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Abstract

The process of creating a conception of natural number poses a complex problem. We focused primarily on
manipulation activities, namely on manipulation with Cuisenaire rods, and we studied the strategies employed
by first-year and second-year pupils during the enactive representation of natural numbers 4, 5, 6, 7, 9, 10, 11,
12, 19, 27, 34, 46 and 55. In the course of this experiment based on observation, following strategies were
recorded: counting-on strategy, filling-in strategy “L”, filling-in strategy “S”, applied facts strategy, derived facts
strategy, known facts strategy. The known facts strategy was most frequently applied in both first and second
year and had two specific forms at older children. The use of counting-on strategy was considerably reduced in
second grade. It was thus demonstrated that pupils had already automated operations of addition in the 0-20
range.
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Introduction

Natural number, like all abstract terms, cannot be perceived through our senses. We only
know that the number is deputized by its representants. Five stones represent the natural
number “five” as well as five steps do. This count can be expressed by the word “five” in
spoken or written language, both with letters or mathematical symbols.

In the first and second years, an experiment was conducted that focused on the different
strategies that pupils use to represent some natural numbers. A total of 103 pupils
participated in the experiment.

Creating the conception of natural number

The process of creating a conception of natural number has several phases. A stage that can
be called “passive encounter with a number” commences soon after birth. A baby listens to
adults’ and siblings’ speeches in its vicinity. In this speech, the number appears within the
context of everyday situations. The child however perceives the number like he/he perceives
other words, he-she might not be aware of them just yet and does not assign any meaning to
the numeral.
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In the second year of life the “World of Numbers” emerges from the “World of Things”. This
stage is called “nuclei of numerical conceptions”. Children begin to be aware of numbers and
numerals in other people’s speech. They realize that words three, five, eight go together and
that their meaning is different from the meanings of other words (mum, dad, car, toy, ...). The
rhythm plays an important role during the emerging of World of Numbers” from the “World
of Things”, i.e. use of simple (counting-out) rhymes.

In the stage of “creating the conception of quantity”, a child does not use concrete numbers
to express quantity but rather works with indeterminate quantity, expressed by words like
many, few, too much,... The expression of quantity can however be influenced by child’s
subjective emotions. The number of objects that provoke positive emotions for a child (e.g.
lollipops) will be labelled as few. The same number of objects that provoke negative emotions
(e.g. toys to be tidied up) will be labelled many.

If the child is in the “stage of separated models”, he/she understands “two” as e.g. pair
organs: two, hands, two feet, two eyes, two ears. Later, he/she counts a larger number of
objects by one, thus using numerals one, two, three... At the beginning however children recite
a line of words without understanding the principle. This is manifested by omitting some
words or changing their order. At about four years of age, the child begins to understand the
connections between the recited line of words and counted objects — he/she points correctly
at the objects one by one and recites a line of words (numerals). Each object is assigned a
single correct numeral. Around five years of age, the child is capable of understanding the
cardinality principle: the last pronounced word determines the total count of objects.
Furthermore, he/she comprehends the order, i.e. that a number pronounced later is greater
that a number pronounced before that. It is however necessary to underline that the
conceptions of number are isolated in this phase; the child understand the single cases in a
separated way. In fact, the child focuses on the object type, its color, size and position. From
the child’s point of view, 4 blue dice and 4 yellow dice represent two different situations. This
phase is related to the preoperational stage of cognitive development.

The “first abstraction lift-up” occurs when the child starts to realize that when determining
the count of objects, the only criterion that matters is their number and not color, size, type,
position or material.

When the child realizes that 4 objects are all that is required for the conception of number 4,
he/she find themselves in the generic models stage and can work with different models —
fingers, abacus, towers of dice, number line, various types of natural number representation.
This stage is related to the concrete operational stage, where it is important to perceive
numbers visually, in particular by object manipulation or graphic representation. Children go
through this stage at around 6/7 years of age.

The “second abstraction lift-up” occurs when the child has formed a concrete conception of
a number and he/she find themselves at the abstraction level where he/she is able to work
with the number without need to see concrete objects, thus working with the number only in
their mind. The number can be replaced by symbols (e.g. letters). The child is at the formal
operational stage. This stage begins at the onset of adolescence (Hejny 1990; Kaslova 2010).

Representation and its types
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We understand representation as “basic element of cognitive relationship of a human to the
world” (Kollarikova, Pupala 2001, p. 188). The Dictionary of Psychology (Hartl, Hartlova 2009,
p. 506) defines representation in two ways:

1. “object itself, its conception or symbol that substitutes it”

2. “is understood by cognitivists as a direct stimulus, the elaboration of this stimulus in
one’s mind, its coding, its image, conception, abstract idea or alternatively recall of
past experience”

External representation is that part of physical world that enables the pupil to penetrate
deeper into the cultural world or to cultivate his/her spiritual world. Internal representation
reproduces an image of the phenomenon in pupil’s spiritual world, it is his new conception. It
is the result of pupil’s activity and it is impossible to induce it in the pupil’s mind without their
own interest (Hartl, Hartlovd 2009).

In agreement with the above-mentioned definitions, we are going to distinguish external and
internal representation of natural number in this text. A symbol substituting a natural number
will be regarded as external representation. A conception of natural number will be regarded
as internal (mental, cognitive) representation.

M. Sedlakova (2004) speaks of external and internal (mental, cognitive) representation. She
considers visual and verbal types of representation as external. Visual representation,
mediated by an image or a drawing, is more concrete because it is associated to the visual
modality of information only. The verbal (linguistic) representation, mediated by speech is
abstract and it does not bear any direct connection to modality. Internal representation is
further divided into symbolic and distributive representation.

When creating the concept of a number, the child works with various illustrative
representants, which facilitate the formation of mental image and therefore also of internal
representations of numbers (Hejny, Kufina 2015). Auditory representation is also one of
representation types. The beginning of a traditional Czech song “One, two, three, four, five”
is and auditory representation of number 5. There are various types of mental representation,
ranging from separated models over generic models up to terms.

American psychologist Jerome Bruner distinguishes three types of representation alias three
levels of cognition (Ruisel 2004):

e Enactive representation
e Iconic representation
e Symbolic representation

Enactive representation is directly connected to child’s activity and physical experience. An
example of number 4 enactive representation is the construction of a tower consisting of 4
blocks, four claps of hands, removal of four marbles from a bag or four jumps.

Cuisenaire rods are a suitable tool for the enactive representation of natural number. Their
author was George Cuisenaire from Belgium (1891 — 1976), who claimed notes in musical
scales corresponded to numeric relations. This is why he constructed a “mathematical
keyboard”, a set of carefully designed rods of specific lengths and colors. Cuisenaire rods have
the shape of regular rectangular prism with the base edge of 1 cm. The rod length varies
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between 1 cm and 10 cm. Rods of equal length have the same color and represent the same
number (in Table 1, in Fig. 1).

Table 1: Cuisenaire rods

Natural number Referred  to  as
Rod length Rod color represented by the further in this text
rod
lcm White 1 Single-unit rod
2cm Red 2 Two-unit rod
3cm Light green 3 Three-unit rod
4cm Purple 4 Four-unit rod
5cm Yellow 5 Five-unit rod
6cm Dark green 6 Six-unit rod
7cm Black 7 Seven-unit rod
8cm Brown 8 Eight-unit rod
9cm Blue 9 Nine-unit rod
10cm orange 10 Ten-unit rod

Fig. 1. Cwsenare rods

Iconic representations encompass the use of various substitute models of reality such as
images, schemes and concepts. Numeric figures of natural numbers 1 — 6 on a die are an
example of iconic representation (in Fig. 2). Kaslova (Kaslovda, 2010) classifies these figures
among natural number models and calls them “configuration models”.



Sarka Péchouckovd — Martina Kasparova: Strategies Applied by Pupils During ... 5

Fig. 2: Iconic representations of natural
numbers on dice

Symbolic representations describe phenomena and relationships with language, e.g. using a
mathematical symbolical language (mathematic symbols). “4” is a symbolic representation of
number four. The use of symbolic representations means a deviation from imminent physical
reality, it is therefore a representation mediated by abstract terms and categories.

Experiment in the 1% year of elementary school

An experiment was carried out in the first year of elementary school, whose subject were the
strategies used by pupils (6-7 years of age) during the manipulation with Cuisenaire rods. The
aim was to discover, which strategies were applied by 1 year pupils during the enactive
representation of number 4, number 5, number 6, number 9 and number 11 by the means of
Cuisenaire rod manipulation. Our task was to select suitable tools for the enactive
representation of a number and to build a series of activities to motivate children and
simultaneously to discover their strategies applied during the enactive representation of
above-mentioned numbers.

Fig. 3: Modified Cuisenaire rods

In the course of a whole school year, the pupils were presented with a total of 5 tasks, during
which they used Cuisenaire rods so that the impact of pupils’ fine motor skills on their
manipulation activities was excluded. Modified rods were used in tasks 1, 2, 3, which differed
from each other in length but not color to eliminate the color interference at children (in
Fig. 3). In subsequent tasks, when children were already acquainted with this tool, and thus
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the impact of color on the rod choice was not fundamental, pupils worked with original
Cuisenaire rods.

Every pupil was solving the tasks in an independent manner, separated from other children,
sitting at a desk with piles of Cuisenaire rods to his/her disposition (in Table 2). Some piles
were uncovered, others were revealed gradually during the problem solving. Near each pile,
there was a card indicating the number represented by rods in the pile. Only at task 2 all rods
were mixed and placed in a single pile. The tasks were motivated by the acquisition of “special
money” represented by Cuisenaire rods. Before the actual task, children were introduced to
the “value” of single “coins”. The pupil was subsequently given a card representing the price
of goods, and the pupil’s task was to attempt to pay this price (to carry out and enactive
representation of a natural number).

Table 2 shows the natural numbers in the order in which their enactive representation was
required for each task, and Cuisenaire rods that the children could use.

Table 2: Overview of tasks for 15t year students

Task Task 1 Task 2 Task 3 Task 4 Task 5
Date of November January March 2015 | April 2015 Juny 2015
experiment 2014 2015

Represented

numbers (in 4,6,5 4,6,5 5,4,6 4 4
this order)

Used

) . Single-unit to three-unit rods
Cuisenaire rods

Repesented 9 6,5 6,5
numbers (in
this order)

Used Single-unit
Cuisenaire rods to six-unit
rods

Single-unit to four-unit
rods

Represented 11,9 11,9
numbers (in
this order)

Used Cuisenare Single-unit to six-unit rods
rods

* In Task 2, all the rods were in one pile.
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Fig. 4: Tools for first-year experiment

To illustrate how single tasks were presented to children, we describe here in detail the
presentation of Task 1, which was motivated as follows. (If subsequent sentence begins on
next line, it means that the child was given space for reaction). Occasional deviations tried to
accommodate different children’s personalities and their spontaneity.)

Do you go shopping?
On your own or with mummy?
What do you enjoy shopping the most?

Today we are going to play shopping together. We have some special money here. This is one
Czech koruna (experimenter picks up a single-unit rod and shows it to the child), this is two
Czech koruna (experimenter picks up a two-unit rod and shows it to the child), this is three
Czech koruna (experimenter picks up a three-unit rod and shows it to the child). The goods’
price is on these cards. Try to pay for it.

(In case the child does not react for a while, the experimenter reminds him/her of the “money
values”. If the child still doe not react, the experimenter suggests him/her the counting-on
strategy.)

Subsequent tasks were presented in a similar way.

Basic cognitive phenomena

In the described experiment, children carried out an external representation of natural
numbers, namely the enactive representation in agreement with Bruner. Some children
counted out loud during the enactive representation. We named this phenomenon “verbal
and auditory representation”. There was thus an interconnection of the term “verbal” of
psychologist Sedlakova and the term “auditory” of didactics experts Hejny and Kufina, as we
assume both types of representation are closely related to each other, as are speech and
hearing. One representation type is complemented by another one. The acoustic perception
canal plays an important role here (Péchouckova 2018).

Other phenomena linked to enactive representation of natural number using manipulation
with Cuisenaire rods are visual perception of a number and haptic perception of a number. By
perception we understand the sensory notion (Hartl, Hartlovd 2009), i.e. the reflection of
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reality by sensory organs. By visual perception of a number, we intend auditory notion of a
number, in particular the observation of objects before the beginning of actual representation
of the given number. Taking the case of manipulation with Cuisenaire rods, the pupil carries
out visual perception of e.g. number 2 if he spends time observing the pile of two-unit rods.
This is why time was measured and recorded during the experiment. By haptic perception we
intend the contact notion (in other words “tactile documentation of a number”), when the
pupil touches objects with fingers or whole hand during or after the representation process,
without manipulating them. In particular it means touching some of the Cuisenaire rods.

Strategies used during the representation of a number

The term “strategy” was introduced into didactics of mathematics by G. Polya. He understood
a strategy as a plan for solving a problem. Vdgnerova states that “strategy means establishing
a certain process, which is deemed the most effective to reach the aim” (Vagnerova 2001, p.
75). Authors Hejny, Michalcova (2001) define strategy as a plan by which one puts into practice
(or intends to put into practice) an activity that pursues a certain aim. This plan is not
necessary detailed or thought-through. One can act spontaneously without realizing which
strategy they are using. We are going to examine mathematical strategies, i.e. strategies
linked to activities where mathematics is present. For simplification we are going to use here
the term “strategy” only.

