 Levoča Mts.

2017-09-04 15:30:13.37 48.61 22.10 5.2 1.9
Eastern Slovak

Lowland

2017-09-12 14:58:34.96 49.28 20.48 0 1.6 Spǐs Magura

2017-10-09 08:14:28.58 48.83 21.95 5.9 1.1 Vihorlat Mts.

2017-10-15 04:06:42.66 49.30 20.53 0 1.2 Spǐs Magura

2017-10-23 01:04:11.48 48.97 20.30 0 1.1 Spǐs region

2017-10-23 14:42:22.25 48.68 21.32 0 1.1 Košice basin

2017-11-02 11:49:04.77 49.07 20.73 0 1.6 Levoča Mts.

2017-11-10 07:50:48.82 49.17 18.73 0 1.0 felt Žilina region

2017-11-14 16:22:45.98 49.15 18.76 2.3 1.5 3 Žilina region

2017-11-15 15:34:05.16 48.44 21.73 0 1.2 Zemplén Mts.

Gabč́ıkovo –
2017-12-08 10:33:14.35 47.76 18.52 8.6 1.3 Komárno –

Štúrovo

2017-12-11 13:04:56.46 49.16 18.76 0 1.5 Žilina region

2017-12-12 06:53:27.88 48.63 17.87 1.1 1.4
Považský Inovec

Mts.

Gabč́ıkovo –
2017-12-12 16:28:32.89 47.80 18.33 10 1.8 3 Komárno –

Štúrovo

Gabč́ıkovo –
2017-12-12 23:05:36.16 47.80 18.30 0 1.7 Komárno –

Štúrovo

The earthquake on April 15 at 4:12 UTC with epicentre near Banská
Bystrica and local magnitude 1.6 was macroseismically felt on 2 locations
(Table 4). 5 macroseimic questionnaires were filled. The event was de-
scribed as a light trembling. The epicentral intensity was determined at
3◦ EMS-98. The aftershock with local magnitude 1.4 occurred 11 minutes
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Fig. 3 Map of epicentres of macroseimically observed earthquakes on the territory of
Slovakia in 2017. Diameters of the circles are proportional to epicentral intensity.

Table 3. List of macroseismically observed earthquakes on the territory of Slovakia in
2017.

Date Origin Time Lat. Lon. Depth MLLL I000 Region

[YYYY-MM-DD] (UTC) [◦N] [◦E] [km] [NNSS] [◦EMS]
[HH:MM:SS]

2017-04-15 04:12:26.4 48.76 19.19 0.1 1.6 3 Banská Bystrica

2017-04-15 04:23:45.8 48.74 19.20 0 1.4 – Banská Bystrica

2017-11-10 07:50:48.8 49.17 18.73 0 1.0 – Žilina

2017-11-14 16:22:45.9 49.15 18.76 2.3 1.5 3 Žilina

2017-12-12 16:28:32.9 47.80 18.33 10 1.8 3 Komárno

Table 4. Macroseismic observations for April 15, 2017 earthquake, 4:12 UTC.

Locality Lat. Lon. No. of I
[◦N] [◦E] questionnaires [◦EMS-98]

Banská Bystrica 48.733 19.143 4 3

Selce 48.764 19.207 1 felt

later at 4:23 UTC. Because of lack of macroseismic data it was not possible
to determine the epicentral intensity of the aftershock (Table 5).
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The earthquake on November 10 at 7:50 UTC with epicentre near Žilina
and local magnitude 1.0 was macroseismically felt on 1 location (Table 6).
Because of lack of macroseismic data it was not possible to determine the
epicentral intensity.

The earthquake on November 14 at 16:22 UTC with epicentre near Žilina
and local magnitude 1.5 was macroseismically felt on 6 locations (Table 7).
27 macroseimic questionnaires were filled. The event was described as a
light trembling. Some people reported acoustic effects – light detonation
similar to a blast in a distant quarry. The epicentral intensity was deter-
mined at 3◦ EMS-98.

The earthquake on December 12 at 16:28 UTC with epicentre near the
village Marcelová (Komárno source zone) and local magnitude 1.8 was
macroseismically felt on 1 location (Table 8). 7 macroseimic questionnaires
were filled. All people reported acoustic effects – explosion similar to an
explosion of a gas cylinder. The event was described as a light trembling.
The epicentral intensity was determined at 3◦ EMS-98.

