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Generalized Lindley-Quasi Xgamma distribution

S. A. WANI AND S. SHAFI

Abstract

We obtained a new generalization of Lindley-Quasi Xgamma distribution by adding weight parameter to it
through weighting technique and have shown the flexibility of proposed model. Expression for reliability
measures, order statistics, Bonferroni curves & indices, Renyi entropy along with some other important
properties are derived. Maximum likelihood estimation method is put to use for estimation of unknown
parameters of proposed model. Simulation study for checking the performance of maximum likelihood
estimates and for model comparison is carried out. Proposed model and its related models are fitted to real
life data sets and goodness of fit measure Kolmogorov statistic & p-value, loss of information criteria’s
AIC, BIC, AICC & HQIC are computed through R software to check the applicability of proposed model
in real life. The significance of weight parameter is also tested by using likelihood ratio test for both
randomly generated data as well as real life data.
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Keywords: Weighting technique, Structural properties, Simulation study, Weight parameter, Bonferroni
curves & indices, Renyi entropy, Maximum likelihood estimation, Application.

1. INTRODUCTION

Probability models are and have been generalized for providing more flexibility
in terms of hazard rate, reliability, prediction and moments. Because of presence of
extra parameter generalized probability models find greater applicability in real life.
Probability models can be generalized by using various methods. One of the method
employed for generalizing probability models by adding weight parameter is
weighting technique. Weighted models are mostly used in those situations where
observations are recorded with unequal probabilities which generally happens in
encountered sampling. Weighted models find applications in many fields of real life
like forestry, medical sciences, socioeconomic surveys etc. Warren [1] applied the
size biased distributions in connection with sampling wood cells. Hassan, Dar and
Para [2] introduced a new generalization of Ishita distribution and obtained vital
mathematical properties of the distribution along with applications of the proposed

model. Hassan, Wani and Para [3] formulated three parameter Quasi Lindley

10.2478/jamsi-2021-0001 § sciendo
©University of SS. Cyril and Methodius in Trnava




6 S. A. Wani and S. Shafi

distribution by using weighting technique and obtained various properties of that
model. Das and Roy [4] studied the length biased weighted generalized Rayleigh
distribution with properties and applications. Patil and Rao [5] introduced weighted
distributions and size biased sampling with applications to wild life populations and
human families and obtained its properties. Hassan, Wani and Shafi [6] introduced
Poisson Pranav distribution and obtained its various mathematical properties along
with obtaining applications of the proposed model. Rezaeia, Nadarajah and
Tahghighnia [7] worked on a new three parameter life time distribution and studied
its properties & applications. Hassan, Wani, Bilal and Akhtar [8] introduced weighted

Quasi Xgamma distribution and studied its properties and applications.

Hassan, Wani, Shafi and Sheikh [9] introduced Lindley-Quasi Xgamma Distribution
(LQXD). With p.d.f, c.d.f and ¢ moment about origin g(x®) given below in (1.1),
(1.2) and (1.3) respectively

-x 2,2
fxa0)=—2— @@Ly o0-naray|  x>0.0>0a0 A
(@+0) 2
2.2 -
3 1 (a+€){2a+2—(2a+x 0 +2@(+2)e } x>0,0>0,a>0 (1-2)
F(X)= 2
2(0+a) +2(9_1){g+a—(9+aa<+a)efgx}

C!{(G + a)(a + (c+D(c+2) +1)2(C * 2)]

+(@-)(@+a(c +l))}

E(x%) = (1.3)

0%(0+a)*

The important statistical properties along with application in real life were studied for

the model given in (1.1).

In this paper we have obtained weighted version of Lindley-Quasi Xgamma (LQXD)
distribution with p.d.f given in (1.1).
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2.  WEIGHTED LINDLEY-QUASI XGAMMA DISTRIBUTION
Consider X to be a non-negative random variable following Lindley Quasi
Xgamma distribution with p.d.f f(x). Suppose w(x) is the non-negative weight

function, then the probability density function of the weighted Lindley Quasi
Xgamma distribution (WLQXD) is

Where w(x)=x°is a non-negative weight function and f(x), E(x“)are given in (1.1),

(1.3) respectively.

()= XEC[fX(CX}) 1)

Hc+1xc((a +0)(2a + x292j+ 20(0-1)1+ ax))e_@(
fu(x)= x>0,0>0,&>0,c20
(@ +a)a+(c+D)(c+2))+2(0-1)(O +al(c+1)))

2.2)

Proof of (2.2) being a probability density function is given below

9°*1x°((a +9(2a + x292)+29(9—1)(1+ ax))e’@‘

c((0+a)Ra +(c+1)(c+2))+2(0-1)(0+a(c+1)))

PROOF: Ifw(x):
0

o—38

c+l

0
- c!((9+a)(2a+(c+1)(c+2))+ 2(60-1)(0+a(c+1))

e 292 11t ox) e *
)£ [( 9(2 9) 20(0-1)1 )j

c+l

B 0 5 (@ +a)Ra+(c+D(c+2))+2(0-1)(0+alc+1))
T ((0+)Ra+(c+1)(C+2))+2(0-1) (0 +a(c+1))) o°'t
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So (2.2) is a probability density function

where r’ Pl = LA isa gamma function
0 <
The plots of p.d.f and c.d.f for different values of parameters are given in graphs 1 &
2 below. Graph 1 indicating that proposed model is positively skewed & platykurtic

as well as leptokurtic. Graph 2 Indicating curve starts with zero and ends at one and

showing c.d.f is non-decreasing function.
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Figure 2 Graph of distribution function

X
Figure 1 Graph of density function

The corresponding c.d.f of Weighted Lindley-Quasi Xgamma distribution is given in

(23) & obtained as X 9C+1XC((0{ + 9(2(1 + x292)+ 20(0-1)1+ o:x))e‘6'x 23)
' Fu () = { A0+ a)2a + (c+D)(Cc+2)+2(0-1) @+ a(c+1))) '

Putex =tin (2.3)
fdx =dt

asx—0,t >0 and x— x,t > 6x
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F (0 = {(a +0)2ay(c+1,6x) + y(c+3,6x))+2(0 -1)(0r(c +1, &) + ay(c+2, 65())} (2.4)

c!((0+a)(2a +(c+1)(c+2))+2(0-1)(0 +a(c+1)))

where 7(s,x)= J‘Xt =1, 4t is a lower incomplete gamma function
0

3. NEED OF PROPOSED MODEL AND MOTIVATION FOR

DEVELOPING PROPOSED MODEL

There are many situations in real life where models with less parameters don’t
perform better. Here in this paper we added an extra parameter known as weight
parameter to two parameter Lindley-Quasi Xgamma distribution to obtain a
generalized model which will find greater applicability in dealing with complex data.
It can be observed from Table 1 that proposed model can be used for over dispersed
as well as under dispersed data. Addition of weight parameter also brings the
flexibility in terms of moments as can be seen from graphs of probability density
function and hazard rate. Complex data applicability and increased flexibility were

two important points which motivated us to work on this model.

4. RELIABILITY MEASURES

This division of paper presents survival function, hazard rate, reverse hazard
rate of the proposed Weighted Lindley-Quasi Xgamma distribution for random

variable X , where X represents the lifetime of a system.

4.1. Reliability Function R(x)
The reliability function or survival function R(x) gives the numerical value of
odds of surviving of a system beyond a specified time t) .

Mathematically
Ry (X)=P(X >t)=1-F,(x)
The reliability function or the survival function of Weighted Lindley-Quasi Xgamma

distribution is obtained as:

Ry (x)=1- (o +60)(2ay(c+1 ) + y(c+3,6x))+2(0 —1)(Oy (c +1, 6K) + arp(c + 2, 6))
WA (@ +a)a+(c+D(c+2))+2(0-1)(6+a(c+1)))
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4.2. Hazard Rate

The hazard rate which is defined as chance that a system which is surviving up
to time “¢” will fail in the small time interval after “z” is obtained for WLQXD as:

fw(X)
Rw (%)

H.R=h,(x)=

6’C+lxc((a +9)(2a+ x202)+29(071)(1+ ax))e’g‘

Tl (0 +a)Ra+(c+1)(c+2))+2(0 -1 (0 +a(c +1)))-
(a+0)(2ay(c+L &) +y(c+3,6x)+2(0-1)(0r(c+1, &) + ay(c+2,6X))

The graphs of reliability function and hazard rate of WLQXD for different values of
parameter are given below
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Figure 3 Graph of Reliability function Figure 4 Graph of Hazard rate

From the above graph of hazard rate it is revealed that our proposed model possesses
non-decreasing hazard rate and it can be also seen that hazard rate becomes constant
as value of x increases. There are many situations in real life where hazard rate is non-

decreasing, like lifetime of human beings, animals etc.
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4.3. Reverse Hazard Rate

The reverse hazard rate of the Weighted Lindley-Quasi Xgamma distribution is given
as:

e”lx‘:[(a +9)(2a + x292j+ 20(0-1)1+ ocx))e’gx

T (@+0)2ay(c+1 )+ 7(c+3,6K)+ 20 -Gy (C+1, &) + ay(c+ 2, &)

5. STATISTICAL PROPERTIES

Moments, characteristic function, mean deviation, harmonic mean, coefficient
of variation characterize probability models. Here we have obtained these statistical
properties for proposed Weighted Lindley-Quasi Xgamma distribution.

5.1. Moments and Related Measures

Assuming x to be a random variable having Weighted Lindley-Quasi Xgamma
distribution with parameters ¢,candq .Then the r' moment about origin for a given

probability distribution is given by

00

ur':E(xrj:J'x’fW(x)dx r=1,2,3...
0

9C+1xc((a +¢9(2a + x292J+ 20(0-1)1+ ax)je’g‘
r

((0+a)a+(c+1)(c+2))+2(0 -1)(0+a(c+1)))

0

= (r+o)((a+0)2a+(r+c+1)(r+c+2))+2(0-1)(0+a(r+c+1))) (5.1.1)
' 0" (c((0+ @) Ra + (c+1)(c+2)) + 2(0-1) (0 + a(c +1))))

Put r=1 in equation (5.1.1) we get

v [ e+D)((o+6)2a+(c+2)(c+3)+2(0-1)(0 +al(c+2)))
Y700+ o) a+ (c+1)(c+2) + 2(0-1) (O + a(c+1))))

Which is mean of the WLQXD.
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Put r=2 in equation (5.1.1) we get

_| e+ D(c+2)((@+0)2a + (c+4)(c+3))+2(0 -1)(0 + a(c +3))
92(((9 +a)2a+(c+1)(c+2)+2(0 -1)(6 + alc +1))))

The variance u, of WLQXD is

(c+D(c+2)((a+0)2a +(c+4)(c+3))+2(0-D(O+a(c+3)) |
92(((0+a)(2a+ (c+1)(c+2))+2(0-1)(0+ a(c+1))))

(c+D)((e+0)2a +(c+2)(c+3)+2(0 -D(0+a(c+2)) 2
0(((6+a)2a +(c+1)(c +2))+2(0 - (0 +a(c +1))))