When examining the strategies used by pupils for the enactive representation of selected
natural numbers, we proceeded from the research of Grey (1991), who discovered that the
process of addition of two one-digit numbers (4 + 3) without know context can involve

1. Method, when the pupil uses counting-on for each of the addends and subsequently
also for the unified quantities

2. Method, where one quantity is known and the other is being counted on
3. Counting derived from known facts
4. Direct answer if the child already knows the links

The strategy chosen by child during the representation of a natural number can indicate the
extent of child’s understanding of this number (Gervasoni 1999). However, we have to
consider that not always children use their strongest strategy. Therefore, it is necessary to
prepare such situations for them that would lead to application of the most complex strategy.

Strategies described in following text were observed during the work with Cuisenaire rods. An
illustration is attached for each strategy. Time required by pupil for described activity is stated
in round brackets.

Counting-on strategy

The pupil carries out enactive representation of given number only by using single-unit rods,
which he/she counts one by one. This strategy corresponds to process 1 described by Gray
(see above).

lllustration 1 — Adam

Adam turns over card with number 5. He counts five single-unit rods with his left hand and
places them on the card (6 sec).
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Filling-in strategy ,L“: Pupil chooses the largest rod to his/her disposition and thinks about
additional rods to complete the first one (Péchouckova 2018).

lllustration 2 — Anna

Anna turns over card with number 5. She picks up a three-unit rod with her right hand and
places it on the table (3 sec). She thinks, observed the piles with single-unit rods and two-unit
rods (3 sec). She adds two single-unit rods with her left hand.

During the enactive representation of number 5, Anna used the filling-in strategy ,,L“. She took
the largest one of offered rods, i.e. a three-unit rod, and during a visual perception of number
1 and number 2 she thought which additional rod to use to complement the first one.

lllustration 3 — Bruno

“

Bruno turns over card with number 9. He picks up a six-unit rod with his right hand, says ,,Six.
He lays the rod on the card (3 sec). He observes the piles from right to left and stops at the
three-unit rod pile (3 sec). He stretches his right hand out towards the pile, picks one rod, says
,and three” an lays it on the card (3 sec).

During the enactive representation of number 9, Bruno used the filling-in strategy ,,L“. He took
the largest one of the offered rods — the six-unit one in this case — and based on visual
perception of number 6, number 5, number 4 and number 3 he was considering which other
rod to use to complement the first one.

Filling-in strategy ,,S“: Pupil chooses a smaller rod than the largest one from the offered set
and thinks about additional rods to complete the first one (Péchouckova 2018).

lllustration 4 — Barbora

Barbora turns over card with number 9. She picks up one five-unit rod with her right hand and
puts it on the card (3 sec). Her eyes wander between the piles of four-unit and five-unit rods (3
sec). Her eyes halt on the four-unit rod pile. She pick up one of them with her right hand and
lays it on the card (2 sec).

During the enactive representation of number 9, Barbora used the filling-in strategy ,,S“. She
took a five-unit rod (which was not the largest one of the offered rods) and during a visual
perception of number 4 and number 5 she was considering which other rod to use to
complement the first one.

lllustration 5 — Cyril

Cyril turns over card with number 4. He picks up one single-unit rod with his left hand and put
it on the table (4 sec). He observes the rod piles (5 sec). With the same hand, he takes one two-
unit rods and adds them to the single-unit rod (2 sec). He stretches out his hand over the pile
of two-unit rods, keeps it there and observed the pile (2 sec). Then he moves his hand to the
pile of single-unit rods, takes one of them and adds it to the two previous rods (1 sec).
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During the representation of number 4, Cyril first chose a single-unit rod, which was the
smallest one of the offered rods. Then he carried out a visual perception of other numbers
and thought about the choice of next rod.

Applied facts strategy: During the enactive representation of subsequent number, pupil
exploits the representation of previous one (Péchouckova 2018).

lllustration 6 - Cilka

Cilka turns over card with number 5. She looks at the pile with one-unit rods, then on the three-
unit rod pile. She picks one three-unit rod with her right hand, holds it in the air, picks a two-
unit rod with her left had. She lays both rods simultaneously on the card (6 sec).

She turns over card with number 6. She looks at the three-unit rod pile. She picks one three-
unit rod with her right hand and lays it on the card with number (4 sec). She picks a two-unit
rod with the same hand and lays it on the card again (2 sec). She picks a single-unit rod with
her left hand and adds it to the two rods laying on the card with number (2 sec).

During the representation of number 6, Cilka used the applied facts strategy. The 3 + 2
representation, which she applied in the previous task during the representation of number
5, is part of 3 + 2 + 1 representation of number 6.

Derived facts strategy: During the enactive representation of given number, the pupil flexibly
applies a suitable strategy of this number which he/she has memorised before, i.e. he/she
have not applied it yet during previous manipulations (Péchouckova 2018).

lllustration 7 — Dana

Dana turns over card with number 5. She counts two two-unit rods with her left hand, one by
one, she picks both of them with her left hand and lays them on the card (4 sec). Then she adds
one single-unit rod with her left hand (3 sec).

Dana applied the strategy of derived facts. She knows the 2 + 2 addition and she derives the
next number from this fact by the addition of 1.

lllustration 8 — Daniel

Daniel turns over card with number 11. He says: , Eleven”. He picks one five-unit rod with his
right hand, puts it on the card and says: ,Five...” (4 sec). He picks another five-unit rod with
the same hand, puts it on the card and says ,,...and five...” (2 sec). He pick a single-unit rod with
his right hand, puts it on the card and says ,,...and one” (2 sec).

Daniel used the strategy of derived facts. He uses the knowledge of two equal addends
addition (5 + 5) and he derived the next number from this addition by adding number 1.

Known facts strategy: The pupil knows the appropriate numeric relation and performs the
representation of given number based on the knowledge of this relation. This strategy
corresponds to process 4 described by Gray (see text above).

lllustration 9 — Emil
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Emil reveals card with number 6. He picks a three-unit rod with his right hand, puts it on the
card (2 sec). He picks three single-unit rods at once with his left hand and adds them to the
three-unit one (3 sec).

Emil used the known facts strategy. The time required for solving this problem corresponds to
the applied strategy. Emil did not think about the solution as he did not observe the piles with
rods during the task. He has already automated number 6as 3+ 1+ 1 + 1 in his mind.

lllustration 10 — Eva

Eva turns over card with number 11. She picks up one five-unit rod with her right hand and lays
it on the card (3 sec). She picks up a six-unit rod with her right hand and lays it on the card (2
sec).

Eva used the known facts strategy. She has had an automated relation of 5 + 6.

Table 3 summarises the strategies applied for single numbers during the whole experiment. If
we compare the strategy application frequency for single numbers, we can see that the known
facts strategy was used with the lowest relative frequency at number 9 — pupils used other
strategies for this number to a greater extent than for other numbers, e.g. filling-in strategy
“L” or filling-in strategy “S”. Applied facts strategy was used exclusively for the representation
of number 6, although the order of tasks was chosen as to enable the use of this strategy also
for the representation of number 5, number 9 and number 11. Furthermore, the relative
frequency of derived facts strategy use was low, this strategy appeared most frequently during
the representation of number 11 (5 + 5 + 1). Other numbers suitable for this strategy were
number 5 (2 + 2 + 1) and number 9 (4 + 4 + 1). At number 9, pupils mostly chose a five-unit
rod first and worked with it based on known facts strategy or filling-in strategy ,,S*.

Table 3: Summary table — 15t year

Number 4 Number 5 Number 6 Number 9 Number 11
Counting-on strategy 20% 20% 21% 10 % -
Filling-in strategy ,,L“ 5% 9% 10% 18 % 23%
Filling-in strategy ,, S 2% 1% 9% 28 % 16 %
Applied facts strategy - - 6% - -
Known facts strategy 73% 68 % 54 % 44 % 46 %
Derived facts strategy - 2% - - 15%
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The most frequently applied strategy overall was the known facts strategy, the least used one
was applied facts strategy and the derived facts strategy. (Chart 1).

Chart 1: Overview of strategies
in 15t year

O Counting-on strategy
mFilling-in strategy ,L*
OFilling-in strategy ,S*

OApplied facts strategy

mKnown facts strategy

ODerived facts strategy

Experiment in the 2" year of elementary school

During the following school year, an experiment was carried out in the second year of
elementary school with the same sample set of pupils (7 — 8 years old). The aim of this
experiment was to discover which strategies were used by pupils during the manipulation of
Cuisenaire rods for the enactive representation of number 7, number 10, number 12, number
19, number 27, number 46, number 34 and number 55. The experimenters’ task was again to
select suitable tools for the enactive representation of a number and to compile a set of
activities to motivate the children and simultaneously to enable the study of strategies used
during the enactive representation of numbers above.

In the course of a whole school year, the pupils were presented by three problems for whose
solution they used the original Cuisenaire rods.

Like in the 1° year, the pupils were always elaborating the task in an independent manner,
separated from other children in the class at a writing desk, where they had piles of Cuisenaire
rods to their disposition. The rods were arranged left-to-right from single-unit ones to ten-
unit ones from the pupil’s perspective (Table 4). Some piles were uncovered, others were
revealed during the problem solution. There was a card at each pile stating which number is
represented by the rods. The problems were again motivated by a purchase with help of
“special money” represented by Cuisenaire rods. The pupils were given a large card
representing the price of goods and their task was to try to pay for the goods (to perform an
enactive representation of natural number) (Fig. 5).
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Fig. 5 Desk with tools prepared for 2nd year experiment

The pupils were asked to perform the enactive representation of eight numbers in the 1-100
category, where both odd and even numbers were represented. Table 4 contains information
on the types of rods used by pupils for the enactive representation of given numbers. The
script of information on used rods corresponds to the script of number(s) they were used for.

Table 4: Task overview for 2" year pupils

Task Task 1 Task 2 Task 3
Date of experiment November 2015 | February 2016 | May 2016
Represented numbers 7
Used Cuisenaire rods Single-unit to five-
unit rods
Represented numbers 10
Used Cuisenaire rods Single-unit to six-
unit rods
Represented numbers 12 12

Used Cuisenaire rods

Single-unit to eight-unit rods

order)

Represented numbers (in this

19, 27, 46

27,46, 34, 55

Used Cuisenaire rods

Single-unit to ten-unit rods

To illustrate how the single tasks were presented to children, we detail here the presentation
of task 1, which was motivated as follows:

Do you still remember our shopping together last year?

Do you remember what money we used?

Let’s remind us again.
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This is one Czech koruna (experimenter picks up one single-unit rod from the pile and shows
it to the child), this is two Czech koruna (experimenter picks up one two-unit rod from the pile
and shows it to the child). This is three Czech koruna (experimenter picks up one three-unit
rod from the pile and shows it to the child). Here we have four Czech koruna (experimenter
picks up one four-unit rod from the pile and shows it to the child). This is five Czech koruna
(experimenter picks up one five-unit rod from the pile and shows it to the child). The price of
goods is on the card. Try to pay for it.

Now | am going to add you some more money (experimenter reveals another pile with rods).
Here we have six Czech koruna (experimenter picks up one six-unit rod from the pile and shows
it to the child). The price of goods is on the card. Try to pay for it.

We are going to add some more money again (experimenter reveals other piles with rods).
Here we have seven Czech koruna (experimenter picks up one seven-unit rod from the pile
and shows it to the child) and here are eight Czech koruna (experimenter picks up one eight-
unit rod from the pile and shows it to the child). The price of goods is on the card. Try to pay
for it.

Only some of the strategies applies by pupils in the 1t year were observed again in the 2
year during the enactive representation of natural numbers 7, 10, 12, 19, 27, 34, 46 and 55
using the Cuisenaire rods. These were the counting-on strategy, the filling-in strategy “L”, the
filling-in strategy “S”, the applied facts strategy and the known facts strategy. As these
strategies were described in detail in previous text, their description will not be repeated here
but we are going to demonstrate each of them on a concrete illustration. We will focus on the
last one, known facts strategy, whose use had in the case of enactive representation of natural
numbers two specific forms depending on the procedure applied by the pupil.

Counting-on strategy:

lllustration 11 - Filip

Filip turns over card with number 7. He looks in turns on the card with number and on
uncovered piles with rods. He hovers his hand over four-unit and three-unit rods. He keeps his
right hand over the pile of three-unit rods. He looks also on other piles and hesitates (10 sec).
Eventually, he picks seven single-unit rods with hss right hand (10 sec) and lays them one by
one near the card (12 sec).

Before starting to carry out the enactive representation of number 7, Filip performed visual
perception of all rods to his disposition to gain insight into the problem. In the meantime, he
was thinking which strategy to choose. Eventually he decided in favour of counting-on
strategy.

Filling-in strategy “L":

lllustration 12 - Ferdinand

Ferdinand turns over card with number 55. He counts five ten-unit rods with the thumb of his
right hand, picks them with his right hand and transfers immediately to his left hand (8 sec).
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He double-checks number 55 on the card, looks at the piles and thinks (6 sec). He picks five
single-unit rods with his right hand, one by one. He puts the ten-unit rods on the table near the
card, counts again the single-unit rods in his hands and then adds them to the card with
number (12 sec).

During the enactive representation of number 55, Ferdinand used the filling in strategy “L” (10
+10+10+10+10+1+1+1+1+1).First, he chose the largest of available rods — ten-unit
rods —and then he thought which other rods to use to complete them. He was using the visual
perception of all available rods and the auditory perception of single rods as aid.