Table 5. Macroseismic observations for April 15, 2017 earthquake, 4:23 UTC.

Locality Lat. Lon. No. of I
[◦N] [◦E] questionnaires [◦EMS-98]

Banská Bystrica 48.733 19.143 1 felt

Table 6. Macroseismic observations for November 10, 2017 earthquake, 7:50 UTC.

Locality Lat. Lon. No. of I
[◦N] [◦E] questionnaires [◦EMS-98]

Turie 49.149 18.753 1 felt

Table 7. Macroseismic observations for November 14, 2017 earthquake, 16:22 UTC.

Locality Lat. Lon. No. of I
[◦N] [◦E] questionnaires [◦EMS-98]

Turie 49.149 18.753 21 3

Porúbka 49.154 18.725 2 3

Poluvšie 49.121 18.697 1 3

Bytčica 49.178 18.739 1 felt

Lietava 49.170 18.673 1 felt

Lietavská Svinná 49.152 18.675 1 felt
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Table 8. Macroseismic observations for December 12, 2017 earthquake, 16:28 UTC.

Locality Lat. Lon. No. of I
[◦N] [◦E] questionnaires [◦EMS-98]

Marcelová 47.792 18.283 7 3

6. Conclusion and discussion

The NNSS is operated by the ESI SAS, Bratislava. Data from all stations
(except station HRB) are transferred in real-time to the data centre at Bra-
tislava. Data processing and routine analysis are performed digitally by in-
teractive seismological software Seismic Handler. Digital data are accessible
both on-line and off-line in standard data format. So called Seismo Reports
of seismic events recorded by NNSS are published on the web page of the
ESI SAS http://www.seismology.sk/Seismo Reports/reports.html.

The lack of system approach to financing of the NNSS persisted also in
2017. The costs of NNSS are higher than a financial contribution from the
budget of the Slovak Academy of Sciences. Besides this fact, only finances
for a day-to-day operation were provided with no amount for an equipment
modernization.

Epicentres and local magnitudes were determined for 73 earthquakes
originated in the territory of Slovakia in 2017. Weak seismic activity was
recorded from several seismic source zones: Little Carpathians., Komárno,
Banská Bystrica, Vihorlat Mts. and Levoča Mts.
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Abstract: Results from a detailed gravity survey realized along the planned highway

tunnel in the karstic area of Slovak Karst in the eastern Slovakia are presented. Detailed

gravity profiles crossed an area of rugged topography, therefore the terrain corrections

played a crucial role in the gravity data processing. The airborne laser scanning technique

(LiDAR) was used in order to compile a high-resolution digital terrain model (DTM) of

the surrounding area and to calculate terrain corrections properly. The difference between

the Bouguer anomalies calculated with an available nationwide DTM and those with new

LiDAR-based model can be significant in some places as it is presented in the paper.

A new method for Bouguer correction density analysis based on surface data is presented.

Special underground gravity measurements in the existing nearby railway tunnel were also

conducted in order to determine the mean density of the topographic rocks. The Bouguer

anomalies were used to interpret lithological contacts and tectonic/karstic discontinuities.

Key words: detailed gravimetry, terrain correction, LiDAR, DTM, Bouguer correction
density

1. Introduction

Two parallel profiles of detailed gravimetric survey were realized in the
frame of the detailed engineering geological and hydrogeological exploration
in the area of the planned road tunnel of the R2-highway project Rožňava–
Jablonov nad Turňou. The planned tunnel is situated in a protected area of
the Slovak Karst national park characterized by karstic relief. Gravimetry,
as a suitable non-destructive geophysical prospecting method was carried
out with the objective of verifying the occurrence of tectonic and karst-
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weathered lineaments and lithological interfaces of blocks with diverse rock
densities.