Ha =

The coefficient of variation (C.V) of WLQXD is

1
M
1
c+D(c+2)((a+0)2a+(c+4)(c+3))+2(0-1)(0+a(c+3) | 2
92(((9+a)(2a +(c+D)(C+2)+2(0-)(0 +a(c+1))

(c+D)((a+0)2a+(c+2)(c+3))+2(0-1)(0+a(c+2))) 2
(0 + @) 2a + (c +1)(c+2))+2(60 -1)(0 + ar(c +1))))
(c+)((a+6)2a+(c+2)(c+3))+2(0-)(0+a(c+2))
O(((0+ @)a + (c+1)(c+2)) + 2(0 -1)(0 + a(c +1))))

The index of dispersion () of WLQXD is

(/12)

(c+1)(c+2) (o +0)2a +(c+4)(c+3))+2(0-D(@+a(c+3)) |
(0+a)(2a+(c+1)(c+2))+2(9 -0 +a(c+1)))

c+1) a+0)2a+(c+2)(c+3))+2(0- 1)(9+a(c+2)))
O(((6+a)2a +(c+1)(c+2))+2(8 -1)(0 +a(c +1))))
(c+D)((a+0)2a+(c+2)(c+3))+2(0-1)(0+a(c+2)))
(0 + @)2a +(c+1)(c+2))+2(0 -1)(0 + a(c +1))))
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Table 1: Description of WLQXD for different parameter values.

a 0 c Mean Variance Index of | Coefficient
dispersion of variation
0.5 0.5 0.3 6.353521 14.5477 2.289707 0.6003198
25 0.5 0.5 4.704545 14.00362 2.976614 0.7954308
25 55 15 0.6199305 0.1368836 0.2208048 0.5968055
0.5 55 2.0 0.7485493 0.1655399 0.2211476 0.5435393

It can be observed from Table 1 that WLQXD is over dispersed as well as under

dispersed for different parameter values.

5.2.  Harmonic Mean of Weighted Lindley-Quasi Xgamma Distribution

The harmonic mean H of the WLQXD is determined as
1 1 1
== E[—} = El;; £, (xX)dx

9°*1x°((a+9{2a + x292j+ 20(0-1)1+ ozx)je‘9x

(0 +a)Ra +(c+1)(c+2))+2(0 -1)(0+a(c+1)))

)
~(
X

H - c((0+a)2a+(c+D)(c+2))+2(0 -) (O +a(c+1)))
T O((a+6)Ra+c(c+1)+2(0-1)(0+ac))

5.3. Mean Deviation about Mean and Median of WLQXD

We have derived the expressions for mean deviation about mean and median of
WLQXD in this section.

THEOREM 1. If X has the WLQXD (¢, 2, c), then the mean deviation about mean

(6,(x)) and mean deviation about median (s, (X)) are given as:

,,l@ +0)(2ay(c+1, 0u) + y(c+3,6u))+ 2(0 )0y (c +1, u) + ay(c + 2, Gur))
" c((0+a)Ra+(c+1)(c+2))+2(6-1)(0+a(c +1)))

» (a+0)2ay(c+2,0u)+y(c+4,0u))+2(0 -1)(Or(c+ 2, u) + ay(c + 3, Ou) )
&N (0 +a)2a +(c+1)(c+2))+2(0 -1) (O +a(c+1)))

61(X) =
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And

5,(X)=| a2 (@ +0)(2ay(c+2,M)+y(c+4,0M))+2(0-1)(6y(c+2,M) +ay(c+3,6M))
2=\ (0 +a)a +(c+1)(c +2))+2(0 -1 (0 + a(c +1)))

respectively.

PROOF. Mean deviation about mean and mean deviation about median are
defined as

51(X)=J'\x—y\ f,, (X)dx
0
And 5200 = [[x=M]fy, (9ax
0

respectively.

Where ,, and M are mean and median respectively of random variable X~WLQXD.

The measures & (X)and §,(x)can be obtained by using the simplified relationships.

M ©
810%) = [ (=) T 9+ [ (x= 40 fuy (00
0 "

u
81(X) = 24y, ()2 Xt ()0 (5.3.1)
0

And

0

M
5y(X) = J'(M —x) foy (X)X + J‘(fo)fW(x)dx
0 M

M
52(X)=;z—2‘[xfw(x)dx (5.32)
0

wh 0°x° [(a + 0)(2a +x20° j +20(0-1)1+ ax)je‘g‘
ere _
fux) (@ +a)a+(c+D(c+2))+2(0-1)(O+alc+1)))
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Now

?Xf . (cr+6)(2a7(c+2,00) + (e +4,))+ 20 -D(By (¢ + 2. 0u) + ar(c+3.6) | (5.3.3)
: w N0 +a)2a +(c+1)(c+2)) + 2(0-1)(@ + a(c +1)))

And

M

J' xfy (X)dlx :{

(a+0)(2ay(c+2,M)+y(c+4,0M))+2(0-1)(6y(c+2,6M) +ay(c+3,M ))}
0

60+ a)a +(c+1)(c+2))+2(6-1)(0+ a(c +1)))

(5.3.4)

Using expressions (5.3.1), (5.3.2), (5.3.3) and (5.3.4) and expression for c.d.f (2.4)

we obtain mean deviation about mean (s;(x)) and mean deviation about median

2 {(a +0)(2ay(c+1, Gu) + y(c+3,6u))+ 20 -D(6y (c +1, Gu) + ay(c + 2, 6ur)) }
(5, (X)) 51(X) = (0 +a)a+(c+1)(c+2))+2(6 -1)(0 +a(c +1)))

» (a+0)2ay(c+2,0u)+y(c+4,0u))+2(0 -1)(0r(c+ 2, u) + ay(c + 3, Ou))
6N ((0+a)2a + (c+1)(c+2))+2(0 -) (O +a(c+1)))

&

s (X)_[ﬂ 2{(05+0)(2ay(c+2,6M)+y(c+4,6M))+2(9—1)(¢9y(c+2,61\/|)+ay(c+3,6M))H
L (X) =| -

(0 +a)a +(c+1)(c +2))+2(0 - (0 + a(c+1)))

5.4. Generating functions of Weighted Lindley-Quasi Xgamma Distribution

We will derive moment generating function and characteristic function of

WLQXD in this segment of paper.

THEOREM 2. If X ~WLQXD(¥, «,c) then the moment generating function my (t)

and characteristic generating function g, (t)are

c+l

0
((0+a)2a+(+1)(c+2)+2(6-1)(@ +a(c+1))

MX(t): 2
[(a+6’)£ 2 +9(c+l)(c+2)]+29(9_1)[ 1, (c+Da H

(9—t)c+l (9—t)c+3 (9—t)c+l (Q—I)Hz
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And

c+l

0
((0+a)2a+(c+1)(c+2))+2(0-1)(O+alc+1))

#x (t)= 2
((me)[ 2a 0 (c+1)(c;2)]+26(61)[ 1, (c+Da ]]
(-

(Hfit)wl (Hfit)w it)c+1 (0—it)°+2
respectively.
PROOF. We begin with the well-known definition of the moment generating

function given by

My (1) = E(etxj:Te” ., () dx
0

tx

9C+1xc[(a +6‘(2a + x292j+ 29(9—1)(1+ax)je_@(

((0+a)Ra +(c+1)(c+2))+2(0 - (0 +a(c+1)))

c+1

0
((0+a)2a+(C+1)(c+2)+2(0-1) (@ +a(c+1))) (5.4.1)

My (t)=
X o2 07 e+D(c+2) 200 L, (e+Da
(Hft)ul (9*'[)”3 (gft)c*'l (Hft)c+2

Which is the m.g.f of Weighted Lindley-Quasi Xgamma distribution.

Also we know that ¢y (t)=M  (it)

Therefore,
90+1
et ((0+a)a+(c+D)(c+2))+2(0-1)(0 +a(c+1)) (5.4.2)
x )= 2
2a 0" (c+1)(c+2) 1 (c+)a
(a+0) + +20(6-1) +
[ [(e—it)C+1 ©-i°** ] [(e—it)”l ©-in°*? D

Which is the characteristic function of WLQXD distribution.
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6. ORDER STATISTICS OF WEIGHTED LINDLEY-QUASI XGAMMA
DISTRIBUTION

Consider x ), X5), X (3).... X ()t0 be the ordered statistics of the random sample

X1, X2, X3,..., Obtained from the Weighted Lindley-Quasi Xgamma distribution with
cumulative distribution function F,(x)and probability density function f,(x), then the

probability density function of vi" order statistics X() is given by:

fuw(x) = W o (P ()N = R ()™ v=1,2,3...n

Using the equations (2.2) and (2.3), the probability density function of vi" order
statistics of Weighted Lindley-Quasi Xgamma distribution is given by:

o 0°*x C( a+9(2a+x ) j+29( 1)(1+ax)j 9‘

(v=2)t(n=v)! | (@ + @) 2a + (c +1)(c+2)) + 2(0 - 1)(0 + a(c +1)))

[ (@+8)(2ay(c+1, )+ y(c+3,6x))+2(8 — 1)@y (c +1, 6X) + ay(c + 2, 6)) vt
(0 +a)Ra+(c+1)(c+2))+2(0 -1)(0 +alc+1)))

L[ (@+0)2ar(e+1L 00+ y(c+3,00)+ 20-1(0r(c +1,09 + ay(c +2,00) ~
(0 +a)2a +(c+1)(c+2))+2(0 -D(0 +a(c +1)))

Then, the p.d.f of first order statistic X of Weighted Lindley-Quasi Xgamma
distribution is given by:

e”lxc((a + 9)(2a + ngzj +20(0-1)1+ a:x))e’ex

c! ((6’ +a)2a+(c+1)(c+2)+2(0-1)(@ +a(c +1)))

flyw(X) =

L[ e+ 0)(2ar(c +1.00 + (e +3,00)+ 20010y (c +1.09) + ay(c + 2,00)) i
c!((0+a)(2a+(c+1)(c+2))+2(6—l)(6’+a(c+1))) ’

and the pdf of n™" order statistic X of Weighted Lindley-Quasi Xgamma distribution

is given as:
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90+1x°((a + 0(20{ + xzazj +20(0 -1)1+ ax)jefﬂ

c((@+a)Ra+(c+1)(c+2))+2(0-D)(0 + a(c+1)))

(@ +0)2ay(c+1 00 + (e +3,00)+ 2010y (c +1, &) + ap(c +2,60)) |
(0 +a)2a + (c+1)(c+2))+2(0-1)(O +al(c+1))) ‘

7. BONFERRONI AND LORENZ CURVES AND INDICES OF WLQXD

The Bonferroni curve (B(p)) , Lorenz curve (L(p)) , Bonferroni index () and Gini
index (G) have find applicability in fields of economics, demography, reliability, life

testing and medical sciences. The Bonferroni and Lorenz curves are defined as

q
B(p) = — j xf, (X)dx (7.1)
puy
1 q
L(p)=— J' xf,, (X)dx (7.2)
7

0
Where 4 = E(x)is the mean of WLQXD and q=F (p).

The Bonferroni and Gini indices are defined as

1
B-1-[B(p)dp (7.3)
0
1
G :1-2j L(p)dp (7.4)

0

Using the p.d.f (2.2) of WLQXD we get

t {(a +0)(2ay(c+2,00) + y(c+4,60))+ 2(0 - 1)(0 (c + 2, 60) + ay (¢ +3, m))} (7.5)