Filling-in strategy “S”:

lllustration 13 — Gabriela

Gabriela turns over card with number 7, looks at it, observes the available piles with rods, looks
at the experimenter. She rubs her lips with her left hand, keeps watching the card.
(Experimenter tries to repeat the task: “Try to pay for this.”) She observed the rod piles again
(25 sec). She picks three three-unit rods at the same time with her left hand, lays the hand with
rods on the card (7 sec) and asks: “Here?” (Experimenter repeats: “Seven Czech koruna.”)
Gabriela puts rods on the table, she touches two four-unit rods, she pauses. She goes back to
three-unit rods laying on the table, puts her left hand on them and counts. She raises her head
smiling and says: “A-ha.” (6 sec). She puts one three-unit rod back on the pile, pick one single-
unit rod with the same hand and observes the experimenter’s reaction (the experimenter
invites Gabriela to lay the rods on the card). She moves chosen rods on the card with her right
hand (8 sec).

Before beginning the enactive representation of number 7, Gabriela performed a visual
perception of all offered rods to gain insight into the problem. The enactive representation of
this number was also supported by a haptic perception of four-unit rods. She used the filling-
in strategy “S” (3 + 3 + 3), where she made a mistake. Nevertheless, she realized this mistake
and replaced one three-unit rod by a single-unit one (3 + 3 + 1).

Applied facts strategy:

lllustration 14 — Gustav

Gustav turns over card with number 7. He picks a three-unit rod with his left hand, lays it on
the card. He picks a four-unit rod with he same hand and lays it on the card (7 sec).

He turns over card with numbers 10. He picks one three-unit rod with his left hand and one
four-unit rod with his right hand at the same time and lays both rods simultaneously on the
card. He picks one more three-unit rod with his left hand and adds it to the previous two rods
(8 sec).

Gustav employed the applied facts strategy during the representation of number 10. The 3 +
4 representation used by him in the previous task with number 7 was part of his 3 + 4 + 3
representation of number 10. The use of this strategy is a proof of boy’s insight into number
10.
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Known facts strategy:

In the case of this strategy, two specific forms emerged. The first form corresponded to the
known facts strategy applied by pupils in the first year. The pupil has an automated relation
that uses the addition of natural number and performs the enactive representation of given
number based on this relation.

Illustration 15 — Hana

Hana turns over card with number 27. She chooses two ten-unit rods, which she picks with her
right hand, and lays them on the table. She successively takes one six-unit rod and one single-
unit rod and moves all rods towards the card (8 sec).

During the enactive representation of number 27, Hana employed the known facts strategy
(10+10+6+1).

The other specific form of known facts strategy was based on using the procedure of expanded
natural number notation in decimal numeral system.

lllustration 16 — Ivan

Ivan turns over card with number 27. He picks one ten-unit rod with her right hand and
transfers it in his left hand. He picks another ten-unit rod in the same manner. With his free
hand, he picks one seven-unit rod and aligns all rods near the card (10 sec).

During the enactive representation of number 27, Ivan used the known facts strategy (10 + 10
+7), He thus used a procedure of expanded natural number notation in decimal system.

lllustration 17 — Irena

Irena turns over card with number 55. She counts five ten-unit rods one by one with both hands
and holds them in her left hand. She picks a five-unit rod with her right hand. She lays all rods
one by one near the card (24 sec).

During the enactive representation of number 55, Irena used the known facts strategy (10 +
10 + 10 + 10 + 10 + 5). She understood number 55 as a procept. She used the procedure of
expanded natural number notation in decimal system.

Table 5: Summary table — 2" year

Number | Number | Number | Number | Number | Number | Number | Number
7 10 12 19 27 46 34 55
Counting-on
strategy 15%
Filling-in
strategy ,,L“ 8%




Sarka Péchouckovd — Martina Kasparova: Strategies Applied by Pupils During ... 17

Filling-in

strategy ¢ | 14% 27 %

Applied facts

strategy 6% 9%

Known facts 100 % 100 % 100 % 73 % 92 %

strategy 71% 94 % 91% 37% 41 % 39% 21% 21%
63 % 59 % 61% 52 % 71%

Table 5 summarizes the strategies employed for single numbers during the experiment. When
comparing the frequencies of strategies used for every number, we can see that then known
facts strategy was used by pupils at all of them. It was 86 % of all cases (Chart 2). During the
enactive representation of number 19, number 27 and number 46, this strategy was used by
all pupils from the sample set. Most of them linked this strategy to the method of expanded
two-digit number notation in decimal system. This was the case for 63 % of pupils at number
19, 59 % pupils at number 27 and 61 % of pupils at number 46. This could be related to the
fact that during that time of school year, pupils have been already working with
decomposition of two-digit numbers into tens and ones. On the other hand, the known facts
strategy is not the only strategy employed for number 12. The used facts strategy was
employed here as well, where pupils exploited the enactive representation of previous
number 10. The same strategy occurred at number 10, where pupils used the representation
of number 7. The application of this strategy would be too lengthy for other numbers, though.
The enactive representation of number 55 corresponded to two strategies. The known facts
strategy prevailed but the filling-in strategy “L” was present as well (Chart 2).

Chart 2: Overview of strategies

in 2"d year
2% 3%

0,
>% 4% ® Counting-on strategy

—

M Filling-in strategy , L
Filling-in strategy ,,S“
Applied facts strategy

® Known facts strategy
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The known facts strategy was the most frequently used one, the counting-on strategy was
used the least (Chart 2). The reason for most frequent use of known facts strategy could have
been that pupils had already automated numeric relations of addition in the 1-20 range as
well as the decomposition of a two-digit number into tens and ones.

When we compare strategies used by pupils in the first year during the enactive
representation of numbers above with strategies used in the second year, we can say that the
known facts strategy was the most frequently used strategy in both years, although its use
increased by more than a third in the second year. This was presumably caused by the fact
that the second-year pupils had already automated numeric relations of addition in the 1-20
range. Also, this strategy was suitable for the extended natural number notation in decimal
system. The application of counting-on strategy was considerably reduced in second year for
all numbers including single-digit ones; use of this strategy would be too lengthy for two-digit
numbers. The derived facts strategy was observed to a small extent in the first year however
it did not occur again in the second year. The applied facts strategy was a minority strategy in
both years.

Conclusion

The process of natural number conception formation is accompanied by various phenomena.
Here we focussed on strategies employed by pupils for the enactive representation of selected
natural numbers using manipulation with Cuisenaire rods. The experiment however followed
also other interesting phenomena, such as the process of forming separated and generic
models of given natural number as well as processual, conceptual and proceptual
understanding of a number and numeric relations used by pupils during the enactive
representation of a number. The analysis of these phenomena will be undertaken later.
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Abstract

One of the most important constants of mathematics is the Euler’s number e. Many world mathematicians have
studied the properties of number e and this number has an irreplaceable place not only in mathematics but also
in other scientific disciplines. In the first part of the article we will focus on the introduction of the number e from
a historical view and we will show some of its important features. The irrationality of the number e was first
proven by Leonhard Euler in 1737. We present one of the possible proofs in the second part of this article.

Keywords: Leonhard Euler, number e, irrational, proof, historical remarks

Classification: 11A99, 01A99

1 Introduction

The number e is a very significant mathematical constant whose history is relatively "young".
The first effort to simplify mathematical calculations was the introduction of numbers'
logarithms, which in the 16-th century was dealt with independently by amateur
mathematicians John Napier (1550 - 1617) and Joost Birgi (1552 - 1632).

John Napier was the first in 1614 to have published a table of logarithms of the values of
goniometric functions of sine, cosine, and tangent, which were favourably evaluated by
professional mathematicians. In 1615, the English mathematician Henry Briggs (1561 - 1630)
replaced Napier's logarithm by the decimal logarithm that helped to the mass use of
logarithms and also presented a certain approximation of the decimal logarithm of a number
later referred to as e.

The Dutch physicist, mathematician and astronomer Christiaan Huygens (1629-1695) made
further progress in 1661, when he defined a "logarithmic" curve (in today's terminology, the
exponential curve in the equation y = k - a*), with calculations coming to the computation
of the constant created by the decimal logarithm of the "today's" number e to 17 decimal
places.

The "today's" number e was first discovered and defined by using the limits by addressing the
compound interest issue in 1683 by the Swiss mathematician Jacob Bernoulli (1654 - 1705),

o

1 n
who first evaluated the limit of the sequence {(1 + ;) } .
n=1

In 1690, the "today's" number was e named and marked b by the German philosopher and
mathematician, Gottfried Wilhelm Leibniz. Leonhard Euler (1707 - 1783) was the first
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mathematician to use the label around 1727 “e” for the number e and for the first time it was
published in 1736 in his work Mechanica. Leonhard Euler examined and revealed different
features of the number e [1] and came to an approximation of the number e to 18 decimal
places e = 2,718281828459045235. Euler was the first to prove that the number e is
irrational. In the next few years, many mathematicians tried to express the number e to as
many decimal places as possible and to find its different properties. At present, the number e
is expressed in millions of decimal places [2].

The number e is called
n

1
e = lim (1 + Z) — 2718281828459045235360287471352 ...

n—-oo

The number e has some characteristic properties among all positive real numbers. First, we
show that the number e is the only positive real number that meets the inequality (with the
unknown a):

a*>1+x
for each x € R. To show this relationship we will need a lemma.

Lemma. Letbed,x € R, d > —1, x = 1. Then, it holds that

(1+d)*=1+xd.
The proof can be found in [3].

1. Let the number a > 0 have that property, that a®* > 1 + x it applies to every x € R. We

canshow thata = e. Letbe x = % for=1,2,:--. Then
1 1
an > 1+ —
n
From this

If we put x = —L,nz 1,2,:-+,then
n+1
_L>1 1 1
n+1 _— =
a - n+1 1_|_l
1 1 1
—12—1=> 1+ —= an+

a1+ - n
From that

a<(1 +%)n+1 =ty n=12,-

. . 1\" 1\*+1
Then from the inequalities a = (1 + ;) ,a < (1 + ;) we have

B (1+%)n <a< (1+%)n+1.
yn—)OO

lim (1 +%)n < lim a < lim (1 + %)nﬂ.

n—-oo n—-oo n—-oo
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Since
im (1+3)" =e = tim (1+3),

based on the fundamental properties of the limits [4] we get a = e.
2. We show that the number e has the property that for each x € R it holds
e=>1+x

For x = 0, the relationship is valid. Let be x > 0 and let us determine a natural number n so

that it holds n > i Then nx = 1 and based on the relationship (1 + d)* > 1 + xd ford = %

1\ 1 n+1
and the inequalities (1 + Z) <e< (1 + ;) n=1,2,--, we obtain:

nx

1 1
ex2<1+—) >14+nx—=1+x
n n

Letbe x < 0.Then —% > 0. Let us determine a natural number n > 1 sothatit holdsn > —i.

Then we have —nx = 1 and, again on the basis of the relationship (1 + d)* > 1 + xd for =
- % , we derive that
-nx
(1-3) " z1+4x
n
Forn > 1, it holds

(137 - ()7 = () - (25 - (1) e
As x < 0, by powering the inequality (1 - %)_n = e to -x, we receive

e * < (1 —l)nx.

n
Furthermore, by powering to the value -1 we get the following

exz(l—%)_nx21+x,

what completes the proof.

For the number e it holds
. X n
e* = lim (1+—) , x € R.

n—-oo n
Let be x € R. Let be chosen n, € N so that for each n > n, the inequality |§| < 1 holds.
In accordance with the preceding, the inequality e® > 1 + t holds for any t € R. Let's pose
t= %, n > ngy. Then

en>1+=>0.

n

By powering to n, we receive
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e* > (1 + %)n

Let be n a natural number greater than — x. Then, by substituting for t = —nx: (for n > n,
and n > —x) into the inequality et > 1 + ¢, we get

X
e > 1 — ——,
n+x
Next, let's edit the right side
X n+x X n 1
- =———-——=—=—>0.
n+x n+x n+x n+x 1+;
Hence
_x 1
e n+x > —.
= 1+x

n
Let us power both sides of the inequality to n. Then

e_%z ! 7
(1+3)

and from that

1 1 X x\" x
ﬂz xn:en"'xS(l‘l'_) Se .
en+tx (1+H) n

Byn — oo
. nx . \" .
lim en+x < lim (1 +—) < lim e*.
n—-oo n—-oo n n—oo
If n > oo, then given the continuity of the function g: R —» R g(t) = et, we get
nx
lim en+x = e*

n—->oo

and based on the fudamental characteristics of the limits [4], it holds
n

. X _ x

lim (1 + n) =e*.

n—-oo

2 Number e is irrational

Finally, we will show that the number e is irrational [3].
Let us consider the sequence {a, }y=1, Wherea, = 1 + % + .4 %, n = 1,2,---. This sequence

is an increasing one. Then, for each n > 2, it holds
n!:1.2.3....-n>2.2-...-2:2n_1_

(n—1) times

1
ZTl—l'

1
on—1

That's implies that a,, < 2 + % + ziz + -+ < 3 for any natural number

n > 2. The sequence {a, }-; is therefore also bounded from above. Then lim a,, exists and

n—-oo

1
Hence, — <
n!

is equal to sup,enay, -

Now, we will indirectly show that the limit of this sequence is not a rational number.