Since the gravity profiles cross a rough terrain relief, the critical compo-
nent in compiling the complete Bouguer anomalies (CBA) are the near-zone
terrain corrections (e.g., LaFehr et al., 1988; Schiavone et al., 2009). Re-
cently we have dealt in detail with the topic of computing accurate terrain
corrections, especially within the near zone (Zahorec et al., 2010). We have
developed and we are continuously enhancing our own software for their
computation. The most significant requirement for accurate evaluation of
terrain corrections is a detailed digital terrain model (DTM) of the given re-
gion. For that sake the nearby vicinity of the survey profiles was imaged by
air-borne laser scanning (LiDAR). By comparing the LiDAR-derived DTM
with the available detailed DMR-3 model based on scanned topographic
maps and covering the whole Slovak territory, it is possible to document the
high impact of the used LiDAR derived terrain model on the quality of the
resulting complete Bouguer anomalies.

Another important element in compiling the complete Bouguer anoma-
lies, especially in rugged terrain, is the choice of the correct topographic
density. The correct choice can be assisted by laboratory density analyses
of rock samples from boreholes. However, of great value is the analysis of
surface gravimetric measurements themselves (Nettleton, 1939), and more-
over, the utilization of underground gravimetric observations (e.g. Hammer,
1950). To precise the estimate of the mean density of rocks of the given
region we performed a detailed density analysis based on the approach of
Mikuška et al. (2017), as well as we also performed methodological measure-
ments of gravity acceleration in the existing nearby parallel railway tunnel
(at the depth of about 200m below the surface), at spots where the surface
gravimetric profiles cross the railway tunnel (Zahorec and Papčo, 2018).

Based on constraining geological data from boreholes 2D density vertical
sections were constructed that helped to finetune the geological and tectonic
structure in the area of the planned tunnel.

2. Site description

The planned tunnel passes through a region, which geomorphologically be-
longs to the Inner Western Carpathian Subprovince, the Slovak Ore Moun-
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tains area, the Slovak Karst unit, with subunits of the Silica Plateau and
the Horný vrch Plateau. Geological-tectonic structure of the rock massif
is complicated (Fig. 1), manifesting distinctive karstification. The Slovak
Karst has a typical karst relief with flat plateaus divided by deep gorges
with hollows, lapies, abbyses and caves. The rock environment of the tun-
nel consists of Early-Middle Triassic rocks of the Silica and Horný vrch
plateaus of the Silica Nappe and of Quaternary deluvial-proluvial sediments.
The central part of the investigated area is built by massive light-coloured,
organogenic, in some places brecciated limestones (mainly Wetterstein and
Steinalm types) with karstification features. Less prominent are carbonates
of the Gutenstein formation. The marginal parts of the investigated area
are built by Szin Beds represented by shales and marlstones that are weakly
metamorphosed (phyllitic schists). The Bódvaszilas Beds (schists and sand-
stones) form the SE part of the region. Both geological and tectonic settings
in the investigated area are very complex. We found out that the boundary
between Szin and Gutenstein Formation is tectonic. The Gutenstein lime-
stones/dolomites of Silicicum are displaced north-vergently over the Szin

Fig. 1. Engineering geological map of the area (Szabó in Grenč́ıková et al., 2018) with
the gravimetric profiles (red curves: the long profiles G1 and G2 are situated along the
planned road tunnel tubes) and the trajectory of the railway tunnel (thick black curve).
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Beds belonging probably to Turnaicum. The most distinct fault systems
in the tunnel area are those of NE–SW and E–W, as well as ESE–WNW
direction dipping to the NW and N, fault systems of NW–SE direction dip-
ping to the NE and fault systems of N–S direction dipping to the W and
also to the E (Fig. 1). The trajectory of the tracer currents carried away
by groundwater currents from the exploration borings towards the Eveteš
groundwater source and springs in the Krásnohorska Dlha Lúka locality,
that are present along the tunnel route, was due to the NW–SE and E–W,
as well as ESE–WNW trending faults.

At a distance of 2.1 km from the western side of the Soroška tunnel, the
Szin Beds are tectonically reduced along a steep S-vergent overthrust zone
trending E–W to ESE–WNW and dipping to the N, on which Werfenian
rocks (Szin Beds) were displaced over the limestone massif. This overthrust
zone is permeable and filled with water, (Szabó et al., 2018).