J’ Xfy, (X)dx =
: (0 +a)a +(c+1)(c+2))+2(6 -1)(6 + a(c +1)))
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Using equation (7.5) in (7.1) & (7.2) we get

B(p)= | @+ O)2ar(c+2,0) +y(c+4,60)+ 26 -D(0y (c-+2 &) + ay(c+3 &) (7.6)
pu N0 +a)(2a +(c+1)(c+2)) +2(0-1)(@ +a(c +1)))

And

Lpy =L (a+0)(2ay(c+2,60) +y(c+4,60))+2(0 -1)(0 (c+2, &) + ay(c+3,60)) (7.7)
i &N (0 +a)2a +(c+1)(c +2))+ 2(0 -1 (0 + a(c +1)))

Using (7.6) & (7.7) in (7.3) & (7.4) we get

o1 1[(@+0)2ay(c+2 60)+y(c+4 a)+20-1)(0(c+2 &) +ay(c+3 &) (7.8)
i N0 +a)2a +(c+1)(c+2)) +2(60 -1 (@ +a(c +1)))

Ly 2[(a+0)2ar(c+2,60)+y(c+4 60)+2(0-1)(0y(c+2 6) +ay(c+3 &) (7.9)
u 6 ((0+a)2a + (c+1)(c +2)) +2(0 -1 (0 + a(c +1)))

8. RENYI ENTROPY

The information associated with various values of random variable following a

particular distribution is called entropy. Renyi entropy T (s) of random variable X

following Weighted Lindley-Quasi Xgamma distribution is obtained as

l o0
TR()=1"5 mQM fﬁ(x)dx]
Where 5 >0and § #1

)
» e”lx‘:[(a +.9)(2a + x292j+ 29(9—1)(1+ax)je’9‘

{ c((0+a)Ra +(c+1)(c+2))+2(0 -1)(0+a(c+1)))

TR (6) =$log

s
o 95(°+1)x&((a+9{2a + x292j+29('9—1)(1+ D’X)j e

(c((0+a)(2a +(c+1)(c+2))+2(0 -1)(0 +a(c +1))))°

(8.1)

To(9) :ﬁlog dx

0
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Using the binomial expansion

((a+0)(2a+ x202j+ 20(0-1)1+ azx))(S

o |
_ Z(i]zkek -1 (1+ax)k(a+9)"‘*k(2a+x292)5 ‘

K K )
=i[i]2kek(9—l)k(a+9)‘sk Z[I;japxp‘sz:(f—ijmemzak|a(>k| 8.2)

Using (8.2) in (8.1) we get

k=0 p=0 1=0
(©((0+a)2a +(c+D(c+2))+2(0 -1)(0 +a(c +1))))

[i[ ](9 ) (@+0)* kz[p]‘ik(fk]gc&mmm Q01 pro—ke ITXC5+p+2I -5 g ]
0
5

1
Tr(d)= 15 log

d 5 k X o-k S+k-p-1,6-1 p+5-k-I
Z( j(e ) (@+0) Z(p)x(l ]e 2° "« (cS+ p+2)!

k=0 p=0\"/1=0

TR(8)=—1log rpa
1-6 (((0+a)@2a +(c+D)(Cc+2))+20-1) (O +a(c+1))))° §*P

9. ESTIMATION OF PARAMETERS OF WEIGHTED LINDLEY-QUASI-
XGAMMA DISTRIBUTION

Parameters are estimated by using method of maximum likelihood estimation.
Considering x,x,,..x,t0 be the random sample of size n drawn from Weighted

Lindley-Quasi Xgamma distribution having density function given by (2.2), then the
likelihood function of WLQXD is given as:

) 6%y C(a+0(2a+x|29 )4_29(9 l)(1+0!X|)j —o;

(x16..0)= g {0+ a)2a + (c+D(C+2)+ 20-D(@+ alc+1)))

Taking log on both sides of likelihood function we get log likelihood function as:
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logL = n(c+1) Iog9+c§log Xi —BZI: Xi +§Iog((a+9{2a+xi292j+29(0—1)(1+ ox; )j
nlogcl-nlog((0 + @)(2a + (¢ +1)(c + 2)) + 2(6 1) (6 + ar(c +1)))
(9.1)
Now partially differentiate (9.1) with respect to ¢, «,c and equating the result to zero,

we obtain the following normal equations,

ologL
00
(c+Dn na+(c+1)(c+2)+40+2a(c+1)-2
0 ((0+a)(2a+ (c+D)(c+2)+2(0-1)(@+alc +l)))+ (9-2)

M| 2062 + 20 +3%20% + 201+ ax; ) (20-1) | <
= ((a+e{2a+xi292j+29(9—1)(1+axi)J i

dlogL
Coa
n(26+(c+1)(c+2)+4a +26(c+1)—2(c+1)
0+ ) 2a+(c+)C+2)+20-10+alc+1) (9.3)

M-

4a+%;20° +20+20(0-1)x

_i:l ((a +0(2a + xi202)+ 20(0-1)1-+ )j

dlogL
_ac
~ - n((6+a)(2c+3) + (226 - 20)) - 1 4 e
=M G e+ D) (e 2)+ 20D+ e D)) n[log(cm 2(c+1)]+izl:|°gx'}0

(9.4)

MLEs of ¢,a,ccannot be obtained by solving above complex equations as these

equations are not in closed form. So we solve above equations by using iteration

method through R software.



22

S. A. Wani and S. Shafi

10. SIMULATION STUDY

In this part of paper we have carried out the simulation study for checking the

performance of maximum likelihood (ML) estimates by taking different sample sizes
(n=30, 50, 70, 110). We have used the inverse CDF technique for data simulation for

WLQXD using R software. The process was repeated 1000 times for calculation of

bias, variance & mean square error (MSE) as are given values in Table 2. For two

parameter combinations of WLQXD, decreasing trend is being observed in average

bias, variance and MSE as we increase the sample size. Hence, the performance of

ML estimators is quite good and consistent in case of Weighted Lindley-Quasi

Xgamma Distribution.

Table 2: Simulation Study of ML estimators for WLQXD.

o a=08,0=0.7,c=0.8 a=050=17,c=0.6
Parameter (sample | Bjas Variance | MSE Bias Variance |MSE

size)
a 0.4862598 | 0.4406534 |0.677102 |0.40865 |0.540489 |0.7074845
0 1.625651 |2.056811 |4.699553 |[0.6685304|1.925161 |2.372094
c 30 0.4383506 | 0.5523539 |0.7445051 | 0.5508202 | 0.5480579 | 0.8514608
a 0.478908 |0.438007 |0.6673606|0.36540 |0.454492 |0.5880101
0 1.434994 |0.9519631 |3.011171 |0.4003302|1.001894 |1.162159
c 50 0.32902410.2367339 |0.3449908 | 0.4239412 | 0.2483344|0.4280606
a 0.467299 |0.4364103 |0.6547787|0.30907 |0.447506 |0.5430311
0 1.261992 |0.6351194 |2.227743 |0.338809 |0.6839647 |0.7987562
c 70 0.2534664 | 0.1573207 |0.2215659 | 0.3918621 |0.1738424 | 0.3273983
a 0.459871 |0.4333168 |0.6447982|0.26780 |0.398899 |0.4706166
0 1.17978 |0.3789148 |1.770795 |[0.2331814|0.4179511|0.4723247
c 110 0.2156018|0.09346848 | 0.1399526 | 0.3397029 | 0.1026403 | 0.2180383
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11. TESTING SIGNIFICANCE OF WEIGHT PARAMETER ON BASIS OF

SIMULATED DATA FROM WLQXD

For comparing proposed model with base model and for testing the significance
of weighted parameter we generated random samples of sizes (50, 100, 200, 500) from
WLQXD using inverse CDF technique. It is evident from the Table 3 that weighted
parameter plays a highly significant role for large samples. Even though in small
samples, the AIC, AICC, BIC and Negative Log likelihood values are also minimum
in case of Weighted model as compared to base model. LR statistic for testing Ho

versus Hiis y =2(L(®)-L(6,)), Where®and é,are the MLEs under H; and Ho. The

statistic ,, is asymptotically (asn —» «) distributed as ,Z, with k degrees of freedom
which is equal to the difference in dimensionality of 6andé,. Ho will be rejected if

the LR-test p-value is <0.01 (or LR Statistic value >3.841) at 95% confidence level

Table 3: Model Comparison Based On Simulated Data from WLQXD.

¢=06,4=09,0=15 Parameter Estimates Likelihood
Ratio
Criterion |WLQXD |LQXD gf‘zngp('rf) WLQXD LQXD Statistic
JogL  |13.02580 |17.33376
AIC 32.05161 |38.66752 €=07756921 |
: : (0.3682644) a=1317147
AICC  |24.05161 [3266752 |sg G=07541315 | (1400524 )
(3.0450087) | ¢ =3.107664
A (0.352400)
BIC 37.78767 |42.49157 0 =4.8614277
(0.9328238)
JlogL  |10.48443 |31.00223 ¢ =0.9303426
AIC 44.96885 |66.00447 (0.2523067) | @ =1.6114539
100 a=1om2e | (126220 |
AICC  |36.96885 |60.00447 (3.0526314) J—31965085 | 2>
6 -53480262 | (0.2635003)
BIC 5278436 |71.21481 (0.6873024)
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-logL 33.61176 |61.80406 ¢ =1.1748909
AIC  |7322353 |127.60812 (02734827). | @ =15711807
200 4 =0.4499443 | (0.7844924) 6364
AICC 65.22353 |121.6081 (1.9152323) § =3.2011676 :
§=59318359 | (0.1854941)
BIC 83.11848 |134.2048 (0.6560791)
-logL 106.5939 | 134.1149 ¢ =0.54764349
AIC 2101878 |272.2297 (0.08917304) | & =15740119
500 ¢ =1.50125869 | (0.5568915) 5 042
AlICC 211.1878 |266.2297 (1.05332253) 6 —3.2970302 :
0 =4.64187400 | (0.1221850)
BIC 231.8316 |280.6589 (0.26435388)
12. APPLICATIONS OF WEIGHTED LINDLEY-QUASI XGAMMA

DISTRIBUTION

Proposed model, its base model and some other lifetime models are fitted to two
real life data sets for testing how fine proposed model fits to real life data sets as
compared to other mentioned models.

DATA SET 1. The data set given in Table 4 represents the tensile strength
measures in GPa of 69 carbon fibres tested under tension at gauge lengths of 20mm

and has been taken from Bader and Priest [10].

Table 4: Tensile strength measures in GPa of 69 carbon fibres.