24 Acta Mathematica Nitriensia, Vol. 6, No. 1, p. 20 - 25

Let suppose that lim a, =% € Q exists and should be b > 3 (% does not need to be in a
n—oo

canonical form). For any n € N holds that % >1+4+ % + - +% and so for € > 0 due to the

definition of the sequence limit, it holds that for all n from a certain starting point that
|a — 2 =2_gq, < eholds
L) n :

. __1 a_
Especially, the € = 2D holds for 0 < L~ On <

—2(;,) big enough n (hence, we can already

assume that b < n). Then
0 a i 1 1 a 1 1 1
< _( +1'+ ot ) b ( +1'+ ot )

b b!
1
- ((b+1)! + (b+2)' Tt ) < 2(b')

We multiply it by a number b! and we get

b! [% B (1 +%+ +%)]-[(b:)-!1)! +$+ ot %] < %

Let's mark ¢ = b! [% — (1 + % + -4 %)] > 1. For the second element it holds

b!

(b+1)! (b+2)' +- + n
1
T b1 B+D(42) tot iy
2
=ttt el <l ol <ah
On the basis of this estimate, we are getting 1<c<- + —

b+1"

As b > 3, it holds that 1 < ¢ < 1, which is a contradiction and the number to which the
sequence {a, };-, converges is not rational.

We can prove now that lim (1+%+%+'“+%) =

n—-oo

n
Letbean=(1+%),b —1+ + + -+ ',nENWewHIshowthatllmb

n—-co
1\" 1,1 1
We already know that (1+—) <t+—-+-+-+-
n 1 2! n!

We can show that b,, < e for any n € N. Let k is any natural number, however, fixed in the
next consideration. Then foranyn € N, k < n, it holds

=2 (122 (1)<
<243(-D et () e )
(1= =(143) <e

We complete the definition of c; = ¢, = -+ = ¢, = 1. Then
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My = 2+ 1My - (1= ) o oo limyy g o (1= 1) -
.....(1_$)=2+%+---+%Se.

For each natural number n, it holds a,, < b,, < e. Then for n — oo we get

e = lim,_,a, <lim,_.,b, <e.
Hence, lim (1 + % + -4 %) =e and it menas that the number e is irrational.

n—oo

Conclusion

In the paper we showed the proof that the number e is irrational and introduced some
important historical remarks on number e. It can be also shown that the number e is not
algebraic but transcendent [3][5].

The number e has a wide range of applications, whether in differential and integral calculus,
in physical or economic applications. The number e also has many other interesting
properties. For example it can also be expressed in the form of a non-terminating continued
fraction [6]

e = [2, al: azl (AL ak, P ],
where as;, = azm_y =1, az;m-q1 = 2m, m=1,2,---. Hence

e=1[212114116,1181110,1,1,12,] =
1
=2+—————
1+———
2+ 1
1+

1
1+

and then the irrationality of number e follows from the shape of its development into the
continued fraction.
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Abstract

In the article we connect football with mathematics, or more precisely football with statistics. We chose the most
famous football match in the world - the North West derby. These matches between Liverpool FC and
Manchester United FC are known as Battle of England or Battle of Britain. By using their results from 1906 (only
in the First division and later in Premier League), we want to predict the results of the next matches, or at least
the winner. Finally we compared our predictions with the predictions of bookmakers.

Keywords: derby, forecast, model, ordinal regression.

Classification: K80, K90

Uvod

Predpovedanie vysledkov $portovych udalosti ako su zapasy alebo turnaje pritahuje
pozornost nielen Sportovych priaznivcov, ale i vedeckej komunity uZz dlhsi ¢as. Velkej
popularite sa teSia najma futbalové a tenisové zapasy. V sucasnosti sU navyse k dispozicii
pomerne rozsiahle databazy vysledkov, ktoré je mozné vyuzit aj na tvorbu novych metdd
a modelov predpovedania vysledkov. Presnost predpovedi nie je iba akademickou otazkou,
ale aj pomerne lukrativnym ekonomickym odvetvim, pretoZe presnejSie predpovede
znamenaju vacsie zisky. Predpovedanie v Sporte prostrednictvom matematického
modelovania je komplexna uloha, pri rieseni ktorej je potrebné vyriesit tri Ciastkové ulohy:
proces hodnotenia - stanovit kvalitu timov, ktord sa zvadcSa stanovuje na zaklade
matematickych modelov, proces predpovedania - ndjst alebo vytvorit Statisticky model,
ktorym budeme predpovedat a proces testovania - vhodnymi Statistickymi testami porovnat
predpovede s redlnymi datami [8]. V snahe o porozumenie procesu predpovedania sa skumali
a porovnavali predpovedné schopnosti réznych zdrojov predpovedi, ktoré sa daju vo
vseobecnosti rozdelit do Styroch kategorii:

1. Ludsky usudok — predpoved sa stanovi na zdklade predpovedi respondentov s réznym
stupfiom znalosti, napriklad Sportovych expertov.

2. Rebricky — na odhad vysledkov budducich stretnuti alebo turnajov sa pouzivaju oficialne
rebri¢ky ako napriklad Rebricek FIFA vo futbale, alebo Rebri¢ek ATP v tenise.
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3. Matematické modely — predpovede Sportovych udalosti sa vytvaraju pomocou existujucich
alebo novych matematickych a Statistickych pristupov.

4. Stavkové kurzy — k predpovedi vysledku Sportovej udalosti sa pouziju stdvkovymi
spolo¢nostami resp. bookmakermi odhadnuté kurzy.

Casto pouzivanym a vieobecne akceptovanym matematickym pristupom k predpovedaniu v
Sporte je ELO systém, ktory bol pévodne navrhnuty pre Sach a v su¢asnosti je pouzivany aj pre
hodnotenie Sportovych timov ale i hrdcov [7]. Hvattum a Arntzen v [5] pouzitim logistickej
regresie rozsirili ELO systém tak, aby bol schopny predikovat pravdepodobnosti vysledkov
$portovych stretnuti, kde s tri mozné vysledky (domaci/remiza/host) na zaklade hodnoty
ELO. Tento systém tvorby odhadov dosahoval lepsie vysledky ako Goddardov pristup zalozeny
na ordindlnej logistickej regresii [3], ale horSie vysledky ako dosahovali bookmakeri. Je
potrebné zdoraznit, Ze doteraz navrhnuté modely pouZivaju k predpovedaniam aj vysledky
inych stretnuti nez iba vysledky dvojice timov, ktoré sa aktudlne snaZia predpovedat.

Vnasom clanku sa zaoberdme vytvorenim modelu, ktory by predpovedal
pravdepodobnosti vysledkov stretnuti v ,,The North West derby“ medzi FC Liverpool
a Manchestrom United a to iba vylu¢ne na zaklade vysledkov ich predchadzajucich subojov pri
zohladneni ich aktualnej formy. Nezameriavame sa vSak na odhad vysledku stretnutia, ale
chceme modelovat pravdepodobnosti moznych vysledkov. Nas pristup je zaloZeny na
ordindlnom regresnom modeli, ¢o by sme mohli nazvat standardnym pristupom.

V prvej Casti ¢lanku sa zameriame na histériu derby a v dalsej zdévodnime opodstatnenost
premennych z ktorych budeme model zostavovat, zostavime model a nakoniec porovname
jeho predikénu schopnost na tych derby stretnutiach, ktoré neprispievali k vytvoreniu modelu
a to porovnanim s predpovedami bookmakerov. Nebudeme v3ak porovnavat percentualnu
Uspesnost predpovedi na zaklade vysledkov, ale porovname Brierovo skoére, ktoré je pre tento
ucel vhodnejsim nastrojom.

Historia ,, The North West Derby”

Pojmom , North West derby“ sa vo futbalovom svete rozumeju derby’— zdpasy medzi
historicky najuspesnejsimi anglickymi klubmi leZiacimi na severozapade tejto krajiny, a to
Liverpool Football Club (dalej LFC) a Manchestrom United Football Club (dalej MU). Hoci tieto
futbalové kluby vznikli v rokoch 1892 resp. 1902, superenie tychto miest vzniklo uz v dobach
priemyselnej revolucie (prelom 18. — 19. st.) — Liverpool bol pristav, a teda mal geograficku

*Ako derby zapasy sa oznaduju v $porte najma dlhoroéné stperenia rivalov z jedného mesta, napr. ,Old Firms
derby“ (najstarsi Celtic Glasgow — Glasgow Rangers), ,, derby dellacapitale” (AS Roma — SS Lazio), ,derby della
Madonina“ (AC Milan — Internazionale Milano), ,veciti derby” (Partizan Beograd — Crvena zvezda Beograd),
yintercontinental derby” (Galatasaray Instanbul — Fenerbahce Istanbul), ¢i najslavnejSie mimoeurdpske
,Superclasico” (Boca Juniors Buenos Aires — River Plate Buenos Aires). Tieto uz nezriedka vyse storoc¢né superenia
boli dané uZ v okamihu vzniku spomentych klubov — niektoré reprezentuji chudobni ¢ast mesta, niektoré
bohatsie Stvrte, niekedy su v hre ndboZenské rozdiely. Neskor sa ako derby zadali oznacovat aj zdpasy medzi
nezmieritelnymi rivalmi, ktoré vznikali medzi najuspesnejSimi klubmi v danych krajinach. Z tych najslavnejsich
sem modzeme zaradit ,,derby d’Italia“ (Juventus Torino — Internazionale Milan), ,,der Klassiker” (Bayern Munchen
— Borussia Dortmund), ,,elclasico” (FC Barcelona — Real Madrid), ,,leClassique” (Paris Saint-Germain — Olympique
de Marseiile), ,nieuwe Klassieker” (Ajax Amsterdam — PSV Eindhoven), ¢i napokon nami vybrany zapas LFC — MU
(podla udajov z roku 2011 islo o najsledovanejsi zapas sveta vysielany do 211 krajin [12]

Vo vSeobecnosti su tieto zapasy zndme tym, Ze malokedy zavisi ich vysledok od momentalnej formy, Ci postavenia
v tabulke — ovela vaési vplyv ma v samotnom stretnuti sistredenie hracov na zdolanie (nebojime sa poufit slovo)
nenavideného protivnika.
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vyhodu pri obchodovani so svetom. Koncom 19. st. vSak vybudovali lodny kanal az priamo do
Manchestru (vzdialeného menej ako 60 km), ¢o nepriaznivo ovplyvnilo zamestnanost a rozvoj
Liverpoolu.

Prvoligové superenie v najvyssej anglickej futbalovej sutazi sa zacalo 25.12.1906 na
Stadione Bank Street bezgdlovou remizou a len nedavno (19.1.2020) sa dockalo svojho 170
pokracovania, v ktorom boli Uspesnejsi hrac¢i LFC na svojom domovskom stanku Anfield v
pomere 2:0. V tychto subojoch su zatial mierne Uspesnejsi hraci z Manchestru, ktori zvitazili v
66 stretnutiach, kym ich super iba v 56 stretnutiach. Remizou, ale sotva zmierlivo sa rozisli v
48 pripadoch. United su Uspesnejsi aj pocte strelenych gélov (229:210). Na tomto mieste
musime poznamenat, Ze do nasho modelu sme pouzili len vysledky z prvoligovych zapasov
(prva liga sa v Anglicku nazyvala First Division, od 1992 Premier League), hoci LFC a MU sa
stretli samozrejme i v anglickych poharoch a dokonca aj v eurépskej poharovej sutazi.

Ak vyberieme zapasy s vysokym skére, v LFC zrejme radi spominaju na vyhry 7 : 4 ¢i 5 :
0, fanusikom MU sa zrejme pacili zapasy s vyhrami 6 : 1 ¢i 4 : 0. Zaujimavejsie je spomenut dva
zapasy, ktoré skoncili stavom 3 : 3. Prvy sa odohral v sezéne 1987/88, ked sa majstrom stal
LFC, ale oslavy mu remizou nastrbil tradi¢ny rival, hoci MUFC uz prehraval 1 : 3. Zrkadlova
situdcia nastala v roku 1998, ked' sa majstrom stal MU — vo vzajomnom zapase viedol uz 3: 0
po 25 minutach, ale LFC Ziadnu potupu nedovolil, a napokon remizoval (hoci v tabulke skoncil
az na 8. mieste).

Zdroj
https://en.wikipedia.org/wiki/Liverpool F.C https://en.wikipedia.org/wiki/Manchester Unite
d F.C.

Rivalita medzi klubmi sa samozrejme prenasa do vztahov medzi hra¢mi. Od roku 1964
sa neuskutocnil Ziadny transfer medzi tymito klubmi (aj ked si zname vynimocné prechody
cez treti klub), hraci urcite nemaju zaujem byt oznaceny v choraloch fanusikov za ,zradcov”
resp. ,judasov”. Vzhladom na kvalitu klubov treba priznat, Ze ak sa niekto uz stal legendou LFC
¢i MU, automaticky $lo aj o legendu svetového futbalu (spomerime aspon mena Best, Keegan,
Dalglish, Cantona, Giggs, Gerrard...). VSetci hraci samozrejme priznavaju, Zze North West derby


https://en.wikipedia.org/wiki/Liverpool_F.C
https://en.wikipedia.org/wiki/Manchester_United_F.C
https://en.wikipedia.org/wiki/Manchester_United_F.C
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je ovela dolezitejsi zapas ako ich lokalne derby, t.j. ,Manchester derby” (MU — Manchester
City) a ,Merseyside derby” ¢i ,friendly derby” (nenechajme sa vSak pomylit nazvom,
v zapasoch LFC — Everton Liverpool je historicky najvyssi pocet ¢ervenych kariet v Premier
League). Zo vSetkych pribehov snad’ staéi spomenudt posledny Start legendy LFC Stevena
Gerrarda (,captain fantastic”), ktory vystriedal do druhého polasu premotivovany a do
cervenej karty stravil na ihrisku 38 sekund...