The investigated area had been covered by gravimetric mapping in the
scale 1:25 000 (4–6 points/km2) conducted in the period 1965–1975 (Bárta
et al., 1969 in Steiner et al., 1991). Regional profile gravimetric measure-
ments in a wider vicinity of the investigated area were performed as a part
of the project by Steiner et al. (1991). These are, however, of insufficient
detail and do not directly reach into our area.

3. Data acquisition and processing

Profile gravimetric measurements were carried out with the step of 10 m
totalling 12 km during two observation campaigns. In the first campaign
measurements along the two main profiles G1 and G2 were performed above
the two projected tunnel tubes. Based on the preliminary results of the first
campaign additional measurements of the second campaign were proposed
in the form of lateral transverse verification profiles G3 and G4 (Fig. 1).

Positioning of the profile gravimetric stations was conducted by the com-
bination of terrestric measurements (the spatial polar method) by means of
the total station Trimble S8 and GNSS measurements (RTK VRS method
using the SKPOS service, http://www.skpos.gku.sk/en/) by means of
the Trimble R10 rover (receiver). GNSS observations of at least 20 sec
were taken at each point. The observations were taken in the frame of the
ETRS-89 coordinate system and subsequently transformed by the official
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transformation procedure (http://skpos.gku.sk/en/o-skpos.php#uvod)
into the Slovak national reference system S-JTSK coordinate system, reali-
sation JTSK03. Ellipsoidal heights were transformed to the physical heights
(Molodenski normal heights) in Baltic vertical reference system 1957 using
the Slovak official quasigeoid model DVRM (Klobušiak et al., 2005).

Horizontal positions and heights of the majority of the gravimetric points
were determined with the accuracy of or better than 0.04m. Heights above
sea level of the gravimetric points range from about 246 to 613 m a.s.l.

3.1. Airborne laser scanning – LiDAR

For the sake of accurate terrain correction calculation in the nearest vicinity
of the gravimetric points the region of interest with an area of 6.4 km2 was
scanned by airborne laser scanning technology with the Trimble Harrier 68
system. Processing, adjustment, and filtering of the whole point cloud to
the points located on the ground relief (classification “ground”) was carried
out in software package LAStools v. 170322 (https://rapidlasso.com/las
tools/). The average point density on the ground reached 12 points/m2.

The Digital Surface Model (DSM, including vegetation and man-made
objects) and the Digital Terrain Model (DTM, needed for terrain correction
calculations) were created in software package Surfer v. 13 (https://www.
goldensoftware.com/products/surfer), with kriging method using a step
of 0.5 m, see Fig. 2.

The height accuracy of the resulting model was verified by a set of in-
dependent ground control points as well as by gravimetric points. Ground
control points were distributed uniformly over the entire scanned region
on the site. The differences between the directly observed height and the
height interpolated from the DTM at these control points agree at the ma-
jority of points to within 0.05 m, which points to a very high quality of the
created DTM. Height differences at the majority of gravimetric points are
within ±0.15 m. Greater differences occured at points in heavily vegetated
locations, or at spots with more extremely rough relief (grikes) and at the
margins of the region of interest.

The DTM (Fig. 2 right) served not only for computation of precise ter-
rain corrections, but also for very detailed geomorphologic evaluation of the
region, identification of local karst phenomena and tectonic features, etc.
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Fig. 3 shows the comparison of our LiDAR-derived DTM with the available
nationwide detailed model DMR-3 with the resolution of 10 m (based on
scanned topographic maps, TOPÚ, 2012).

Fig. 2. Comparison of the LiDAR-derived Digital Surface Model (left) and the Digital
Terrain Model (right) in our region.

Fig. 3. The available nationwide model DMR-3 (left) and its vertical deviation from the
LiDAR DTM (right, cf. Fig. 2). Black curves indicate the gravimetric profiles.
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3.2. Gravity data

The measurements of gravity acceleration were carried out by means of the
relative gravimeter Scintrex CG-5 during 14 field days in the period Novem-
ber 2016 – April 2017. The measurement were tied two or three times a day
to a reference point (situated in the middle of the survey region, easily acces-
sible by car) for the purpose of controlling the drift of the gravimeter. The
reference point was tied to the state gravimetric network (point No. 3834.01
Hrhov). The observed gravity values are hence referenced in the valid Na-
tional reference gravimetric system S-Gr95. The residual daily drifts during
our observations (calculated based on repeat measurements at the reference
point) ranged from 10 to 60 μGal per day. During each observation day
repeated measurements were conducted also at selected gravimetric points
on the profiles (about 10% of the overall points) that served for calculating
the measurement error. The standard deviation was determined from these
repeated measurements at the level of ±10 μGal (1 μGal = 10−8 m/s2).