1312 | 1314 | 1479 | 1552 | 1700 | 1.803 | 1.861 | 1.865
1944 | 1958 | 1.966 | 1.997 | 2.006 | 2.021 | 2.027 | 2.055
2.063 | 2.098 | 2.140 | 2179 | 2.224 | 2.240 | 2.253 | 2.270
2272 | 2274 | 2301 | 2301 | 2359 | 2382 |2382 | 2426
2434 | 2435 | 2478 | 2490 | 2511 | 2514 | 2535 | 2.554
2.566 | 2.570 | 2.586 | 2.629 | 2.633 | 2.642 | 2.648 | 2.684
2697 | 2726 | 2770 | 2773 | 2800 | 2809 | 2818 | 2.821
2.848 | 2.880 | 2.954 | 3.012 | 3.067 | 3.084 | 3.090 | 3.096
3.128 | 3.233 | 3.433 | 3585 | 3.585




JAMSI, 17 (2021), No. 1 25

DATA SET 2. This data set given in Table 5 is due to Smith and Naylor [11]
consists of 63 observations of the strengths of 1.5 cm glass fibres, originally obtained

by workers at the UK National Physical Laboratory.

Table 5: The strengths of 1.5 cm glass fibres of 63 observations.

055 | 074 |077 | 081 |08 |093 |104 | 111
113 | 124 | 125 |127 |128 |129 |130 |1.36
139 | 142 | 148 | 148 |149 | 149 |150 | 150
151 | 152 | 153 |154 |155 |155 | 158 | 159
160 |161 |161 |161 |161 |162 | 162 | 1.63
164 |166 | 166 |166 |167 | 168 | 168 | 1.69
170 |170 | 173 |176 |176 |177 |178 | 181
182 |184 |184 |189 |200 |201 |224

For the analysis of both the data sets we used R Software version 3.5.3.

Table 6: Summary Statistic of data set 1 and 2.

Data Number of Min. Mean First Median Third Max.
set observations Quartile Quiartile

1 69 1.312 2.451 2.098 2.478 2.773 3.585
2 63 0.550 1.507 1.375 1.590 1.685 2.240

Table 7: Model function of fitted models.

Distribution Model function
Weighted Lindley Quasi ¢+l c 2,2 —
Xgamma Distribution 6" x ((a+9)(2a+x 0 j+20(€71)(1+ax))e
(WLQXD) (0 +a)2a +(c+1)(c+2))+2(0-1)(0 + a(c +1)))
Lindley Quasi Xgamma PR <202
Distribution (LQXD) 5 (a+6)(a+ )+ 0(0-1)(1+ ax)
(a+6) 2
Quasi Lindley Distribution O(a + &) 00X
(QLD) a+l
Exponential Distribution (ED) 1 _X
L. 0
9 e
Quasi Akash Distribution PE 2\ e
(QAD) (@0+2) (“ je
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Table 8: ML estimates, -logL, AIC, AICC, BIC, HQIC, KS-distance, for fitted
WLQXD and other mentioned models for data set 1.

Distribution | WLQXD LQXD QLD ED QAD
-logL 49.9985 96.20767 105.7322 130.8676 92.28544
AIC 105.997 196.4153 215.4644 263.7352 188.5709
AlCC 106.3662 196.5972 215.6462 263.7949 188.7527
BIC 112.6993 200.8836 219.9326 265.9693 193.0391
HQIC 108.656 198.188 217.2371 264.6216 190.3436
Z(DS)'D'Stance 0.057772 0.355 036154  |0.44828  |0.31119
tlo st 52418
ML Estimates | ¢ =21.760292 | 4@ =0.001000 | & =0.001000 | 4 - 24513330 | & =0.001000

(1 5.169830) 0 =0.98255426 | 0 = 0.8156695| (0.2951056) | §=1.22351031

6 =125.672241
(958.215785)

0 =9.793707

( 1.716879)

(0.05831841)

(0.06359975)

(0.06779732)

Table 9: ML estimates, -logL, AIC, AICC, BIC, HQIC, KS-distance, for fitted
WLQXD and other mentioned models for data set 2.

Distribution WLQXD LQXD QLD ED QAD

-logL 23.75059 73.63075 66.34654 88.83032 5455285

AlC 53.50119 151.2615 136.6931 179.6606 113.1057

AlCC 53.90797 151.4615 136.8931 179.7262 113.3057

BIC 59.93059 155.5478 140.9793 181.8038 117.392

HQIC 56.0299 152.9473 138.3789 180.5035 114.7915

KS-Distance (D) |0.2156 0.30991 0.34707 0.418 0.30549

Is_tlalﬁesltlihcood ratio 99 760

ML Estimates ¢ =14.829858 | ¢ =0.001000 | &=0.001000 | 4—1.506826 | & =0.001000
& =0.001000 | 9=14647349 | §=1.3269391 | (0.189842) | 6 =1.9900949
6=11.732504 | (0.1004913) | (0.1075059) (0.1132172)
(1.464477)
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Different criteria’s of goodness of fit like AIC, BIC, AICC, HQIC and K-S distance
have been computed by using R software for both the data sets and it has been
observed from Tables 8 and 9 that proposed model possesses lesser AIC, BIC, AICC,
HQIC & K-S distance values as compared to Lindley Quasi Xgamma distribution,
Quasi Lindley distribution, Exponential distribution and Quasi Akash distribution for

both the data sets. Hence proposed model provides a good fit to both the mentioned

data sets.
AIC = 2k-2logL AICC = AIC+ 2k(k+D)
n-k-1
BIC = k logn-2logL HQIC=2k log(log(n))-2 log L

Where k= number of parameters in model
n= size of the sample (number of observations in data set)
logL= value of likelihood function of model

Likelihood ratio statistic is used for testing the significance of weight parameter in
both the data sets. For testing H, :c=0 versus H, :c =0 the LR statistic for testing H,
iS o, = 2L(0) - L(O o)} = 92.418 for data set 1 as in Table 8, w, = 2{L(6) - L(6 )} = 99.760
for data set 2 as in Table 9, where 6and é,are MLEs under H, andH, .LR statistic
®~ (7% (a =0.05) =3.841)aSn -, Where 1= degrees of freedom is the difference in
dimensionality. From Table 8 », =92.418 >3.841 & from Table 9 «, =99.760 > 3.841 at
5% level of significance for both the data sets, so we reject H,and conclude that

weight parameter ¢ plays statistically a significant role.
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13. CONCLUSION

Generalized version of Lindley-Quasi Xgamma distribution by using weighting
technique has been proposed in this paper. We obtained the important statistical
properties like moments, reliability, moment generating function, order statistics,
Bonferroni and Gini indices of formulated model. Expression for Renyi entropy has
been derived. For obtaining the estimates of unknown parameters maximum
likelihood estimation method is used. For testing the suitability of ML estimates
simulation study has been carried which showed that ML estimation method performs
well for proposed model. For testing the goodness of fit of proposed model and for
investigating the application of proposed model in real life we fitted our proposed
model and its related models to two real life data sets and computed log-likelihood
values, AIC, AICC, HQIC, BIC and Kolmogorov statistic (D). We observed that our
model possesses lesser values of AIC, BIC, AICC, HQIC and D values. Hence our
model finds greater applicability in modeling survival times. From generated data as

well as from real life data significant role of weight parameter has been observed.
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Some fractional derivatives of A-function of
multivariable

R. SHARMA, B. TRIPATHI AND A. DUBEY

Abstract

In the present paper, we study and develop Fractional derivatives of multivariable A — function. We derive
two theorems which will act as the key formulas from which can obtain their special cases.

Mathematics Subject Classification 2010: 26A33, 30C45, 11B65
Keywords: Generalized multivariable A — function , Hypergeometric function, Mellin — Barnes contour
integral and Horn’s function.

1. INTRODUCTION

A number of earlier works on the subject of fractional calculus give interesting
account of the theory and application of fractional calculus operators in many different
areas of mathematical analysis. In this paper, we define the Fractional Derivatives
involving A — function of multivariable and derive two main theorems involving
Fractional Derivative of the product of A — function of multivariable and the Horn’s
function. Some new and known results are also established as special cases of our
main results. The Fractional Derivative of the product of the multivariable A —
function and Horn’s function has not been established so far, and some new
Fractional Derivative formulae for the product of the multivariable A — function
and Horn’s function are derived by making use of generalized Leibnitz rule.
Recently, Berndt and Bowman [1], Chaurasia and Godika [2], Saxena [3], Tripathi et

al [4] gives some integrals and series.

Gautam and Asgar [5, 6], Ram and Kumar [7], Srivastava and Panda [8] and several
other authors have evaluated some definite and indefinite integrals involving the

A — function of one, two and multivariables.

10.2478/jamsi-2021-0002 .
©University of SS. Cyril and Methodius in Trnava $ sciendo
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2. DEFINITION OF FRACTIONAL DERIVATIVE

Following Oldham and Spainer [9], we define the (Riemann Liouville) fractional
derivatives of a function f(x) of complex order ¥ or alternatively (a — 9)** by the

following

1

55 da = O ()dy  Re (9) <0,
aD{f @Y= T
—aD?7*{f(x)},0 < Re (V) <n,

dx™

(2.1)

where n is a positive integer .
For simplicity, the special case of the Fractional Derivative Operator aD? when a =
0 will be written as aD¥. Thus, we have

op? =D?. (2.2)

3. MAIN RESULTS

THEOREM 1. If min{p, 0,} > 0,|arg(x/¢) | < m, Re (m) +p, min {Re (b; ;)}>
—1(G=1,...,0))|z:xP | < 1, |(x+ &) z,.| <71y, 71 +71,=1; then
DY {x™(x +
z1xP1(x + &)

A 400X
f) AZ’T,QT:Y

or( 4+ §)° '.':::.'::5] G1(7,8,8": 2, xP2.(x+0) 7123, ..., 7,)}
ZxPr(x + &)°r

0 Wr 5(5)5—7(5)’r— — P ¢ /OR
=57 Lt O s (1 iy 2y 00) 2, £ iy 2

Zlfalxpl
0.1n,+2;X .