Samostatnou kapitolou tejto rivality su fanusikovia oboch timov. Tento text vSak naozaj
nie je vhodnym miestom na to, aby sme mohli popisat choraly uréené nenavidenym stperom,
a tak sa radSej vratime k najvacsim historickym uspechom oboch klubov. LFC vyhral 18 krat
anglicku ligu, 6 krat eurdpsku ligu majstrov, celkovo ma vo vitrine 63 trofeji. MU bol 20 krat
majstrom ligy, 3 krat eurépskym majstrom, celkovo vlastni 66 vitaznych pohdarov.

V ¢lanku sme sa pokusili odhadnut vysledky tychto zapasov, niekedy nazyvanych aj ,Bitka
o Britaniu“, pomocou istych vstupnych udajov. KedZe lahko najdeme v histdrii necakané
prekvapenia, zavahania favoritov ¢i vitazstva jasnych outsiderov, namodelovat rezultaty North
West derby rozhodne nebude standardnou ulohou...

Pravdepodobnosti a model ordindlnej regresie

Stavkové kanceldrie Standardne neinformuju o Sanciach timov uvedenim
pravdepodobnosti vysledku stretnutia, ale formou kurzov. Napriklad v poslednom stretnuti
LFC a MU, ktoré sa 19. januara 2020 na Anfield Road skoncilo vitazstvom domacich 2:0, boli
stavkovou kanceldriou Bet365 vypisané kurzy 1,45-4,68-7,49. Je zrejmé, Ze nizsi kurz ma
udalost, ktord je pravdepodobnejsia a opacne vyssi kurz ma udalost, ktord je menej
pravdepodobnd. Zkurzu kvieme velmi jednoducho wvypoditat tzv. implikovanu

pravdepodobnost udalosti p pomocou vztahu p = 1/k. Pre uvedené kurzy by to znamenalo,
1

Ze implikovana pravdepodobnost vitazstva LFC bola Tas = 0,69, implikovana
pravdepodobnost remizy bola é = 0,21 a implikovana pravdepodobnost vitazstva MU bola

7—19 = 0,13. Avsak sucet uvedenych implikovanych pravdepodobnosti 0,69 + 0,21 + 0,13 =

1,04 presahuje hodnotu 1. Hodnota, o ktord sucet implikovanych pravdepodobnosti
presahuje hodnotu 1 presahuje, predstavuje zisk stdvkovej kanceldrie z celkovej
prestdvkovanej sumy (nazyva sa vigorish alebo skratene vig), ¢o su vtomto pripade 4%.
Opacny proces, teda stanovanie kurzu z odhadnutej implikovanej pravdepodobnosti je zrejmy,
avsak pri udalostiach, ktorych pravdepodobnost je velmi vysoka sa kurz stanovuje inak. Detaily
mozno najst napriklad v ¢lanku [4].

Na modelovanie pravdepodobnosti vysledku futbalového stretnutia, ktoré sa moze
skonéit tromi réznymi vysledkami, ako funkcie premennych vztahujlucich sa k tomuto
stretnutiu, je mozné pouzit ordinadlnu logisticki regresiu. Model ordinalnej regresie, ktory
uvedieme, je spracovany podla [1] a [6].

Ak modelujeme ordindlnu zavisle premennu y s r usporiadanymi kategdriami, tak tato méoze
vzniknut zo spojitej nahodnej premennej y* a z prahov 8, ..., 6, tak, ze

y :]ak 0]‘_1 < y* < 0,_] = 1,2, v, I
Hovorime, Ze premenna y je kategorizovand verzia premennej y*. Napriklad, ordindlna

vystupnd premenna ,Vysledok futbalového stretnutia“ je reprezentovana ako ohranicena
verzia pévodnej premennej vyjadrujuicej rozdiel v pocte strelenych gélov superiacich timov.



30 Acta Mathematica Nitriensia, Vol. 6, No. 1, p. 26 - 36

Model pre ordindlnu premennud y mézeme vyjadrit kumulativnymi pravdepodobnostami 7;:
1, =P(y<j)=P(y"<6;), j=1,..,rm

Ciefom je ndjst vztah medzi kumulativnymi pravdepodobnostami t; a vysvetlfujucimi
premennymi X, X, ..., Xk.

Predpokladdme, e y* = —x f + &, s E(e) = 0, z ¢oho vyplyva, 7e E(y*) = —x 8 a teda
Presny tvar modelu je uréeny rozdelenim «.

V pripade, Ze € ma Standardizované logistické rozdelenie:

1
Ple<x)=——
(€<x) 14+e>
hovorime o kumulativnom logistickom modeli resp. o modeli proporciondlnych Sanci.
Potom
P(e<6;+xB) ! 1
= Pes Ot xb) = ey @
a odtialto
Tj , )
In =0;+xp, j=1,..,r—1, 2)
1- Tj

kde 6; su absolutne Cleny, ktoré zavisia iba od j ak koeficient § nezavisi od j, tak vietkych r —
1 modelov v (2) ma vzhladom k vysvetlujicej premennej x rovnakd smernicu. Po odhade
parametrov modelu ziskame odhady pravych stran v (2) z ktorych vypocitame
pravdepodobnosti P(y = j) hodnot ndhodnej premennej y

Py=j))=Py<j)-Ply<j-1=1%-1_1

Hodnotenie kvality modelu logistickej regresie sa da posudit roznymi metédami. Na
testovanie zhody dat s modelom predikovanymi hodnotami sa pouziva Hosmer-Lemeshowov
test (ak su vysvetlujiuce premenné spojité), pripadne Pearsonov chi-kvadrdt test. Testom
pomerom vierohodnosti (LR test) testujeme, i je vhodné do modelu zahrnut dalSie parametre.
Vsitudcii ked sa rozhodujeme o vybere najvhodnejSieho zviacerych vzdjomne si
konkurujucich modelov, je vyhodné poufZit informacné kritéria, pripadne Statistiku deviance,
ktora je definovand ako zdporne vzaty dvojndsobok rozdielu logaritmu vierohodnosti
odhadovaného modelu a logaritmu vierohodnosti saturovaného modelu. Najcastejsie
vyuzivanymi su Akaikeho informacné kritérium (AIC) a bayesovské informacné kritérium (SIC),
pre ktoré plati, ¢im mensia hodnota, tym lepsi model.

Na stanovenie Uspesnosti predpovedi v N polozkach, z ktorych kazda predpoved je
vyjadrend R-ticou pravdepodobnosti, ktorej kazdy ¢len f;;,t = 1,...,N; i = 1, ..., R vyjadruje
odhadovanu pravdepodobnost nastania kazdej z R moznych udalosti sa Brierovo skére B,

ktoré je definované vztahom
N R
1 2
B= 23S -0,
t=11=1
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kde o;; je binarna premenna nadobudajica hodnotu 1, ak sa v t - tej polozke realizovala i - ta
udalost a hodnotu 0, ak sa realizovala ind ako i - ta z R -tice moznych udalosti. Cim nizsia je
hodnota Brierovho skére, tym presnejsie su predpovede. Minimdlna a sucasne najlepsia
hodnota Brierovho skére je 0. Maximalna hodnota pre bindrne polozky je 1 a pre polozky s
tromi moznymi vysledkami 2. Bez ohfadu na pocet moznych vysledkov, je moZné Brierovo
skore upravit tak, aby bola maximalna hodnota rovna 1.

Vystavba modelu a data

Pri zostavovani vhodného modelu sme vychadzali zo 160 stretnuti medzi LFC a MU,
pricom desat stretnuti z poslednych 26 zapasov sme ndhodne vybrali pre porovnanie
uspesnosti predikénej schopnosti modelu s predpovedami bookmakerov. Aby bolo moziné
porovnanie realizovat, museli sme mat k dispozicii stdvkové kurzy pre tieto stretnutia.
Najstarsie nam dostupné zaznamy z [13]siahaju do sezény 2007/2008 a to k zapasu hranému
16.12.2007. Spolu to je prave 26 stretnuti, z ktorych sme nahodne vybrali uz spominanych
desat. Dodato¢né informacie o hracom kole ligového ro¢nika v ktorom sa timy stretli a pocte
ziskanych bodov do diia stretnutia v danom ligovom ro¢niku sme ziskali z [11].

Nasim ciefom je zostavit model, ktory by odhadoval pravdepodobnost vysledku NWD
a to iba z historickych vysledkov ich vzajomnych stpereni a aktudlnej formy timov.

Modelovanou ordinalnou zavisle premennou NWD je vysledok stretnutia z pohladu LFC, ktora
nadobuda tri hodnoty: Liv—vitazstvo Liverpoolu, Remiza — remiza, MU — vitazstvo Manchestru
Utd.; Liv > Remiza > MU).

Ktoré ukazovatele by mohli byt uzito¢né pri odhade pravdepodobnosti vysledkov stretnutia?

Vo futbalovych stretnutiach hra nesporne délezitu ulohu vyhoda domaceho prostredia a nie
inak tomu je v North West Derby, pretoze LFC ma bilanciu v domacom prostredi 38-22-24 a
MU dokonca az 42-26-18. Premenna DV vyjadruje, ktory z timov bol domacim a nadobuda dve
hodnoty: Liv (domacim timom je LFC) a MU (domacim timom je MU) Pre zohladnenie efektu
rivality sme uvazZovali vysledok posledného vzajomného ligového stretnutia (premenna PZ,
ktord je ordindlna a nadobuda tri hodnoty: Liv — vitazstvo LFC, Remiza — remiza, MU — vitazstvo
MU; Liv > Remiza > MU). Z historickych Udajov z pohladu LFC vyplyva, Ze po vitazstve
v NWD bol LFC v nasledujucom NWD uspesnejsi (25-13-17), po remize bol mierne Uspesnejsi
MU (15-13-20) a po prehre LFC bol Uspesnejsi MU (16-21-29). Rozdiel vo vykonnosti timov
v prislusnej sezéne sme vyjadrili premennou Rozdiel. Pri jej definovani sme museli zohladnit
v ktorom kole (hracom dni) sutazného rocnika sa timy stretli, pretoze rozdiel napriklad 12
bodov po dvadsiatom kole a po desiatom kole je kvalitativne rozdielny. Druhy pripad
signalizuje vacsi rozdiel vo vykonnosti timov, neZ prvy pripad. Ponuka sa tak rieSenie, definovat
rozdiel vo vykonnosti timov ako podiel poctu ziskanych bodov do vzajomného stretnutia
a poctu odohratych stretnuti. Tento pristup by vSak nebol korektny, pretoze v roku 1981 sa
zmenil bodovaci systém z pévodného: 2 body za vyhru, 1 bod za remizu a 0 bodov za prehru,
na trojopodovy systém: 3 body za vyhru, 1 bod za remizu a 0 bodov za prehru. Preto sme
namiesto bodového rozdielu uvazovali rozdiel vyjadreny v pocte zapasov, ktory by pri odstupe
12 bodov pri dvojbodovom systéme predstavoval Sest stretnuti, ale pri trojbodovom systéme
iba Styri stretnutia. Premennud Rozdiel sme zaviedli ako podiel rozdielu vyjadreného
v zapasoch a pocétu odohratych stretnuti do vzajomného stretnutia. Kladné hodnoty
premennej Rozdiel zodpovedaju pripadom ked mal v tabulke navrch LFC a zdporné zasa
pripadom ked' bol Uspesnejsi MU.
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Pri vystavbe modelu sme uvazovali aj o interakcidch premennych, ktoré je mozné teoreticky

zdbvodnit nasledovne:

Hodnoty kritérii (deviance a AIC) pre viacero uvazovanych modelov su uvedené v tabulke 1.

povazovat model v ktorom vystupuju vsetky tri uvazované premenné (DV, Rozdiel, PZ) spolu

vV

DVxPZ - efekt domdceho prostredia sa moéze vzhladom na vysledok posledného
vzajomného stretnutia liSit, pretoZe je zrejme rozdiel v tom, ¢i bolo posledné vitazstvo
dosiahnuté doma alebo vonku,
DVxRozdiel - ten isty vykonnostny rozdiel moze mat iny vplyv na Sance timov v
domacom a v superovom domdacom prostredi,
PZxRozdiel - pri tejto interakcii by sa uplatfioval iny efekt rozdielu vo vykonnosti
vzhladom na vysledok posledného vzajomného stretnutia.

s interakciou domdceho prostredia a vysledkom posledného vzajomného stretnutia.