The values of complete Bouguer anomalies (CBA) were calculated based
on the standard procedure:

CBA(P ) = g(P ) − γ(P0)− δγF (P )− δgsph(P ) + T (P ) + δgatm(P ) ,

where g(P ) is the observed gravity (corrected for gravimeter drift and tides)
in the S-Gr95 gravimetric system, γ(P0) is normal gravity at the level el-
lipsoid according to the Pizetti-Somigliana formula with parameters of the
reference ellipsoid GRS80, δγF is the height correction (also called free-
air correction) with a second order approximation (Wenzel, 1985 in Torge,
1989), so that γ(P ) = γ(P0) + δγF (P ) gives the value of normal gravity
evaluated at the observation point, δgsph(P ) is the gravitational effect of
the spherical cap with radial (spherical) radius 166.7 km and with thick-
ness equal to the height of the evaluation point P (Mikuška et al., 2006)
– the so called Bouguer correction, T (P ) is terrain correction and δgatm
is atmospheric correction computed according to Wenzel (1985) in Torge
(1989) modified for the territory of Slovakia based on an approximation of
the gravitational effect of atmospheric masses which takes into account the
real topographic relief (Mikuška et al., 2008).

To compute the terrain correction (up to radial distance 166.7 km from
the evaluation point P) we used the Toposk software (Zahorec et al., 2017).
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Fig. 4. Two examples of comparison of the residual Bouguer anomalies (upon removal of
a linear regional trend, cf. also Fig. 8) computed with terrain corrections T1 from DMR-3
and from LiDAR-DTM. Brown curves are height deviations of gravimetric points from
the DMR-3.
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The computation is carried out in the usual way in four zones, whereby in
each zone a different DTM is adopted, the closer the zone to the point P
the more detailed (the higher the resolution of) the model. For the distant
zones T31 (5.24–28.8km) ad T32 (28.8–166.7km) we used the SRTM (Jarvis
et al., 2008) with resolution 3 and 30 arcsec, respectively. For the nearer
zones T1 (0–250m) and T2 (250–5240m) we use standardly the above men-
tioned detailed model DMR-3 (TOPÚ, 2012), while in the innermost zone
we use the concept of interpolated heights, which reduces the computation
error originating from the misalignment of DTM with the real height of
measured points (Zahorec, 2015). However, for the most accurate compu-
tations even this model becomes insufficient. For this reason we have used
within the T1 zone the above described DTM obtained from airborne laser
scanning. The LiDAR-derived DTM facilitated, as expected, unprecedented
accuracy in computing the terrain correction when compared to the use of
DMR-3 (Fig. 4). Prominent differences are manifested mainly in the central
part of our site, which is characterized by pronounced rough relief (surface
mine pit, sinkholes) and in addition it is also forested.

The differences in the computed terrain corrections within T1 (and con-
sequently in CBA) reflect the height deviations of DMR-3 from real heights
(brown curves in graphs of Fig. 4). One can see that in critical parts of the
profiles significant local false anomalies arise due to the topography devi-
ations. These false anomalies can lead to misinterpretations, as well as to
masking the true less pronounced anomalies. Thanks to the roughness of
the relief the terrain correction represent the key contribution to the overall
interpretation value of the final CBA curves.

3.3. Bouguer correction density analysis based on gravity mea-
surements

For choosing a proper correction density (used in the Bouguer cap term
and in the terrain correction) for computing the CBA, we adopt the well
known fact that the profiles cross carbonate rocks (mainly limestones), for
which we assume that their mean density does not depart significantly from
2.67g/cm3. Laboratory density analyses were performed as a part of the en-
gineering geological and hydrogeological prospection, which indicate slightly
higher values of the bulk densities (on average about 2.7g/cm3). These den-
sities, however, do not account for the contribution of significant karstifica-
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tion (karst-weathering) of the rock environment in this region. Therefore we
decided to pay close attention to the analysis of the observed gravity data
with the objective of estimating the proper correction density. Our analysis
originated from data observed along the profiles as well as from additional
underground gravity observations conducted for that sake.