(=A=025,01,07),(—R=TM= P21, 01,0 Pr) eyereene
Pr+2,r+2:y ) (3 1)

: v R=A=028,01,...07) (O —M—R—025,01, s Pr)
ero_rxpr T T

PROOF. We first replace the A — function of multivariable occurring on the left
—hand - side by its Mellin —Barnes type contour integral and Horn’s function G, and
changing the order of integration and differentiation, which is readily justified in view

of conditions stated above and collecting the powers of x and (x+&), we get

N (]/)r+5(5)s_r(6),‘r—3 T, S 1 - S
L 1 )] z," 73 2wy le"""fL,@(Sl‘ .....,sr)L_l[@i (s)z;

{DEXMHPIS TP o (x + )MtV s, ds, (3.2)
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Now, applying well known binomial expansion , we have

¢ Dras(@)s—r(6), 1 -
. ((r))! (s)(! : e e Cote] [ LR e
i=1

7,5=0

R
D;xm‘FPlS*‘PzT Z;)zozo(l+01;+az‘f) <§) dsl, ) dSr . (33)

Making use of the formula [the result Oldham and Spanier [9]], we get

o3}

Z Nr+s(8)s—(8)',_; 1 |
(GHEO! Crw)r "L

o M1 —(—2—0y5) + 035, ...,0.8] [[1 = (=m — R — po1) + p1S, ..., prS]
RN T[M=(R—-2—0,5) +0:S,...,0.5] [[1 = (O —m —R — por) + p1S, ..., prS]

X (2pxP2)" (23802)SxMHP1SHP2T4R=D 2 s | 7 Sdsy, ..., ds, (3.4)

1

r
yrrey fLrQ)(Sl' ) S‘r) 1_[ Q)i (Si)Zisi'fl+als+o-2 "R
i=1

7,5=0

If we interpret the resulting Mellin—Barnes contour integral as an A- function of

multivariable, we shall arrive (3.1).
THEOREM 2. If min{p,0,}>0,|arg(—x/¢) | < m,Re (m) +p, min {Re

then

Giy)y> —1(G=12,...,1), |22(x =P <1, (N =X Zp| <1py i+ 41, =1;
7z (x — 5)0'1(77 %
2% = )P — )

Gr(1, 8,82 Z, xP2.(X-E)%, (1 — X)°7 23, o, 2,)}
= 3o, Pre@er @y 1)) )] (230720 (E)™ ()

MI()!

x70 (/R (x/mR2 [ (Ry+R,+1)
RDIR)! [(Ry+R;—9+1)

Z1(_f_)p17761

2 (~§)Pr

DI{(x — O (n — )2 A" [

T8 0T o

(== 25,01, Pr ), (mP=025,01, 00Oy eryrnen
oo Ry =M= P37, 01,0 Pr) (R — 025,01 00y 0p) |

(3.5)

0n,+2;X
Pr+2,qr+2:y

PROOF. we first replace the A-function of several variable occurring on the left
— hand side by its Mellin —Barnes type contour integral and Horn’s function G, by its
definition and changing the order of integration and differentiation, which is readily
justified in view of conditions stated above and collecting the powers of (x-&) and (n-

X), we get
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- r+s 5 s-r § ’-r—s 1 )
Z = ((r))! (s)(! ) z," z3° 2rw)" le' ""'fLrQ)(Sl‘ e Sr) 1_[ 0 ()7,
i=1

7,5=0

{DR(x — §)mHPrstPr x (i — )M sy, ..., sy (36)

Now, applying well known Binomial expansion, we have

O Dras@r () 1 ;
Dres OO vs s [ S, 015 | [0 sz (—pymmsstons
i=1

L O T @y W
7,5=0
—x\Rz
X (mA+oistarpy v (m+p;;;+pzr)( ) X (/1+01Rsz+zfzr)(7x) }
215, 25 dsq, o, dsy 3.7

Making the use of the formula [the result Oldham and Spanier [9]], we get

(—1)RtRe (E)Rl (;-‘)R X~

(RD!(R)!

' Pras () (8)',_,
Z (7/) ((T))' (5)(| ) ZTZSS( §)m+p15(n)l+als Z Z

7,5=0 =0 R,=

[(R1+R,+1) 1 le, ) fLTQ)(sl' ) Sy) l—[ 1 @; (5,)z;5r (—§)PrS (-) 1S

[(R1+R;—9+1) (2nw)"
1 —(—m—pyr)+ p1S, ..., prs] [[1 = (=2 — 625) + 035, ..., 0,5]
1= (R, —m—pyr)+ piS, ., prs] T[1 = (R, — 025) + 035, ..., 05]

715, ., 2.5 dsq, ., dsy (3.8)
If we interpret the resulting Mellin —Barnes contour integral as an A- function of

multivariable, we shall arrive (3.5).

4. SPECIAL CASES OF (3.1) AND (3.5)

(1) Putting o, —» 0 another four Fractional Derivative formulae corresponding
to (3.1) and (3.5):

0ng X
D}? X (xf) AA Dr, ‘;r:Y

l%(—f)”ln‘“
z (=Pl

)r s(s)s—r(a) r—s (X/E)R
=Ds= oJr(T)T(Z xP2 )T (23€%2)5 2, EAx™ O ¥R, ®)!

]le 8': Zy XP2,(x+E)%223,..,..,2,)}

lepl

[(1+A+0,5)  ,0n+1;X : (—R-m—p,7,py, ... pr) (4.1)
[(1+A+0,5—R) "~ Pr+1dr+vy ....,....(19—m—R—azsp1 p,.) '
erpr
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minfp, } > 0, arg(x/§) | < m,
Re (m) +p. min {Re (§;y;)}> -1 (G =1,...,7),
|ZpxPr| < 1r, |[(x + )z | <1y F 1, 1 =15
[21 (x =8P
2=l

X G(y,6,6":Zy (X-E)Pr, (x — )23, .,.., Z)}
(V)r+s(5)s—r(5),r_s

D{(x — O — ) Ay

= 5 POt [, () )" [2217)° (D" (0)*
yoo oo x7? (x/oR1(x/m)R2 [ (Ry+R,+1) F(1+A+0,s)
Ry =0 &R,=0 (RDI(R,)! [(Ry+R,—9+1) ~ [(1+0,5—Ry)
2 (—§)P
0n,+1;X : | (=M= P2, 01, e Py ) severevens (4.2)
Dr+1,9r+1y : P cveees(Ry =M= P271,01,0000.Pr) (R2—025,01,000p00,07) | '
zp (=§)Pr

min{p, } > 0,|arg(—x/§) | < m,

Re (m) +p. min {Re (§;y;)}> -1 (G =12,...,7),

|Zo(x =P < 1, |[(M—x)T z3| <1+ T+ =15
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Some new inequalities for generalized convex
functions pertaining generalized fractional
integral operators and their applications
A. KASHURI, M.A. ALI, M. ABBAS AND M. TOSEEF

Abstract

In this paper, authors establish a new identity for a differentiable function using generic integral operators.
By applying it, some new integral inequalities of trapezium, Ostrowski and Simpson type are obtained.
Moreover, several special cases have been studied in detail. Finally, many useful applications have been
found.

Mathematics Subject Classification 2010: 26A51; 26A33, 26D07, 26D10, 26D15.
Keywords: Inequalities; convexity; Raina’s function; special means; error estimation.

1. INTRODUCTION AND PRELIMINARIES

DEFINITION 1.1. [49] A:1C R — R s called convex function on I, if
A((1=8)by+Eby) < (1=8)A(b1)+EAD), Vbi,bael, £ e]0,1].

THEOREM 1.2. (Trapezium inequality) Suppose that A : I C R — R be a convex
function, b;,b, € I with b; < b,, then

by +bs I AGy) +A(,)
A( > )sz_bl./blA“)d“f- M

Interested readers are referred to [4]-[6],[15; 19; 20; 22; 25; 26; 28],[33]-[38],[45; 47;
52;53; 55; 56].

THEOREM 1.3. (Ostrowski inequality) Assume that A : T — R be a differentiable
function on I°, by, b, € I° with by < b,. If |A'(€)| < 27, then
1 ( [t )2

_ AN 2 T
4 o)

123
A0~ [ A

< A (by—by)

:|a VL€ [by,by]. 2

For other recent published papers about Ostrowski type inequalities, see [1]-[3],[7]-
[141,[17]1,[29]-[32],[39]-[41].,[43; 44; 50; 54; 57].

10.2478/jamsi-2021-0003 § sciendo
University of SS. Cyril and Methodius in Trnava
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THEOREM 1.4. (Simpson inequality) Let A : [b;,b,] — R be four times
differentiable on (b,b,) and suppose that
AW := sup [AW] < 4oo.
te(b1,h2)

Then

by _
A(0)dl — 2=
by 3

A(bl);/\(bz) +2A(b142rb2)

About Simpson type inequalities, see [27; 42; 51; 57].

2880

EENRY
’ < MHAM)HW 3)

In our paper we will establish some new trapezium, Ostrowski and Simpson type
inequalities pertaining generalized convex functions with respect to another function.
Moreover, many useful applications will be given. Hence, it is important to recall

some essential facts relevant to fractional integrals.

DEFINITION 1.5. [34] Assume that A € Z[by,b,], then k—fractional integrals,
n,x >0 with b, >0 are

1 a3 n
PG = o [ @ -6 IA)dE, b <&

kTe(N) J,
and
1 b2 1
NG = oy L €80T IAEAE, b g, @
respectively.

DEFINITION 1.6. [35; 36] S is called @—convex set, if
o(by+(1—@(y))b, €S, Vby,by €8, 5€][0,1].
DEFINITION 1.7. A:S — R on @—convex set S is called @—convex function, if

A1 +7e7 (02 =b1)) < (1=2)A(b1) +3A02), Vhi,ba €S, 7€ [0,1].

Raina, in [48], defined for p,d > 0 and |z| < R, the following class of functions:

v_ok)

ya z :yo'(()).o'(]),... 7) = .
p,é( ) p,6 ( ) - F(pk+5)

&)
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Choosing |z] < 1, we take hypergeometric function. For o = (1,1,...) with
p=1,(R(n)>0),6 =1and z € Cin (5), we obtain Mittag—Leffler function

oo 3
Z

‘”@”(Z):Zr(lmk)'

k=0

DEFINITION 1.8. S # 0 is called generalized convex set, if
mb1+Cﬁ;5(b27mb1)€S, Vb, €8, me(0,1], £€]0,1]. (6)
DEFINITION 1.9. A is called generalized convex function, if

A(mby+ 8.7 5(by—mby)) < (1=C)A(mby) +LA(by), Vbi,by €S, me(0,1], £€l0,1].
(N

REMARK 1.10. Taking m =1 and 9;5(b2 —by) =by —b; > 0, we get definition

1.1. For suitable choice of .77;(-), we obtain definition 1.7. This describes the
reasons and motivations of newly defined notions and the relation with these known

definitions.

DEFINITION 1.11. [23; 24] Assume that A, : [b1,b,] — R is an increasing and
positive monotone function on [b;,b,], with continuous derivative on (b;,b,). The left-

right- fractional integrals of A, with respect to A, on [by,b,], 7 > 0 are

A L M)A
MG =1y, e e < ©
and
nAs _ Lo MEAE)
T, (5')*r(n)/, A8 Al ST ©
respectively.

Function @ : [0, +) — [0,+c0) constructed from Sarikaya et al. in [45; 46], has the

following properties:

/l@d§<+w7 (10)

o &

1 o(¢€) 1 e

X]S w(&l) <A f0r§§a§27 (1m)

20 2,28 fore <, (12)
1

%f')—@ §A3|§1_8|6(§l)f0r%§é§27 13)
1 1




40 A. Kashuri, M.A. Ali, M. Abbas and M. Toseef

where A;,A,,A; > 0 are independent of €,&, > 0. Moreover, Sarikaya et al. defined the

following useful operators:

&1 _
br’w/\(‘fl):/,l %A(é)d&, <& (14)
bglwA@l):_/;%A(@dé, > & (15)

About their efficiency, see [18; 21; 45]. Finally, Farid in [16], defined the following

generic operators:

GO A (&) = /bél o (A (&) —/\2(5))[\/2(6)/\1 (E)dE, by <&, (16)

o A2(81) —Aa(8)
and
orng) - [T B yon @ag 6. a)
respectively.

The paper is constructed in this way: In Section 2, we will find an interesting identity
with parameter A and using generic integral operators form auxiliary equality, some
new integral inequalities of trapezium, Ostrowski and Simpson type will be obtain.

Section 3 is devoted to useful applications.

2. MAIN RESULTS

Let & = [mb,,b,], where b, < b, for some fixed m € (0,1] with § € [0, 1].