Tab. 1: Vyber modelu pre vysledok NWD. Najlepsi model je hrubo zvyrazneny. (A - deviance, AIC - hodnota Akaikeho

informacného kritéria)

Model A AIC

DV 34496| 350,96
PZ 35443 | 35943
Rozdiel 347,03 353,03
DV+PZ 329,60 339,60
DV+Rozdiel 336,48 | 345,48
PZ+Rozdiel 340,62 | 350,62
DV+PZ+Rozdiel 328,21 | 340,21
DV+PZ+Rozdiel+DV*XPZ 321,81 337,81
DV+PZ+Rozdiel+DVxRozdiel 326,96 340,96
DV+PZ+Rozdiel+PVxRozdiel 327,55| 343,55
DV+PZ+Rozdiel+DV*PZ+DV xRozdiel 321,12 339,12
DV+PZ+Rozdiel+DV*xPZ+PZxRozdiel 321,29 341,29
DV+PZ+Rozdiel+PZ*xRozdiel+DV xRozdiel 326,02 344,02
DV+PZ+Rozdiel+DVXxPZ+PZxRozdiel+DV*Rozdiel | 320,45| 342,45

Model pre odhad pravdepodobnosti vysledkov NWD

Pre model, ktory sme na zaklade AIC a hodnoty deviance vybrali ako najlepsi, sme odhadli
parametre, ktorych hodnoty, Statisticki vyznamnost a 95% intervaly spolahlivosti uvadzame

v tabulke 2.
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Tab. 2: Vysledok NWD, ordinalna regresia.

g SE |OR=¢P| t p | -95% | +95%

Abs. ¢len 1 (MU) -0,05| 0,21 096| -0,21| 0,834
Abs. ¢len 2 (Remiza) 1,28 0,24 3,59 5,31 <0,001
DV 1

MU 0/ 0,00, 0,00 1,00
Liv 1] 1,10| 0,32 3,02 346| 0001 163| 5,71
Pz 2

MU 0/ 0,00, 0,00 1,00

Remiza 1| 0,05| 0,37 1,05 0,12| 0,901| 0,51 2,17
Liv 1| -0,23| 0,36 0,79| -0,66| 0,511 0,39 1,59
Rozdiel 1] 083 0,65 2,28 1,27| 0,203| 0,66| 847
DV x PZ 2
Liv, MU 0| 0,00/ 0,00 1,00
Liv, Remiza 1] 1,21 0,53 3,34| 2,26| 0,024, 1,19, 09,68
Liv, Liv 1| 066| 0,56 1,94| 1,18| 0,239| 0,64| 5,88

(B — odhad parametra 8, SE — §tandardna chyba odhadu parametra 8, OR — pomer $anci, t — testova
Statistika Waldovho testu Statistickej vyznamnosti parametra, p — p hodnota pre Waldov test, -95% -
dolna hranica 95% intervalu spolahlivosti pre OR, +95% - horna hranica 95% intervalu spolahlivosti pre
OR).

Z analyzy 160 vzajomnych stretnuti NWD ordinalnou regresiou pre zavisle premenni NWD
s uroviiami: MU (j = 1), Remiza (j = 2), Liv (j = 3) vyplyva, Ze kumulativne pravdepodobnosti
7;,j = 1,2,3, ktoré si modelované premennymi PZ, DV a Rozdiel su
T ~ .
In =6;+1,10x; + -+ 0,66x4, j =123,

1—Tj

kde 91 = —0,05 (vitazstvo MU), éz = 1,28 (remiza). Premenna x; je indikatorova premenna
pre domdci tim, x,,x3 pre vysledok posledného vzdjomného zapasu, x, pre rozdiel vo
vykonnosti a x5, x¢ pre interakciu domdaceho prostredia a vysledku posledného vzdjomného
stretnutia.

Vysledok NWD menSi akoj, pre j = 1,2, znamena bud prehru Liverpoolu (j = 1), alebo remizu,
prehru LFC, j < 2.

Ukazuje sa, Ze vykonnostny rozdiel jednej "jednotky" premennej rozdiel ma pre LFC za
ndasledok 2,28 nasobné (o 128%) zvysenie sance dosiahnut vysledok j alebo lepsi.

KedZe model obsahuje interakciu domaceho prostredia a vysledku posledného vzajomného
stretnutia, tak efekt tychto premennych musime vyhodnotit sucasne. Referen¢nou kategériou
pre domace prostredie je MU a pre vysledok posledného vzajomného stretnutia je vitazstvo

evve

prostredi po vitazstve v predchadzajucom vzdjomnom suboji dosiahne vysledok j alebo lepsi,
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je3,02 X 0,79 X 1,94 = 4,64 krat vacsiav porovnani s tym, ak predchadzajici vzajomny zapas
vyhrali hra¢i MU a nasledovny zapas by hrali v domacom prostredi.

Z praktického hladiska je vsak nazornejsSie uviest priamo pravdepodobnosti hodnot
modelovanej zavisle premennej v zavislosti od hodndét prediktorov. Tieto uvadzame v grafickej
podobe na obrazku 1. MéZeme si vSimnut, Ze pravdepodobnost nerozhodného vysledku sa
nezavisle od toho, ktory z timov hra v domacom prostredi a akym vysledkom sa skoncil
posledny vzdjomny zdpas, pohybuje priblizne na Urovni 0,3 a vyraznejsi vplyv na iu nema ani
rozdiel vo vykonnosti timov. Pravdepodobnost vitazstva LFC sa bez ohladu na hodnoty
zvysSnych dvoch prediktorov so zvySujucim sa vykonnostnym rozdielom medzi timami zvySuje
(horna Sestica grafov na obrazku) a naopak pravdepodobnost prehry sa znizuje (dolna Sestica
grafov na obrazku). Neprekvapuje, Ze pravdepodobnost vyhry LFC podla zostaveného modelu
je najvacsia v pripade, Ze sa hrad na Anfield Roade a predchadzajuci zapas dopadol lepSie pre
"The Reds".
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Obr. 1: Modelom predikované pravdepodobnosti vysledku NWD v zdvislosti od hodnét prediktorov.

Hosmer — Lemeshowov test (y2(17) = 10,45;p = 0,883) indikuje, Ze medzi pozorovanymi
a modelom odhadovanymi pocetnostami nie je rozdiel, ¢ize model vykazuje s datami dobru
zhodu. Nagelkerkeov koeficient pseudo-R? nadobuida hodnotu 0,18.

Porovnanie predikcii modelu a bookmakerov

Predikénu schopnost modelu sme skimali na desiatich nahodne vybratych stretnutiach
z obdobia rokov 2008-2018 ku ktorym sme vedeli dohladat aj predikcie bookmakerov.
V databdzach kurzov pre anglickl Premier League na internetovej stranke [13] sa nachadzaju
kurzy viacerych stavkovych kancelarii: Bet365, BlueSquare, Bet&Win, Gamebookers,
Interwetten, Ladbrokes, Pinnacle, SportingOdds, Sportingbet, Stan James, Stanleybet, VC Bet,
William Hill. Nie je prekvapujluce, ze odhady bookmakerov z réznych stavkovych kancelarii nie
su totozné, ale rozdiely nebyvaju velké. Z tohto dévodu sme nahodne vybrali dve z tychto
kancelarii (Bet365, Pinnacle) pre ktoré sme zo zverejnenych kurzov po zohladneni vig
vypocitali nimi odhadované pravdepodobnosti vysledkov. Tieto su spolu s odhadmi vysledkov
ziskanymi nasim modelom uvedené v tabulke 3.
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Tab.3: Pravdepodobnosti vysledkov v desat ndhodne vybranych stretnutiach odhadnutych nami vytvorenym modelom
a stanovenych bookmakermi (Bet365, Pinnacle).(1 - pravdepodobnost vitazstva domdceho timu, X — pravdepodobnost
nerozhodného vysledku, 2 — pravdepodobnost vitazstva hostujiceho timu).

Model Bet365 Pinnacle
Datum Zapas | Skére | 1 X 2 1 X 2 1 X 2
23.3.2008 | MU-LIV| 3-0 | 0,54| 0,28 | 0,18| | 0,48| 0,28| 0,24| | 0,48 | 0,30| 0,22
13.9.2008 | LIV-MU | 2-1 | 0,40| 0,32| 0,28 | | 0,33| 0,31| 0,36| | 0,34| 0,32| 0,34
25.10.2009 | LIV-MU | 2-0 | 0,63| 0,24| 0,13 0,39| 0,30| 0,32 0,38| 0,30 0,32

6.3.2011 |LIV-MU | 3-1 | 0,23| 0,30| 0,47| | 0,31| 0,28| 0,41 0,34| 0,30| 0,37
11.2.2012 | MU-LIV| 2-1 | 0,45| 0,31| 0,25 0,51| 0,28 | 0,21 0,53| 0,26 | 0,21
23.9.2012 | LV-MU | 1-2 | 0,16| 0,26| 0,58| | 0,31| 0,29| 0,40| | 0,36 | 0,29| 0,35
17.1.2016 | LIV-MU | 0-1 | 0,28| 0,32| 0,40| | 0,39| 0,29| 0,31| | 0,39| 0,29| 0,32
17.10.2016 | LIV-MU | 0-0 | 0,34| 0,32| 0,34| | 0,46| 0,28 | 0,27 | | 0,45| 0,28 0,28
14.10.2017 | LIV-MU | 0-0 | 0,27 | 0,31| 0,42 0,38| 0,28| 0,35 0,38| 0,28 | 0,34
16.12.2018 | LIV-MU | 3-1 | 0,38| 0,32| 0,30| | 0,62| 0,22 | 0,16| | 0,64| 0,22 | 0,14

Vidime, Ze napriklad pre stretnutie hrané 25.10.2009 model odhadol pravdepodobnost
vitazstva domaceho timu ako pomerne vysoku (0,63) v porovnani s bookmakermi, kym
23.9.2012 odhadol $ance domaceho timu vyrazne nizsie ako bookmakeri. Podobnost medzi
modelom a bookmakermi je zrejma pri odhade pravdepodobnosti nerozhodného vysledku,
ktord sa bez ohladu na to, ktory tim je domdci, pohybuje v rozpéti 0,24-0,32 pre nas model
a 0,22-32 pre bookmakerov a vykazuje tak pomerne nizku variabilitu. Z hladiska porovnania
predikcii je vSak rozhodujucim ukazovatelom Brierovo skdre, ktoré dosahuje hodnotu 0,26 pre
odhady ziskané modelom a hodnotu 0,29 pre odhady oboch stavkovych kancelarii. Model
v porovnani s dvojicou stavkovych kancelarii dosahuje v desiatich nahodne vybratych
stretnutiach mierne lepSiu prediként schopnost.

Zaver

V €lanku sme sa zaoberali modelovanim pravdepodobnosti vysledku ,Bitky o Britaniu®,
ktord sa uZ viac neZ jedno storocie odohrdva na futbalovych travnikoch. Ide o jedno
z najslavnejsich futbalovych derby na svete. Nami zvoleny pristup k modelovaniu sa od
Standardnych pristupov liSi v tom, Ze zostaveny model vyuziva vylu¢ne Udaje pochadzajuce z
duelov tychto timov. Napriek tomu, Ze vytvoreny model bol mierne presnejsi ako odhady
bookmakerov, tak je potrebné vziat do Uvahy skutocnost, Ze porovnavacia vzorka bola velmi
mala. Model neberie do Uvahy iné ukazovatele, ako napriklad hraéska marédka alebo
vytazenost timov v ramci sezény, ktoré pri odhadoch vyuZivaju bookmakeri. Tieto a iné
aktudlne informacie nezahrnuté do modelu mohli byt dévodom preco sa nase odhady lisili od
odhadov bookmakerov, ¢o vsak nechdpeme ako nedostatok, ale dbsledok inakosti tvorby
modelov. Autorom ¢lanku nie je z literatury, ani inych zdrojov zname, Ze v ¢lanku prezentovany
postup by uz realizovali ini autori.
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Abstract

In this article we deal with some numerical sequences in Pascal’s triangle and also in its modification called har-
monic triangle. Both objects are interconnected by different properties and relationships, from which we focus
on infinite number series on diagonals.

Keywords: Pascal’s triangle, harmonic triangle, sequence, infinite number series

Classification: 97A20

Uvod
Pascalov trojuholnik sa v matematike preslavil vdaka svojej symetrii a roznymi vztahmi medzi
kombinacnymi cislami. MnoZstvo prepojeni Pascalovho trojuholnika s viacerymi discipli-

nami matematiky z neho urobilo zaujimavy matematicky objekt. Cielom tohto ¢lanku je pou-
kazat na niektoré vlastnosti, vztahy a skryté , tajomstva“.

Trochu z histdrie

Samotny Blaise Pascal (1623-1662) v roku 1653 poznamenal, Ze by pravdepodobne nevedel
opisat v jednej praci vSetky jeho vlastnosti. [1] Poznamenavame, Ze Blaise Pascal tento troju-
holnik neobjavil. Uvedeny trojuholnik bol zndmy uz ¢inskym uc¢encom v 13. storoci n. I. Hoci
tabulku binomickych koeficientov poznali uz indicki matematici okolo 2. storocia pred n. |,
v skutocnosti ho asi ako prvy zostavil ¢insky matematik Jia Xian v 11. storoci a okolo roku 1100
aj perzsky matematik a basnik Omar Chajjam. V Eurdpe poufZil variaciu Pascalovho trojuhol-
nika prvykrat Petrus Apianus v roku 1527, ucitel Karola IV., a binomicku vetu pravdepodobne
ako prvy uviedol nemecky mnich, reformator a matematik Michael Stifel (1486-1597). [2]

Blaise Pascal dokoncil odvodenie binomickej vety s pouZzitim ¢iselného trojuholnika az ako 30-
rocny. Vtedy uz mal na konte niekolko objavov o vakuu a jednou z jeho najznamejsich prac je
Traité du triangle arithmétique (Pojednanie o aritmetickom trojuholniku), ktoré vyslo v roku

1654. Obsahuje jednoduchy spdsob, ako vycislit kombinacéné Cislo (77:1) VyuZzitim vztahu
ny m-—1 n—1
(m) = ("0 )+ (2 )
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kden,m,n = m + 1 su prirodzené Cisla, je mozné kombinacné Cisla usporiadat do trojuholni-
kovej schémy, ktoru dnes pozname pod ndzvom Pascalov trojuholnik.