3.3.1. Surface gravity data analysis

To estimate the proper correction density, a method arising from visual
correlation of CBA curves with topographic relief is often used in prac-
tice (Nettleton, 1939). In Fig. 5 this method is illustrated for the profile
G1. One can see that the CBA curve for correction density of 2.67 g/cm3

(black) approximately represents the minimum correlation with the terrain
relief compared to other CBA curves (compiled with different correction
densities).

A more proper and more accurate method can be opted for, which is
based on numerical estimate of the correction density making use of Free-
Air Anomalies (FAA) and the values of the topographic effect (the Near To-
pographic Effect – NTE). This approach again requires a more pronounced
rugged terrain relief with sufficient height differences between individual
points of evaluation (gravimetric points) and at the same time a high-quality
DTM for accurate NTE computation. Fig. 6 shows the dependence of the
FAA values on the NTE ones (for the density of 1 g/cm3). The linear re-
gression coefficient corresponds to the value of the sought correction density
(Mikuška et al., 2017). One can see that the graph constructed from the
original FAA vs. NTE values (Fig. 6a) has two “branches”, which is caused
by the presence of a regional trend in the original FAA values (and also in
CBA values, cf. Fig. 7). The branching of the graph deforms the value of
correction density (2.61 g/cm3), therefore it is necessary to remove the re-
gional trend from the data. The first possibility is to determine the regional
trend based on the CBA curve (for the assumed density of 2.67 g/cm3).
When we apply the linear trend obtained in such a way to the FAA values,
the branching in the graph disappears and the regression coefficient (the
correction density) attains a more reliable value of 2.66 g/cm3 (Fig. 6b).

Another approach to computing regional trend, which we explored, is
based on the analysis of the linear tendencies in the FAA and NTE fields
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(Mikuška et al., 2012). The linear regression coefficient determined from
the residual values obtained in such way leads to the value of 2.67 (Fig. 6c),
which is very close to the preceding one, and at the same time, corresponds
to the realistically anticipated correction density value.

Fig. 5. Approximate selection of the proper correction density based on correlating CBA
curves computed for various correction densities (upper graph) with terrain relief (bottom
graph) along profile G1.
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Fig. 6. Estimation of the correction density by means of linear regression coefficient for
the dependence of FAA vs. NTE: a) original FAA and NTE values, b) de-trended FAA
values (based on regional trend determined from the CBA) and original NTE values, c)
residual FAA and NTE values calculated on the basis of the linear tendencies.

3.3.2. Underground gravity data analysis

We took advantage of the presence of the nearby Jablonov railway tun-
nel and utilized it to carry out underground measurements of gravity. The
depth of the railway tunnel tube in the spot where it crosses horizontally
the main gravimetric profiles (see Fig. 1) is about 200 m below the surface.
This central part of the profiles is respective to geological structure com-
posed of light-grey limestones (Wetterstein limestones) with a lot of karst
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phenomena. Based on the difference between the surface gravity and that
at vertically projected points inside the railway tunnel we are able to esti-
mate the mean density of the rock massif inbetween the tunnel level and
the surface, upon applying respective corrections to the measured gravity
due to the gravitational effects of topography, to the tunnel tube void, as
well as to the effect of the normal gradient of gravity (Zahorec and Papčo,
2018). As a result we obtained the value of 2.66 g/cm3. Compared to the
density received from laboratory analyses this value indicates an obvious
karstification of this volumetric domain. At the same time this value is

Fig. 7. Complete Bouguer anomaly curves computed with correction density 2.67 g/cm3.
The main profiles G1 and G2 are shown in one graph, but for transparency they are
vertically shifted (separated). Note that the additional transverse profiles G3 and G4
have different scales, both vertical and horizontal.
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very close to the density values estimated based on the analyses of surface
profile gravity measurements. Taking into consideration all the above men-
tioned approaches, the correction density of 2.67 g/cm3 was finally adopted
for compilation of the CBA curves and for their subsequent interpretation
(Fig. 7).