(@ (T (mbl +§9‘,§fa(€—mb1)) —Y(mb1)>

H,"Z‘T(K,C):z'/o oo+ 75, i) T (18)
XY (mby +&.F5 5 (£ —mby)) d§ < oo,
and
E0T(0,8) = _/,I @ (¥ (e +75,02—m0)) ~Y (m+£75,0:—m0)) ) (19)

© T (met F 0 —me)) -Y (mE—i— EF55(0r—mb))
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XY (ml+&E.F7, (by—ml)) d& < oo.

The following lemma will help us to find new results.

LEMMA 2.1. Let A : & — R be a differentiable function on £?° and A € R.
Assume that A’ € Z(2) and F7,; (0, —mb,) > 0, then

Fo5(L—mb))A (mb. + gﬁ;s(umb.)) +. 725 (0—ml)A(me)
g:g(bZ - mbl)

A F s (L —mbr)A (mb. + 8T s (L—mby )) F 250y — ml)A(ml)
F (02 —mid) (¢, 1) En (£,0)
. A [ ZEalt—mpOAGb) Ty 0 = mE Al + T (52— mt)
ylfﬁ(bz_mh) HZ’Y(E,I) E;’j}r(é,O)
@Y
ot [ Gy M GRL At F5460—me))
T3 5(by—mby) g (,n) Z27(¢,0)

[(F5(0—mby)]?

1
(0 1) T 02— i) <) [0 2] (i + €750 mo) ag @0)
) P, 2 1

(73502 —mt)]’

ETT(0,0) 7,0 —mh) < [ B0 - a]a (e 8750 - m0) ag.

We denote

FO (b —mby)]*
TA_HmATEw.Y(A;Z,bl,bz) = 011”[ p.5( Gm l)] (21)
™ 2 Hm (€71)yp‘5(b2—mb1)

x ./; M7 (0,6) = 2] A (mb, + E Fg5(0—mb1)) d &

ATl a0y ] (e L5540 )

EnT(€,0).F 25 (by —mby)
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PROOF. By integrating by parts (21), we derive

[785(—m>y)]’
T (0,1).7 7 5(by —mby)

UN

aHE’Y,Eg‘Y(A’;€7b17b2) =

X{/Olng,r(&g)/\/(mbl+C9§5(€mbl))dCA/OIA/(mb]+Cﬂ;5(€mb|))dC}

(75502 —mt)]’
EnT(0,0).725 (0, —mby)

x { /01 BT, LN (ml+ LT 5 (b — ml) dC—l/OlA/ (mt+C 775 (b2 —mb)) d‘:}

_ [Fgse—m)) ) HZ'Y(&Q’)A(mbl+C9\p‘f§(€fmb1))17 |
I (0, 1).75 5 (b, — miby) F 50 —mby) o Tps(l—mh)

X/1 ® (r (mbl +§5f;5(4—mb1)) —Y(mbl))
I~ (mbl + T (- mb1)> —Y(mby)

XY (mby + §FC5(£—mby)) A (mby + S FS5(L—mby)) d§

(7502 —mt)]’
EnT(€,0).F 25 (by —mby)

A

- Fos(0—mby)

A(mby+ CFS5(0—mby)) ’;} _

1

{EW@A (me+C7g50.—m))
X
F 50y —ml)

0

) . | @ (r (me+7550; —me)) Y (m1z+ L7050 _mz)))
Foyor—ml) /0 Y (me+y;5(b2 —me)) - (me+§9;_5(b2 —me))

XY (ml+C.F5 5 (by —ml)) A (ml+ {75 5(b; —ml)) d §

A 1
 Fo5(02—ml) 0

A(ml+ TS5 (0 —mo)) ] }
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F35(0=mo )A (miby + CFZ5(L=m2)) ) + F 5502 — mE)A(mE)
j’;):a(bz — mbl)

A y F s (L —mbi)A (mbu + Cﬂza(#mbu)) F 35y — ml)A(ml)
FZ5(by—mby) ' (e,1) Z27(¢,0)

oA [ B m)Am) | Fyn =m0+ Fs (02— mO)
ysa(bz_mbﬂ HZ'Y(é,l) E,’;{‘T(&O)

@x
G(mbﬁ.?‘gf_ﬁ(umb]))’A(mbl) G(Ejr Aml+F7 (bsz))]

1
O [ I (4,1) E57T(¢,0)

REMARK 2.2. a. Takingm=1,A =0, F7;({—mb,) =L —mby, FJ5(b, —ml) =
b, —ml, ﬁgs(bz —mby) =by, —mb; and Y({) = { = @({) in Lemma 2.1, then

(e bs) = A~ - [ AL

b. Choosingm=1,4 =1, FJs({—mb,) =L —mb,, FJ5(0r —ml) =by —ml, F75(br —
mby) =b, —mb, and Y({) = = @({) in Lemma 2.1, then

(L=b)AG)+ (2 =OABy) 1 2
(é blva) bz_bl bz_bl /bl A(C)dC
c. Takingm=1,0="22 F0 ({—mb,) =L —mb;, FZ5(by—ml) = b, —ml, FZs (b, —

mby) =by —mb, and Y(C) ={=o({) in Lemma 2.1, then

AD) +A(D,)
2

N e e L3

"1

Ta(Ashy,by) =2

THEOREM 2.3. Let A: &7 — R be a differentiable function on &7° and A € [0, 1].
If |A’]? is generalized convex function on & and 7 5 (b, —mb,) > 0, then for g > 1 and

1 1 _
;—F;—l,wehave

orox(A:£,b1,b)]

’ Al Ew’

[ (E mby)
fl'lmr( T35 bzfmbl)

O/BET (A, p) x Y/ IN (b)) + N (O (22)
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bz—mf)
HW[Y(Z 0)72: (s — b ){/ B2 (47, p) \/|A’(m€ Ve + | A (Do) 4,
,—

where

1
B = [ e o-2] ag, B2 A = [ [z2re)-af ac @3

PROOF. Applying Lemma 2.1, generalized convexity of |A’|?, Holder’s

inequality, we get

I, ot o (A 6,01,b)]

260 = 4|8 (oo + €750 min) g

(5 (£—mby)]
§n2=r(4,1)y‘;5(b2—mbl) /0

N (ml+F2 (0 —me)) ‘dC

E2T(6,6) - A

725000 —ml)]’ !
[/ K} )X/O

EnT(0,0).725(by —mby

[Z5(L—mb))’
T4, 1) 85 (by —mby)

% (¢,8) )L‘pdg“); (/01

(75502 —m0)]"
EnT(0,0).725 (0, —mby)

x ( 01 E,‘}T(&C)l‘pdc)}) (/01

[Z25(t—mb))]*
T (6 1) 850y —miby)

N (mby + CF05(0—miby)) ‘%c)é

(L

N (ml+CF85(by —mi)) ’qu);

s ([ [0- oo+ gaor]ag)

1

i ] farean ([ [o-oweor - owonr]ac)

EnT(0,0).F 25 (by —mby)
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[ (f mby)
fn,";”(e 1).7 bz—mb

(bz—mﬁ )
qz:f;[“f(fo o (0, —mb) m VA (me)]a+ A (by)]e.

COROLLARY 2.4. Takmg p =2 = qin Theorem 2.3, we have

Br, (64, p) > /A (miby )|+ [ A/ (€)]¢

|T/\.rl,“n"r,zf,'{ﬂr (As€,b1,b2) |

B [(Z35(L—mby)]’
- \/EH,&;Z’T(& l)yga(bz — mbl)

B, (6:2,2) x /[N (mb) P+ N (O] (24)

(75 (bz—mé ]’ o
(0:2,2) x /A (O] + [N (52 .
f_m(“ 70— V 5o VIA )P+ A ()]

COROLLARY 2.5. Choosmg |A’| < ¢ in Theorem 2.3, we get

H
’T Hmr-mr(x 6 b],bz)‘ m (25)
Fos(b—mby)]” FOs(b—ml)]*
COROLLARY 2.6. Takingm=1,A =0, Z75({—mb,) =L —mb,, FJ5(0, —ml) =

by —ml, FJ5(0r—mby) =by —mb, and Y({) = C = @ ({) in Theorem 2.3, we obtain

| Ta(4,01,b2)| <

1
26
V2¢p+1(0,—b1) (20

X{(f—bn)zv’ A (1) + [A(O)]7+ (b2 = )/ A ()] + |A’(b2)|"}'

COROLLARY 2.7. Choosing ¢ = @ in Corollary 2.6, we have

(b2 —b1)
W21

x{\"/|A’(b1) A(@)]Hq '(b‘;bz>‘q+|~(b2)|q}.

COROLLARY 2.8. Takingm=1,A =1, F75({—mb,) =L —mb,, F 750, —ml) =

ITu(51,b2)| < @7
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by —ml, FJ5(0r—mby) =by —mb, and Y({) = § = @({) in Theorem 2.3, we get

|TA(€7blvb2)| S (28)

1
\q/ix"/p—l- l(bz —bl)

X{(f—bl)zvq A ()7 + [A(O)]7+ (b2 = )/ A ()1 + |A’(b2)|"}'

COROLLARY 2.9. Choosing m = 1,4 = 5, Z75({ —mby) = £ —mby, FJ5(bs —
ml) = by —ml, FJ5(by —mb;) = b, —mb; and Y(§) = § = @({) in Theorem 2.3, we

obtain

1 1 2+ 4+ 1
Th| 550100 ) | < ¢ 29
A (3 1 2) ' \{ﬁ(bz—bl) 3p+l(p+1) ( )

g {(f =0 Y IN Go)le+ A ()] + (b — O/ IN ()]0 + |A/(b2)|"}'

COROLLARY 2.10. Substituting A =0 and @ (&) = { in Theorem 2.3, we have
1

Tamy ey (056,01,00) | < — o —— (30)
’ AN, }n( 1 2)‘ \‘ﬁgﬁfg(bzfmb])
x { (| F55(L—mb){/ BI(€:p) x /A (mby )]« + A (O)]¢
) F 55 (02 —ml) {/ By (£ p) x /| A (me)]« + IA’(bz)"},
where
. mb]-%—ﬂ;a((—mbl) »
Bl(tp) = [ [¥() = Y(m»))"d¢ (1)
Jmby
and
. mﬁ+§;5(72—m€) »
BI(t:p) = / £ [X(ml+Z2 (5, —ml)) —Y(£)]" d . (32)
COROLLARY 2.11. For A =0and @({) = riZ) in Theorem 2.3, we get
Ty o3 (036,51, : (33)

<
)‘ - Wﬁga(bz—mbl)
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{0 < TR

A (ml)]7+ IA’(bz)I‘f},
where

. mb1+ﬁ;6(57m)1) et
B (6:p,a) = /b [X(0) ~Y(mb,)]"d ¢ (34)
and

mé+=?§5 (bp—mt)