1 9 36 84 | 126 | 126 | 84 | 36 9 1
1 10 | 45 120 210 252 210 120 45 10 1
1 11 55 | 165 330 462 462 330 | 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1

Obr. 1: Pascalov trojuholnik. Zdroj: [3]

Zostavenie Pascalovho trojuholnika je velmi jednoduché.

Jednotlivé polia trojuholnika sa vyplnia podla pravidla, kde kazdé Cislo je su¢tom dvoch poli¢ok
nad danym cislom.

Zacina sa tak, Ze do prvého riadka napiSeme cislo 1. Druhy riadok sa sklada z dvoch poli, v
ktorych st opat len jednotky. Treti riadok ma tri policka, pricom konéi a zac¢ina jednotkou (tak
konc¢i a zacina kazdy riadok) a prostredné policko bude doplnené o Cislo 2, ktoré je su¢tom
poli¢ok nad nim.

Podobne postupujeme v dalsSich riadkoch; za¢iname a konc¢ime riadok cislami 1, ostatné po-
licka su su¢tom dvoch poli¢ok nad nim, ako sme uz spomenuli.

Niektoré vlastnosti Pascalovho trojuholnika

Pascalov trojuholnik ma cely rad zaujimavych vlastnosti. Niektoré z nich si uvedieme bez do-

kazov.

1. KaZdy vodorovny riadok zacina a konc¢i ¢islom 1: (:)l) = (Z) =1.

2. Zacinajuc druhym vodorovnym riadkom medzi dvoma cislami leZi v nasledujucom

riadku ich sucet: (n;l 1) + (;:l__ 11) = (:1)

3. Pascalov trojuholnik je simerny podla zvislej priamky p prechadzajucej jeho ,,vrcho-

om’s (31) = (o = )

4. Sucet kombinacnych ¢isel (n + 1) —vého vodorovného riadku sa rovna 2"

(0)+ (1) + () +-+()=2"
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5. Ak s¢itame v Pascalovom trojuholniku vsetky Cisla, ktoré lezia v tom istom Sikmom

riadku az do n-tého vodorovného riadku vratane, dostaneme ako sucet Cislo, ktoré lezi
v (n + 1)-vom vodorovnom riadku najblizSie napravo od posledného scitanca.

Napriklad, ak zvolime (m + 1)-vy 3ikmy riadok, v ktorom sa nachadzaja &isla (),

(mwtl), (mr;:z), (m;f),..., (mr;:p),... potom pre ich sudet platl’Z;(n;,ﬁ(T’r‘l) = (mT:ﬂl .

Toto ¢&islo leZi $ikmo vpravo najblizie pod poslednym s&itancom (mrzp).

Sucet druhych mocnin kombinaénych ¢isel (n + 1) —vého vodorovného riadku

. , . sy ” 2n
Pascalovho trojuholnika sa rovna kombinacnému Cislu ( n )

Pripomernime si, Ze grécka matematika bola geometricka. Gréci si Cisla, ktorym dnes hovorime
prirodzené, predstavovali obvykle prostrednictvom nejakych pomocnych javov. Napriklad
kopku kamienkov zoskupovali do geometrickych Utvarov pripominajucich trojuholnik , Stvorec

alebo patuholnik. Dnes sa tato interpretacia Cisla nazyva figuralne Cislo. [4]

V Pascalovom trojuholniku sa objavuju figurdlne Cisla asi takto:

na prvej diagondle su jednotky,

na druhej diagondle su zhora nadol usporiadané vzostupne prirodzené Cisla,

na tretej diagonale su tzv. trojuholnikové ¢isla: 1, 3, 6, 10, ..., (ich geometrické uspo-
riadanie do , kamienkovych trojuholnikov” je na obr. 2),

na Stvrtej diagondle najdeme tetrahedralne ¢isla: 1, 4, 10, 20, 35, ...,

na piatej diagonale su pentachorénne Cisla: 1, 5, 15, 35, ...., atd’.

+— Jednotky
<4+— Prirodzene cisla

. «—— Trojubolnikove cisla

LA K J : il

® @
. e g
S, tn. T, ueeel L& 4
L B BN ] ® ® o0 * o ® o0 ® o 0o 00 0 -105 1

Obr. 2: Figurdlne Cisla. Zdroj: [5]

Ciselné postupnosti v Pascalovom trojuholniku

V dalsej ¢asti ¢lanku sa zameriame na hladanie zaujimavych trojic Cisel, resp. koneénych po-
stupnosti v prislusnych riadkoch Pascalovho trojuholnika.
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Aritmetické triplety

Hladajme v Pascalovom trojuholniku také trojice kombinaénych ¢isel iducich v jednom riadku
za sebou, ktorych stredny clen je aritmetickym (resp. geometrickym, harmonickym) prieme-
rom svojich susednych ¢lenov.

Budeme hovorit o troj¢lennych aritmetickych (resp. geometrickych, ¢i harmonickych) postup-
nostiach), skratene o aritmetickych tripletoch (resp. geometrickych, ¢i harmonickych triple-
toch).

Ak sa detailnejSie pozrieme na 6smy riadok (n =7)
1I ZI AI 3_51 3_51 AI ZI 1[

zistime, Ze je zaujimavy tym, Ze Cisla 7, 21, 35 tvoria konecnu rastucu trojclennu aritmeticku
postupnost, pricom ¢isla 35, 21, 7 v druhej ¢asti riadku predstavuju klesajlci aritmeticky trip-
let.

Prirodzene sa vynara niekolko otazok. Existuju dalsie riadky obsahujuce trojélenné aritmetické
postupnosti? Ak ano, tak kolko ich existuje? Ako zistime ich ¢leny? Existuju viacélenné aritme-
tické postupnosti? PoklUsme sa dat odpovede na tieto otazky.

Predpokladajme, Ze existuju také n,ke N, zZe trojica Cisel

(e Z1)- (o) ()

tvori aritmeticky triplet. To znamena, Ze hladame také prirodzené &islan, k (pre 1 < k <

n — 1), Ze plati
2(e) = (e 2 0) * (e + 1)

Vyuzitim znamej definicie kombinacného Cisla dostaneme rovnice

n! n! n!
= =Dkt D TG+ D k=D

) nn—-1DMn-2)...n—k+1) B

k!
_n(n—l)(n—Z)...(n—k+2) nn—1)n-2)...(n—k)

k=1 + k+ 1)

(et Dk (kD! kDMK 4 ctaneme po Uprave

Po vynasobeni poslednej rovnice vyrazom (D (=2 (k)

kvadratickd rovnicu s nezndmou k a parametrom n:
4k?> —4kn+n®*—-n—-2=0 (D
Substiticiou t?=n+2, t€N dostaneme

t2—t-2
ky = — k, =
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pret € N, t = 3. Odvodime

_ 4n+,/16n2-16(n2-—n-2) _ nEvn+2
ki, = . ==

Zaver: Podla [6] rieSenim danej rovnice je parametricky systém usporiadanych dvojic
2 t?—t-2 2 t2+t-2
(n,ky) = (t ~2, ) (n, ky) = (t ~2 ) kde t €N, t > 3. (2)

2 2

Tymto je zrejme dokdzané, ze pre kazdé prirodzené Cislo ¢ >3, kazda dvojica Cisel n, k
spifiajica predchadzajice vztahy (2), je rieenim rovnice (1).

Dalej mézeme tvrdit, e v Pascalovom trojuholniku existuje nekonecne vela riadkov
obsahujucich trojélenné aritmetické postupnosti z Cisel iducich po sebe.

Kazdy takyto riadok obsahuje dve aritmetické postupnosti, Co je bezprostredny doésle-
dok sumernosti Pascalovho trojuholnika.

Obidve aritmetické postupnosti obsahuju totiz tie isté Cisla, prva pre k=k, je rastuca,
druhd pre k=k, je klesajuca.
Lahko vypocitame, Ze

e ak ¢=3,potomdostaneme n=7 a k; =2, k, =5.
e Ak t =4, potom dostaneme n=14, k =5, k, =9. Toto zodpoveda 15. riadku Pasca-

lovho trojuholnika.

Kvoli lepSej nazornosti, urychleniu vypoctu a na overenie vysledkov pouZijeme softvér Mathe-
matica. Pouzijeme prikaz

Column[Table[Binomial[n, k], {n, 14,14}, {k, 0, n}], Center],
ktory generuje vysledok
{1,14,91,364,1001,2002,3003,3432,3003,2002,1001, 364,91, 14,1}
Nasledovny tabulkovy vypis (Tab. 1) obsahuje hodnoty

n, k k,pre3<t<15t€N.

Ziskame ho jednoduchym prikazom:
1 1
TableForm[Table[{t, t* — 2,2 (t? —t— 2),E(t2 +t—2)}{t,3,15}],

TableAlignments — Right, TableHeadings — {None, {"t","n", k;, k,}}]
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t n k1 k2
3 7 2 5
4 14 5 9
5 23 9 14
6 34 14 20
7 47 20 27
8 62 27 35
9 79 35 44
10 98 44 54
11 119 54 65
12 142 65 77
13 167 77 90
14 194 90 104
15 223 104 119

Tab. 1: Vypis niekolkych hodnét t, n, ki, ko.

Z uvedenej tabulky vyplyva:

aritmetické postupnosti sa nevyskytuju v kazdom riadku Pascalovho trojuholnika,

prvy vyskyt aritmetického tripletu je v 8. riadku Pascalovom trojuholniku pre n =7,

v kazdom riadku s aritmetickou postupnostou, vieme urcit prvé Cislo rastucej ki

a prvé Cislo klesajucej k; aritmetickej postupnosti,

pomocou vzorca [nj:n—!’ (resp. prikazom Binomial[n, m] v Mathema-
m m!(n—m)!

tice) mozeme urcit prislusné cleny aritmetickej postupnosti,

softvér Mathematica ndm umoznuje zobrazit vsetky ¢leny riadka aj s pomerne vy-

sokym indexom.

Napriklad pre 48 -my riadok ¢leny rastticej aritmetickej postupnosti: k, =20

Binomial[47,19]= 6973199770790
Binomial[47,20]=9762479679106
Binomial[47,21]= 12551759587422
¢leny klesajucej aritmetickej postupnosti: k, =27
Binomial[47,26]= 12551759587422
Binomial[47,27]=9762479679106
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Binomial[47,28]= 6973199770790

Co nastane, ked hodnota t<3, te N?

e Ak t=1, potom n=-1, ¢o nevyhovuje podmienkam ulohy.

e Ak t=2,potom n=2, k, =0, k, =2. Toto zodpoveda tretiemu riadku v trojuholniku, v

ktorom su ¢isla: 1, 2, 1.

Aritmetické postupnosti vyssich radov v Pascalovom trojuholniku

Na Cisla v jednotlivych diagonalach Pascalovho trojuholnika sa méZzeme pozerat aj ako na arit-

metické postupnosti vyssich radov. [7]

Napriklad na druhej diagondle sa nachadza postupnost (a,) = (1,2,3,4,5,6,...), ktoru po-
vazujeme za aritmeticku postupnost prvého radu, ktora je znama zo stredoskolskej matema-
tiky. Najskor uvedieme definiciu aritmetickej postupnosti druhého radu.

Definicia Koneénd alebo nekoneénd postupnost (b,,) sa nazyva aritmetickd postupnost dru-
hého rddu, ak postupnost (a,.,) = (b,+1 — b,,) je aritmetickd.

Skimajme Pascalov trojuholnik po jednotlivych diagonalach.

e 2.diagonala:1,2,3,4,5,6,7,8, ..., t. . aritmeticka postupnost prvého radu, teda
(a,) =(,2,3,4,5,6,7,8, ...)

e 3.diagondla: 1, 3, 6, 10, 15, 21, 28, 36,
radu, teda (b,) = (1,3,6,10,15,21,28,36, ...), pretoze rozdiely kazdych dvoch
jej susednych ¢lenov tvoria aritmetickd postupnost prvého radu

..., t. j. aritmetickd postupnost druhého

e 4.diagonala: 1, 4,10, 20, 35, 56, 84, ..., t. . aritmeticka postupnost tretieho radu,
teda (c,) = (1,4,10,20,35,56,84,....), pretoze rozdiely kazdych dvoch jej su-
sednych ¢lenov tvoria aritmetickd postupnost druhého radu.

Aritmetickad
postupnost

Cleny postupnosti

n—ty ¢len po-
stupnosti

Sucet prvych n clenov postupnosti

nultého radu

1,1,1,1,1,1,1,1,1,...

prvého radu

1,2,3,4,56,7,8,9,...

/ /N
[ N

)+ Q)+ @)+ ("5 =)
)

+....+(711)= (”;1)

N—
+
/N
=N
N—
+
N\

druhéhoradu | 1, 3,6, 10, 15, 21, 28, ..... (n + 1) (3) + (g) n (421) I (n %2— 1) _ (n -;— 2)
2
tretiehoradu | 1, 4, 10, 20, 35, 56, 84, ... (n ; 2) (3) " (4) N (5) . (n + 2) _ (n + 3)
3 3 3 3 4
stvrtéhoradu | 1,5, 15, 35, 70, 126, .... (n + 3) (4—) n (5) n (6) I (n + 3) _ (n -;— 4)
4 4 4 4 4
piatehoradu | 1,6, 21, 56, 126, 252, .... (n :_)— 4—) (g) n (g) n (’é) +a (n 45— 4) _ (n -g 5)

k-tého radu

(n+/]:—1>

(

k
k

)+ (

k+1)+(k+2)+....