4. Interpretation of gravity measurements

It is clear, upon examining graphs in Fig. 7, that the course of the CBA
values along the main profiles G1 and G2 is significantly influenced by a
rising regional trend that reflects the deeper geological structure, which is
not a part of our subject of exploration. Due to the shape of the curves this
regional trend can be approximated by a simple linear function. The removal
of the linear trend results in curves of CBA residuals, which constitute the
basis for our interpretation (Fig. 8).

The amplitudes of the residual anomalies are very low, at the level of
the first tenths of mGal. This is an evidence for the presumed hypothesis
that the density differences among the individual rock types in our region
of interest are inexpressive. Despite this observation we are able from the
qualitative point of view, based on the residual CBA curves, to mark sev-
eral density (lithological) contacts (interfaces) in the horizontal direction
(in the spots of significant gradients in the course of the residual anomalies
curves), or alternatively the possible corrupted (weathered, disrupted rock)
zones based on the occurrence of sharp local negative anomalies.

A relevant quantitative interpretation can be conducted based on con-
straining information such as borehole data that facilitate defining ap-
proximate spatial geometry of anomalous bodies, to assign geological mean-
ing to them, and to estimate their density parameters, and subsequently to
reduce in this way the principal ambiguities of the interpretation. With the
help of the said constraining information we have constructed schematic den-
sity sections by the method of 2D (profile) density modelling in the Geosoft
GM-SYS software environment (https://www.geosoft.com/products/gm
-sys), which gives us information about lithological structure and about
disruption zones. Since the two profiles are close to each other and their
density sections exhibit little differences, we show the interpretation of the
densiy model only for the longer northern profile G1.
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Fig. 8. Residual CBA curves upon removal of linear regional trend (dashed line).
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The additional transverse short profiles G3 and G4 were executed for
the purpose of verifying the slanted lithological contact in the spots where
the profiles cross (see also Fig. 10). The contacts are manifested by steep
gravity gradients in CBA curves (Fig. 7, bottom graphs).

4.1. Density modelling along profile G1

On the graph of the residual anomalies (Figs. 8 and 9) one can see that in
terms of the whole profile a central wide negative gravity anomaly domi-
nates, which we interpret based on the available geological information as
the effect of a robust body of limestones (Wetterstein and Steinalm lime-
stones) affected by karstification. The reduced density of this environment
was independently confirmed also by additional subsurface measurements in
the nearby railway tunnel. The shape of the contact surface (interface) bor-
dering the surrounding blocks depthwise is finetuned based on information
from boreholes. At the eastern side, where this interface is not captured
by boreholes, its shape downward is questionable, and we model it as sub-
vertical. We interpret the sharp negative anomaly at footage 9230 m as
a disrupted (karstified) zone within the massif, which correlates with the
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Fig. 9. Cross-section density model of the rock environment along profile G1 (the northern
tunnel tube) based on 2D density modelling in GM-SYS software package. Thick red
dashed lines indicate the probable tectonic contacts between limestones (Silicicum) and
Szin beds (Turnaicum). The vertical scale of the section is magnified by the factor of 2.
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Fig. 10. Quasi-areal map of CBA constructed in the close vicinity of gravity profiles.

occurence of caverns at borehole ST-16WL. The disrupted zone (of W–E
elongation) with occurrence of karst phenomena is visible also in the images
from airborne laser scanning. The extension of this zone downwards is only
schematic.

On both sides of the limestone massif we model bodies with positive
differential densities. According to geological cognition they correspond to
the so-called Szin beds (marlstones, shales). The reason for their para-
doxically higher density relative to the limestones is likely the mentioned
karstification of the limestones, and also a low grade of metamorphism of
these rocks (phylittic schists), which was revealed by analysis of borehole
cores. Our modelling catches a body with the highest differential density
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(+0.07 g/cm3) paradoxically at the end of the profile (beyond footage of
about 10 500 m). This we more or less attribute to the marginal deforma-
tion of the model, since we know that in the superficial parts of this area
the so called Bódvaszilas horizons (shales, sandstones) were identified, for
which we do not expect (based on analysis of cores) higher density. But we
can expect rocks of higher density below these layers.