Bl (4;p, ) ::/

ml

[Y(ml+.Z (0, —meb)) =X ()] d¢. (35)

a
K

COROLLARY 2.12. Substituting A = 0 and @({) = —*— in Theorem 2.3, we

K[k ()
obtain
1
T =x (056,0,0)| < ————— 36
’ ang g 1 2)‘ \‘ﬁﬂﬁg(bzfmbl) 0)
" { o/ 75— BE(€:p.t, ) x TR )+ IO
) F 55 (02 —ml){/ By (£ p, o, 1) x /| N (m)]1 + |A/(b2)|q},
where
. -m71+~7;_5(k7mb1) pa
B(tpa)i= [ Y() = X(m)] ¥ 37
Jmby
and

;71(-%—,:”7;5 (hy—mt)

Bl (:p, 0, k) = / [X(ml+ 72500, —m0))— ()] ¥ dC.  (38)

Jml

COROLLARY 2.13. ForA =0,Y¢& €(0,8], @y (¢,8) = (Y (mb, + F ] 5(L—mby)) —
§)*tand V¢ €[, 1], @ (4, 8) = (X (ml + F5 5(b; —ml)) — §)* " in Theorem 2.3, we
have

(st —mo)]
V2[X (mb, + FZ5(L—mby)) =X (mby)]|.F 25 (by —mby)

X {/ B (6 p) x /IN (mby )|« + [ A (€)]7

’E\ﬂ}i},ﬁ (0§£7b17b2)| < (39
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N (2500 —mt)] T
V2[X (il + F 50— ml)) =X (m)] F75 (0, —mb)

% {/BY(t:p. ) x {/IN (D) T+ [N (),
where
. mb]+<?§6(l7mb1) »
B(tp):= [ Y(Z) ~Y(mo))])"d ¢ (40)
and
ml+. ’4‘“{5 (bp—mt) P
B(tpo)i= [ (Yt + F5500 - m)) - x2(0)] a8 an)

COROLLARY 2.14. Substituting A =0 and @({) = £ exp(—A{), where A = =2,
in Theorem 2.3, we get

g+l

[ s(£—mb, )] e
fﬁ" (by —mby)

*{/ By (6:p,A) x /IN (mby) o + [N/ (€))7

bz*mg
JMZW mb)van < /NGO + NP
5 —

(42)

| Ty zx (0:4,b1,05)] <

me=m

where
m71+,755(ﬂ—r;171) P
B(tpA)= [ {1—ewae)-T¢)]} e @3
and
mé’+.7’;’_5()27ml) P
By(tpa)i= [ {1=exp[A (Y() ~ Yt + 7550 —me)) ]} d L. (44)

THEOREM 2.15. Let A: & — R be a differentiable function on &° and 1 € [0, 1].
If |A’|? is generalized convex on & and 77 5(b, —mb;) > 0, then for g > 1, we have

(785 (¢—mby)]* — -
TR [BR(6:2,1)] (45)

| HwY—.wY l { bl,bz |7

\/ [BRN(E:2,1) = BN ()| |8 o) o+ ES T ()N ()
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[(F85(0,—m0)]*
EnT(6,0) .72 5(bs—mby)

1
q

[Bgf(&l7 1)}

x(/ [Bé’;f (6:2,1) —GE’X(M)] A (ml)|1+ G2, (G )| A (b)],
where

EQT(6:0) = / ¢

m m

IE7(66) - AldE, GET(EA): /g)—ﬁ”eq Alde. 46

PROOF. By Lemma 2.1, generalized convexity of |A'|? and power mean

inequality, we get

| HwYF.wT' 2. E b],b2)|

[gga(g_mbl)]z ! @Y / o
= T (0, 1) 7750 — 1) X./O T (6,6) = A||A (o + CF 550~ mon) | d €
[yc.a(bz—mf)}z - ,
EZ'T(&%)?;,;(bzmb,)x/o EIY(0,8) ~ &[N (e +EF 5500~ me)) | d

. 2
< [ypé(g —mb; )]
TR0, 1).F 55 (by —mby)

é(/

m

N (mby + L FE5(0—mby)) ’qdi,’)}l

1
X
0

() - 4] ¢

e (6,¢) - A|

[(F85(0,—m0)]*
EnT(0,0).725(0y —mby)

Efzw,o—x\dq)l‘]’ (f

[Z5(6—mb))’
IR ).Z o5 (by—mby)

N (ml+§.FZ5(bs —mb)) ‘qu) %

(0

(L) -2

By (62, p)

1

e(e.8) - A|[(1- O by 4 LN O] g )

(4
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[m (0 —me)]
wY(0,0)78 5 (b —miby)

(/BZT(¢;A,p)

1

=27 ()~ ][0 - DN+ I Gl at )

(L

[Z8s=mo)]" [y
= 15700 -8 [BR(:2.1)]

x (/[Bgf(z;x, D)= ESN(2)| [N oo+ ES ()N ()

(73502 —mt)]’ oy -1
Y2800, 7: (brmb)[Bw'(“l)}

J (B2 (6:2,1) = GZX(6:2) | IN (m) o+ GE (E:2) N (o) o
COROLLARY 2.16. For ¢ =1 in Theorem 2.15, we get

(7850 —mby)]’
T (€, 1). 25 (by — mby)

‘ ﬁfYHmTlgbhbz |_

x[ (BRI (6:2,1) = B (6:2)) |A (o) |+ ESF ()N (0)]]

(7502 —mt)]’
ERT(0,0)F 25 (02 — mby)

x| (BZT(6:2,1) = GE(6:2)) N ()| + GET ()N (62)]]

COROLLARY 2.17. Taking |A’| < .# in Theorem 2.15, we have

H

I, yor zox (A3 £,b1,5)] < F7300— )

[yfs(f ”lbl)]z @Y 7y
— = BT (A, 1)+ ——~——""B
HZ’Y(& 1) T ( ) Efg’Y(f,O) -

(47)

(48)
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COROLLARY 2.18. Choosing m = 1,4 =0, Z75({ —mb,) =L —mby, F75(b —
ml) = by —ml, yp.é(bz —mby) =by —mb, and Y(§) = C = () in Theorem 2.15, we
get
1

Ta(l,by,by)| < ————— 49
| A( 1 2)‘ Zﬁ(bz—bl) ( )
(6= P NG 2RO + s~ AN + WGl
COROLLARY 2.19. Taking ¢ = b‘% in Corollary 2.18, we obtain
(b2 —b1)
Ta(b1,b)| < 50
} A1 2)‘ =893 (50)

+1/2

N ()

4 , b]"‘bz q , b1+b2 q ,
x{ A< . > ( - >‘+|A(bz)q}.

COROLLARY 2.20. Choosing m = 1,A =1, Z7s({ —mb,) = £ —mby, FJ5(0> —
ml) = by —ml, FJ5(by —mb,) = by, —mb, and Y({) = § = @({) in Theorem 2.15, we
have
1

Ta(l,by, b)) < ———— 51
|A( 1 2)‘*2\"/§(b27b1) (51
X{ P2 G|+ A ()] + (b — )/ I (€ |‘1+2\A'("2|}

COROLLARY  2.21. Taking m o= LA = 3 F5( — mh) =
{— mbl, (bz—mé) = |72 gs(bz—mbl) = bz—mbl and Y(C) = C = a)‘(C) in
Theorem 2.15, we get

T (1~b b) < (52)
M3 | T 2924300, - b))

X {(e— b1)2 /185N (by)[7+ 58| A’ (£) |4 + (b, — £)*/195| A’ (£) |4 —|—48\A’(b2)|4}.

COROLLARY 2.22. Substituting A =0 and @({) = ¢ in Theorem 2.15, we obtain

1
’TA,H};,E}; (0;€7b17b2)‘ < (53)

[F55(0—mb))] T F25(00—mby)
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<[mren] " f[sresn Zgse - my -t vl crOINOR

+ L (B
[ga/\gg(bz —mf)] a 9\;5@2 —mbl)

i [BE 0255002 - mt) ~ B O+ EFOIN G,

where
mb]+<?;6(é7mb])
cr= [ (§ = mb)(X(E) = T(mb)d L. (54)
. -m/,‘+~7;_5(72—m/{)
0= [ (§ = m)(X(mt+ F5500 ) ~X(E)dE. (55
COROLLARY 2.23. For A =0and @({) = % in Theorem 2.15, we have
1
’TA,H};,EL (0§€7b1;b2)‘ < (56)

[Z05(0—mby)] " F25(02—mby)

1—1

X [Bg(f;l,a)] !

\/[BY(z,l,a) 50— moy) = CF (£, @) I ()| + CY (€, @) AV ()

1
Ii

n [B}{(é;ha)] ’
(7050 —mb)]'T 5 (b,—mb))

x\/[ 16 1,@) 725 (02— mb) — ET(€,00)| [N ()2 + EY (€, @) A (52)]1,

where

mby +§“§_8((—m71)

Cl(t,a) = /

Jmb;

(& —mby)[X(&) = X(mby)]"d ¢, (57)

m/%?;s (by—mt)

Efa)= [ m) Xt 4 F5 - m0) Y@ AL 59)

ml

COROLLARY 2.24. Substituting A =0 and @ (§) = CE’Z in Theorem 2.15, we

KTk (o)
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get

’TA.HIL,EL(O;f,bl;bz)‘ < qu
[T 550 —mby)] @

Q=

[B;f(z;l’a,x)]l* (59)
y:jg(bz - mbl)

\/[BY(e 1,0, K).F 05 (0 —mby) - c}f(e,a,x)} A (mby) | +CT (€, o, k)| N (£)|

. .
[‘gﬂﬁs(bZ _mf)] !

B ar)]
ygﬁ(bz - mbl)

\/[Br(e 1,0, k) F 5 (02 —mi) — Er(e,a,x)] A (m)]s + EF (¢, 00, )| N (0,)]

where

mbﬁr?"_ (6—mby) a
cl(tar) = | (C—m)[T©)-Tem]Fag,  ©60)
m5+§;5(b2—m5) a
EX(4,a,K) = /[ (& —mO)[X(ml+ FC5(—mb) = Y(C)]FdS. (61)
COROLLARY 2.25. ForA=0,V¢&

€0, 8], @v((,8) = S (X (mby +.F 75 (L—mby)) —
§)*tand V& €[{, 1], @y (4, 8) = E(X(ml+ F 75 (by —ml)) — £)*~" in Theorem 2.15, we
obtain

1
’TA.H}Q,E}Q(O;f,bl,bz)‘ <
[F25(L—mb, )}

(62)
9 (0, — mby)

[mren)] [ 25 o) - O] Nl GO

1
+

— [B}{(E;La)}k
[‘gz;:s(bz—m@} T TS5 by —mby)

<=

\/ [BI(6:1,@). 75502 = mb) — LE(€, ) ||/ () o+ LE(£, @) A ()]

where

-+ 795 (0y-ml)
Ly(¢,a) ::/ (& —ml) [XY*(ml+.F 5 (0, —ml)) =Y*({)]d (63)
COROLLARY 2.26. Substituting 2 =0 and @({) = £

xp(—A(), where A = =4
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in Theorem 2.15, we have
1

!TA,HEA,@,T”(O;&bl,bz)} < prmy (64)
(1= a)[Zo5(0—mby)] T Fs(02—mby)
x{ B3 (6:1,4)] LA N o+ LEEA)A (O
1
+ s
(1= 0) [ 25002 —ml)] T F 40 —miby)
x[B(:1,4)] A N )+ Lg(e,A)w(bz)q},
where
o+ 5 ((—moy)
LI(6,A) = /mb (s + Z25(0—mby) — €) (65)
{1 —exp[A(X(mo) = Y(¢))] } L.
mb1+ﬁgs(ﬂ—mbl)
Liea)= [ (§—mo) {1=exp[A(X(mp) = X()] }dE,  (66)
L) = [ j”’g’f"s(brm@ (mt+F24(52—mb) — ) 67)
x{1—exp [A (X(0) = Tmt+ Fg5 (02— me))) ] } d,
mé+FG 5 (52 -me
L{(,A) = /mz ) (& —mo) {1 —exp [A (T(C) —X(ml+ 7750 fmﬁ))) ] } dg.