+(n+k—1)=(n+k
k k

k

Tab. 2: Niektoré vlastnosti aritmetickych postupnosti vyssich radov
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Tieto zistené vztahy, ndm umoziiuju definovat aritmetickd postupnost n-ho radu.

Definicia Nech (r), je konetna alebo nekonetna aritmeticka postupnost (n—1)— ho
rddu. Koneénd alebo nekoneénd postupnost (p,,) sa nazyva aritmetickd postupnost
n-ho rddu, ak postupnost (r,,41) = (Pns1 — Pn) je aritmetickd.

V Pascalovom trojuholniku st postupne v dal$ich $ikmych stipcoch tzv. aritmetické postup-

nosti Stvrtého, piateho, Siesteho, atd. .... rddu, ktoré sihrnne nazyvame aritmetické postup-
nosti vyssich radov.

Aritmetickd D T Suéet prvych n &lenov postupnosti
postupnost
nultého radu n _ ny _
(0)=1 (1)=n
(t. j. polyndm premennej n nultého stupna ) (t. j. polyndm premennej n prvého stupna )
prvého radu m_n n+1y_1 1,1
(1) ( ) )—zn(1+n)—2n +2n
) . ) . . (t. j. polyndm premennej n druhého stupna)
(t. j. polyndm premennej n prvého stupna )
druhého radu n+y_ L, 1 n+2y_1 1., 1,1
( ) )—2n +2n ( 3 )—6n(1+n)(2+n)—6n +2n +3n
(t. j. polyndm premennej n druhého stupnia ) (t. j. polyndm premennej n tretieho stupna)
tretieho radu 2\ 1 n+3 1
(";f )=gn(1+n)(2+n) ( : )=ﬁn(1+n)(2+n)(3+n)
1 1 1 1 11 1
_ 234,24 — 432
—6n +2n +3n 24n +4n +24n +4n
(t. j. polyndm premennej n Stvrtého stupna)
(t. j. polyndm premennej n tretieho stupna)
$tvrtého radu n+3 1 n+4 1
"2 )= TR CRRDICERDICERD! ("9 = T2t W@+ mB+m) @ +n)
1 1 11 1
=—n*+-n¥+—n?+-n _i 5 i4 l 3 i 2 1
247 4 24 4 S0t 2ttt Tttt
(t. j. polyndm premennej n piateho stupnia)
(t. j. polyndm premennej n stvrtého stupna )
iateho radu +4 1 n+5 1
P (”5 )=mn(1+n)(2+n)(3+n)(4— ( . )= L+ W2+ WG +n)4
+n) +n)(5+n)
1 1 7 5 1 1 1 17 5 137
.~ 54 ~ 4 4, " .3, % 2, = = 64 54 ~" 4, > 3, 72" 2
ST20" Tttt Tt tan 720" Tag™ T1aa™ T16™ 360"
1
(t. j. polyndm premennej n piateho stupna ) + gn
(t. j. polyndm premennej n Siesteho stupna )

Tab. 3. n-ty ¢len a sucet prvych n ¢lenov aritmetickych postupnosti vyssich radov

Matematickou indukciou m6Zzeme uvedené vysledky zovseobecnit do nasledovného tvrdenia:
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Veta. N —ty cClen aritmetickej postupnosti k —tého rddu je polyndmom premennej n stupria
k;t.j.
_ k k-1
a, = agn” + an"“ "+ ... tag_1n + a.

Sucet prvych n &lenov aritmetickej postupnosti k —tého radu je polyndmom premennej (n+1)
stupna (k + 1) s nulovym absolutnym ¢lenom, t.j.

Sp =B+ D1+ B (n+ DF+.... 4B (n+ 1),
kde ay, @1, ..., @k, Bo,B1,----Pr+1 SU vhodné koeficienty.[8]

Mnohym Ziakom bol znamy historicky pribeh K. F. Gaussa (1777-1855), ktory vr. 1786 na
hodine matematiky brilantne vypocital suet 1 + 2 + 3 + 4+ ... 4+99 + 100. Poznamenajme,
Ze znamy vztah pre sucet prvych n ¢lenov aritmetickej postupnosti (prvého radu)
a, +a,
2
je mozné odvodit s vyuZitim vyssie uvedenej skutocnosti, Ze sucet prvych n ¢lenov aritmetickej
postupnosti prvého radu je polyndm premennej n stupna druhého, t. j.:
Spn = ﬁonz + pin

Koeficienty S, f;uréime z rovnic, ktoré dostaneme dosadenimn = 1,2;

Bo+ Pi=5s1=a4

4By + 201 = s, = 2a, +d.

Sp =

RieSenim tejto sustavy rovnic dostaneme , = , teda

Sn = Bon* + Pin =

Geometrické triplety

Predpokladajme, Ze existuju také n,k e N, Ze trojica Cisel (k f 1) , (Z) , (k _Til_ 1) tvori geomet-

ricki postupnost.

() =G20) (o)

Cize

n! 2 n! n!
(k!(n—k)!) - (k-1)!(n—k+1)! (k+1)! (n—k-1)!
Po Uprave dostaneme
kin—k) =k+1) (n—k+1),
odkial dostaneme 0 = n + 1, ¢o je sporné, kedZzen € N.

V Pascalovom trojuholniku teda neexistuje riadok, ktory by obsahoval troj¢lennd geometricku
postupnost, teda geometricky triplet.



46 Acta Mathematica Nitriensia, Vol. 6, No. 1, p. 37 - 50

Harmonicky trojuholnik

Stari Gréci poznali okrem aritmetického a geometrického priemeru dvoch &isel aj priemer har-
monicky. Harmonicky priemer H(a, b) dvoch kladnych &isel a, b je definovany nasledovne:

2

H(a,b) =T

1 .
b

Q|r

Definicia. Harmonickou postupnostou nazyvame postupnost, ktorej vsetky cleny, okrem pr-
vého, su harmonickym priemerom susednych clenov.
. / ive . ’ ’ . , 11111
Najzndmejsia harmonickd postupnost je postupnost 1’5’5’1’5’3’

Clen tejto postupnosti je a,, = %

Ak od kazdého c¢lena % tejto postupnosti od¢itame jeho nasledujuci ¢len ﬁ, dostaneme po-

stupnost
{_l_1 t_1_1 1_1_1 101 1

2 2" 2 3 6 3 4 127 7 n n+1  am+d’ "
Usporiadajme ziskané hodnoty podla schémy:

1 1 1 1 1 1
2 3 4 5 6
1 1 1 1 1
2 12 20 30 42
1 1 1 1
3 12 30 60 105
1 1 1 1
4 20 60 140

Teraz oto¢me tuto schému (tabulku ¢isel) o 60° v smere hodinovych ruciciek, aby sme vytvorili
trojuholnikové pole.
Dostaneme novy trojuholnik, ktory nazyvame harmonickym trojuholnikom.

1
1
1 1
2 2
1 1 1
3 6 3
1 1 1
4 12 12 4
1 1 1
5 20 30 20 5
1 1 1 1 1 1
6 30 60 60 30 6
1 1 1 1 1 1 1

7 42 105 140 105 42 7

AN
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1 1 1 1 1 1

ey O Gy B (i (31 (1) (%)

Obr. 5: Harmonicky trojuholnik

NapiSme si eSte dalSie dva nasledujuce riadky:
1 1 - - - 1 1
(r+ 1)(:) (r+ 1)(rt1) (r+ 1)(;) (r+ 1)(;)

1 1 - 1 1 1
Gl 20 T+ G+ G+

Vyslovime hypotézu, Ze plati

1 1 . 1
m+2)(T) 7 (Y T ()

Dokazeme jej spravnost.
Postupnym upravovanim dostaneme:
1 1 1

+ =
(n+1)! (n+1)! n!
(Tl + 2) (k+1D)!(n-k)! (‘I’l + 2) k!(n+1-k)! (n + 1) k!(n—k)!

k+1+n+1—-k=n+2

n+2=n+2
Tym sme overili platnost uvedeného vztahu v harmonickom trojuholniku.

Y 1 Ay ,
Ak oznaéime Hy,(n): = — Ty potom mdzeme vztah
k-1

Hy(n) + Hgy1(n) = H(n—1)
upravit nasledovne:
1

1 1
— + 5= = prm
n(i_; n(™:h) (-1 (3

Dostali sme zakladné vzorce platné v harmonickom trojuholniku, ale aj vzorce platné me-
dzi prvkami oboch trojuholnikov.

Doposial ziskané vztahy uvedieme v nasledovnom prehlade (Tab. 4):
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Pascalov trojuholnik Harmonicky trojuholnik

Oznaéenie prvkov e, () G ..
(Vvn,k,e N, n=>k) H(n, k), H}, Hy(n), ...

(n)+( n )_(Tl-l-l)
Generovanie prvkov k k+1/ \k+1/)| H,(n)+ Hey (n) = Hy(n—1)

Tab. 3: Prehlad vzorcov medzi Pascalovym a harmonickym trojuholnikom

Existuju nejaké vztahy medzi ¢islami v diagonalach? Ako vypoditat ich sucet, ak existuje?

e Cisla na 1. diagonale harmonického trojuholnika tvoria harmonickud postupnost

11111 _(1\”
1;_;_;_;_;_; e - .
2°'3°'4°5°6 n/n=1

K nej prislusny rad sa nazyva harmonickym radom.

Ak by sme brali do Uvahy len trojice cisel za sebou iducich v harmonickom rade,
tak dostavame harmonické triplety. Je zrejmé, Ze ich existuje nekonecne vela.
Napr.:

—_ n 2 1

: Xh=Sp L T T 1T ;T 6
=1y, ITI

5 7

N -

11
5’6’

alebo iné neparne skupiny za sebou iducich Cisel:
11111111 1, —

vypocitame pomocou softvéru Mathematica prikazom

11111111 1

HarmonicMean([{Z,7,C.2.2.5.5 0 1) 5

e Cisla na 2. diagonale harmonického trojuholnika su

2’6’12°20"30" 42" 56" "
Urcime sucet ich prevratenych hodnot

I S o e M g
my — nn-1 T —1) YR
e (2) e nn-1) o nn—1)

2 n=2

RozpisSeme posledny vztah. Ak oznacime §,, = ;‘{’zzﬁ , potom po Uprave do-
staneme
s=(1-9)+G-3)* -3+ )
n 2 2 3 3 4 n—1 n+1 n—1 n
1
T n

Teda plati, Ze ¢isla na 2. diagonale harmonického trojuholnika su polovicou obrate-
nych hodnét trojuholnikovych Cisel a sicet tychto Cisel je 1.
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1 1 1 1 1 1
2+6+12+20+30+42+

1 1w 1
:E(l_l+3—1+6—1+10—1+15_1+...)=§Z_=1

e Cisla na 3. diagonale harmonického trojuholnika su
11 1 1 1

3°12°30°60°105""

Z vyssie uvedenych vztahov moéZeme predpokladat, Zze kazdé z uvedenych Cisel je
jednou tretinou obratenych tetrahedralnych ¢isel v Pascalovom trojuholniku, t, j

1,4,10,20,35,56,54, ... = (3) (4) (5) (6) (7) (k)
» 5 ) ) ) ) ) e T 3;3;3,3,3,.....3,...

Utvorme ich sucet:

-{()+(4)+(5)+(6)+(7)+ +(")+ }—- =3 (3)

1 1 1 1

§+E+%+@+ 32(") 3Zn(n 1)(n2)
1

o)

2
=nz=;n(n—1)(n—2) 2=

N |

Stadi len upravit sucet nekoneéného ciselného radu

o 1 1 1 1 1 1
n=3 n(n-1)(n-2)  3.2.1 + + + toot

432 543 654 n(n-1)(n-2)
ktory je ekvivalentny s vyrazom:

Ly . + o i i ! =
123 234 ' 345 nn+ Dn+2) W L+ D+2)

= ‘&sz [n(n D e 1)(n n 2)]

N N+1
ST N 1 DD FLT
T 2N n(n+1) 2 k(k+1) 2| =272 2) " a
n=

e Cisla na 4. diagonale harmonického trojuholnika st
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1+1+1 1+1+1+1+ B
4 20 60 140 280 504 840

1
= 1(1—1 +514+1514+35"1 + 7071 + +12671+...) =

=1<i+i+i+i+i+ +i+ >=
NG 060 0060 0
Z(”) 4Zn(n 1)(n 2)(n— 3)
6 ——l, n=>4,ne€N.

1 1
=6;n(n—1)(n—2)(n—3) -2 18 3

Analogickym postupom by sme mohli pokradovat dalej. Je zrejmé, Ze pri vypoctoch suctov
uvedenych nekonecnych ¢iselnych radov sa zvySuje obtaznost vypoctov.

Zaver

V ¢lanku sme poukazali na niektoré suvislosti medzi prvkami Pascalovho trojuholnika, ako aj
na jeho modifikaciu - harmonicky trojuholnik.

Ich zadkladné vlastnosti a vztahy, akymi su napriklad postupnosti (aritmetické, geometrické
a harmonické), si obsahom uciva v ramci stredoskolskej matematiky.

Aktivne skimanie a objavovanie matematickych vztahov méze podporit dosiahnutie kvalitnej-
Sich a trvalejsich vysledkov matematického vzdeldvania u Ziakov, pripadne podnietit zaujem
o dalSie vzdelavanie v matematike.
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