In the space at the footage interval from about 7700 to 8300m we model
above the Szin Beds the Gutenstein limestones found in the boreholes. Al-
though we assign to them a slightly higher density (+0.04 g/cm3), based on
published works as well as on borehole core densities, compared to other
types of limestones, due to their identified low thickness they have a low
gravitational signature. They are significantly tectonically limited from the
west (a sharp negative anomaly at around 7720m of footage), where we in-
terpret a significant disruption zone. Its downward course we model based
on the borehole core results.

From the qualitative viewpoint what is interesting regarding the CBA
curve is a steep gravity gradient (rise) at the beginning of the profile (footage
of about 5900 m). This contact we model by increased thickness of quater-
nary sediments. However, there is a possibility that it can be caused already
by the contact with Neogene filling of the basin.

We interpret several less pronounced negative anomalies along the pro-
file (at about 6200 to 6500 m, then 10700 to 11000 m, and also 11200 to
11300 m) by a varying thickness and character of of quaternary sediments,
which despite their low thicknesses generate measureable effects, as we as-
sign to them high differential densities (−0.5 to −0.7 g/cm3), the highest
among all lithological types.

We can make use of the fact that the profiles run close to each other.
We correlate between them the more pronounced density contacts to gain
an idea about their course in horizontal direction. In Fig. 10 we show the
quasi-areal map of the CBA constructed based on measurements along all
profiles (including the transversal ones), which yields in the close vicinity
of the profiles quasi-areal information about the course (shape) of density
interfaces, based on the course (shape) of the isolines. Of course we em-
phasize that this is very limited areal information and it is not possible to
extrapolate it outside of the close vicinity of the gravity profiles. Despite
its limitation, such areal view yielded several interesting additional pieces
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of information. For instance the course (shape) of isolines between profiles
G1 and G2 in spots where the transversal profiles cross indicated that at
those spots the density interfaces are either in oblique or in sub-parallel ori-
entation to the profiles, which was one of the reasons to select the location
of the transverse profiles at these spots. Similar is the situation at the SE
margin of the profiles, where the course (shape) of the isolines also indicates
a parallel course of density interfaces, which has been documented also in
existing boreholes. Such knowledge reinforces the awareness of weaknesses
of the 2D modeling approach at such spots where the model can deviate
significantly from reality.

5. Conclusions

The presented results of the detailed gravimetric exploration in demanding
rugged karst terrain demonstrated the potential of detailed interpretation
when using a modern approach to computing terrain corrections based on
a DTM acquired by airborne laser scanning (LiDAR) of the surrounding
region. Terrain corrections have proved to be the key factor from the view-
point of the quality of processing and interpretation of gravimetric observa-
tions in mountainous or hilly terrain. Another important aspect is the choice
of proper correction density for computing the complete Bouguer anomaly
(CBA). A detailed density analysis of surface gravity data based on correlat-
ing the free air anomalies (FAA) with the topographic effect yields reliable
estimate of the correction density, whereby it is in agreement with the clas-
sical method according to Nettleton. The underground gravity observations
carried out in a nearby parallel railway tunel proved to be an independent
confirmation of the correctness of the selection of the correction density. All
of the applied approaches confirmed that the assumed density of 2.67g/cm3

was correct. In addition, this finding confirmed the well known fact that the
estimate of the correction density acquired in this way may disagree with
the results of laboratory density analyses of rock samples.

The results of 2D density modelling supported by borehole data yielded
information about density (lithological) properties, as well as about assumed
disruption zones en-route the planned Soroška tunnel trajectory. As the
most significant finding of our exploratory survey we consider the density
distinguishing of the blocks of the massive karstified limestones from the
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(weakly metamorphosed) Szin Beds. An important contribution is also the
mapping (delineation) of more pronounced zones of disruption that under-
went the anticipated karstification. The small mutual separation of the pro-
files facilitates also areal view (though very limited) on the course (shape)
of the investigated interfaces (contact surfaces). This view indicates that
the courses (angles) of the lithologic contacts are of a variety of orientations
with respect to the course of the planned tunnel. This variety of orientations
becomes also a limiting factor for the 2D approach to modelling.
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