(68)
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3. APPLICATIONS

For b,,b, € R and 0 < b, < b, we recall:

(1) arithmetic mean:

Ay b) = 22,
(2) harmonic mean:
H(o1,52) = ;i,‘f
(3) logarithmic mean:
L(by,by) = ﬁ;

(4) generalized log-mean:

r+1 r+1
by by

L, (by,b,) = MM] . reR\{-1,0}.

From the main results in Section 2, we get

PROPOSITION 3.1. Letrb;,b, € R with 0 <b, <b,, then forr,q > 1 and % +$ =1,
we have

< r(bz—bl)
S AUpEl

(r=1) (r=1)
e R (G )

PROOF. Takingm=1,A=0,0="22 F0 ({—mb,) =l —mb,, FI5(o,—ml) =

by —ml, FJ5(by—mby) =by —mby, A({) = " and Y({) = § = @({) in Theorem 2.3, we
get (69).

‘A’(bhbz) —Li(by,b) (69)

PROPOSITION 3.2. Let7b,,b, € R with 0 < b, < b,, then for ,¢ > 1 and % +§ =1,
we obtain

AQ}b5) — L (o1.hy)| < 2=)

S NER (70)
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(r=1) (r=1)
i) () ) |

PROOF.  Choosing m = 1,A = 1,€ =02 . FS (L —mb,) = L —mby, Fy(by —

ml) = by —ml, F7s(by —mby) =by —mby, A(§) = " and Y(§) = § = @() in Theorem
2.3, we have (70).

PROPOSITION 3.3. Letby,b, € R with 0 < b; < b, then for ¢ > 1 and i +$ =1,

we get

1 1

SRCT)
S ayprl

(71)

A(by,by)  L(by,b)
1 1
_|_

G ey

PROOF. Takingm=1,A=0,0="32 F%,((—mb) =L —mby, FIs(by—ml) =
by —ml, FJ5(0y—mby) =by —mby, A(§) = % and Y(§) = =@ ({) in Theorem 2.3, we
obtain (71).

PROPOSITION 3.4. Letb,,b, € R with 0 < b; < b,, then for ¢ > 1 and % + é =1,

we have
1 1 (b —by)
- < 7
HO10) L) |~ 4¢p+1 (72)
1 1

X{ \(,/H (bf‘f, (b%)zq) ' (/H ((b%)zq,bgq) }

PROOF.  Choosing m = 1,A = 1,0 =02 . FI (L —mby) = L —mby, Fy(bs —
ml) =by —ml, F75(b2 —mby) =by —mby, A({) = é and Y(§) = ¢ = @ (&) in Theorem
2.3, we get (72).

PROPOSITION 3.5. Let r,b;,b, € R with 0 <b; < b, and r > 1, then for ¢ > 1, we

q 2 r(bz—bl)
e o

obtain

A"(b1,by) —LI(by,by)
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. by + by at=1) by 4by a1
q g(r—1) 1 2 q 1 2 q(r-1)

PROOF. Takingm =1, =0, 0= 2322 F2({—mb) =L —mby, F5(b, —ml) =

by —ml, FJ 5 (b —mby) = by —mby, A(§) = §" and Y({) = § = @({) in Theorem 2.15,
we have (73).

PROPOSITION 3.6. Let r,b;,b, € R with 0 <b; <b, and r > 1, then for ¢ > 1, we

of21(02 =b1)

<37 a4
(r=1) (r=1)

X{VA(Zb?<,1>’(b1;bz)q 1)+\0/A((blzbz)q 172%(,1))}_

PROOF.  Choosing m = 1,4 =1, = "2 F (L —mb,) = L —mby, FZ4(bs —

ml) = by —ml, F5s5(by —mby) =by —mby, A(§) = §" and Y(§) = & = @({) in Theorem
2.15, we obtain (74).

get

‘A(b{,b;) —Li(by,bs)

PROPOSITION 3.7. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we have

[3005)
S\/;T (75)

1 1

A(b1,by)  L(by,b2)

+

X{</H<2b?",(“§’2)zq> \q/H((blyz)zq,zbgq> }

PROOF. Takingm =1, =0, (=232 F2 ({—mb,) =L —mby, FZ5(b, —ml) =

by —ml, F 25 (b —mby) =by —mby, A(§) = 1 and Y(§) = { = @ (&) in Theorem 2.15,

we get (75).

u™x

PROPOSITION 3.8. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we obtain

1 1

H(b1,by)  L(by,b2)

o4 (b2 —b1)

— V3 8

(76)
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+

{\/H(bz()) ¢H(z()b>}

PROOF.  Choosing m = 1,4 =1, = "2 Fo (0 —mb,) = £ —mby, 40, —

ml) = by, —ml, F p5(b2 —mby) =by —mby, A() = nd Y(§) =¢ =o@({) in Theorem
2.15, we have (76).

m\»—u-

Finally, we will find some new error estimations pertaining quadrature formula. Let
denote 2 :b, =¢ < ¢ < ... < G =b,. The following quadrature formulas are very
useful in the sequel.

/b * A0l = M(A, 2) +E(A, 2), /;2 A(D)dl = T(A, 2) +E*(A, 2)

where

+ )+ A(
(Ac@ ZA(GJ ng)(Qﬁl Qj) TAQ ZM(QH—Q),

and E(A, 2), E*(A, 2) are denoted their corresponding errors.
PROPOSITION 3.9. Let A : [b;,b,] — R be a differentiable function on (by,b,),
where b, <b,. If [A'|? is convex on [b;,b,], then for ¢ > 1 and | + | =1, we have

k—1

1 2
—_— 11— G 77
Wy Bem ) )

x{ /1A ()l + A (7‘5’+2gf*‘> "+ A’(g’+2g"+]> ]q+|A'(€j+1)l‘f}.

PROOF. From Theorem 2.3 for m = 1,1 =0,{ = b‘?z, Fos(L— mb, )

g mbh (bz—mg)_bz—mg (bz—mb)_bz—mbl andT(C)—Cfa)'(C)
[Gjan+l](J— e —l)on,weget

. . Sji+ 1 —Cs
A(Q,‘FQ;H) N 1 / 1A(1€)d1€ S (gj+1 gj) (78)
2 Gj+1—Gj Jg; 4\75\/” p+1
X{ (/1A (5;)

+ . q + . q
A/(QJ 29“)‘ 4 /(g./ 2€J+1)’ +|A’(€j+1)|q}~

[E(A,2)| <
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From (78), we have

P2

EA2)| = | | A“WM(A’Q)'
<0{[MA@M%A(QtfH>@“_Q%

k—1

1
< — % L c)?
= 4Y2yp 1 ]EZOL(GJJA S)

x{%w@w+A(QZ%)V+¢N<9§*jVHN@HW}

PROPOSITION 3.10. Let A : [by,b,] — R be a differentiable function on (b;,b,),
where b, < b,. If |A’|7 is convex on [b,b,], then for g > 1, we obtain

1 k—1 5
X 11— G 79
8% ;)(Gﬁrl g}) ( )

(SR P () o)

[E(A,2)| <

><{\"//\’(€j)f’+2

PROOF. The proof is analogous as to that of Proposition 3.9 taking m = 1,A =
O,EZ b];b27gga(£—mb1) :Z—mbl,(?‘ié(bz—m@ :bz—m€7 gga(bz—mbl) :bz—mbl
and Y({) = { = @({) using Theorem 2.15.

PROPOSITION 3.11. Let A: [by,b,] — R be a differentiable function on (by,b,),
where b, <b,. If [A'|? is convex on [b;,b,], then for ¢ > 1 and | + | =1, we have
k—1

1 PR
W Wx;}(gﬁl Si) (80)

A (Gj +2<;,~+1> “'+\1/A/ (G./ +2€j+1) ’q+|Ar(ng)|q}.

E'(A,2)| <

X{ (/1A ()1 +
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PROOF. By Theorem 2.3 for m = 1,A = 1,{ = b“’bz FIs(L —mby) =
f—mbhy’;}:{;(bz_mf) = bz—mf, ﬁp,s(bz—mbl) = bz—mbl and T(C) = C = (D'(C)
(sG] (1 =0,...,k—1) of 2, we get

Ag) +A(Gj11) 1 /g"*' (Gj+1—65)
- A0)yde| < 181 =80 @1
2 Gji+1— G ® 424/ p+1

+ q
(Q] QJH)’ +|A/(gj+1)|q}.

/ * A0l —T(A, g)‘

1

e

From (81), we get

csj+g,+1) ‘q

E(A,2) -

Sj 2

/gf+l A(O)dl— M(Qm - Qf)}

Sj 2

/§/+1A(£)d€/\(gf)+/\(€j+])(gj+lgj)}

k—1

1
< X —c)?
S AT JEZO(gm )

x{ /1 ()l + | (7"7" +2g’“> RN <79’+2‘5’*‘> ]q+|A'(€j+1)l‘f}.

PROPOSITION 3.12. Let A : [b;,b,] — R be a differentiable function on (by,b,),
where b; < b,. If |A'|? is convex on [by,b,], then for ¢ > 1, we obtain

+ q

k—1

* 1 _~)2
E'(A,Q)| < ik Y (gi—g) (82)

j=0
A (s,- +2€,-+1> "+

dc, q
x{\"/2|/\'(€j) N <%) ‘ +2A’(€j+1)q}~

PROOF. The proof is analogous as to that of Proposition 3.11 takingm=1,A =
l,ézb];b27y’gs(£—mb)—£ mbl, (bz—mﬁ)—bz—mf (bz—mb)—bz—mbl
and Y({) = { = @ (&) using Theorem 2.15.
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Applying fractional calculus to analyze final
consumption and gross investment
influence on GDP
A. BADIK AND M. FECKAN

Abstract

This paper points out the possibility of suitable use of Caputo fractional derivative in regression model.
Fitting historical data using a regression model seems to be useful in many fields, among other things, for
the short-term prediction of further developments in the state variable. Therefore, it is important to fit the
historical data as accurately as possible using the given variables. Using Caputo fractional derivative, this
accuracy can be increased in the model described in this paper.

Mathematics Subject Classification 2010: 26A33, 26A51, 26D15.
Keywords: Caputo derivative, Method of least squares, Regression model.

1. INTRODUCTION

Fractional (fractional-order) derivative also known as derivative with memory
appears to be a powerful tool for examining the development of economic indicators
(such as GDP) because of ‘memory’. It has been proved that fractional models
[Hilfer et al. 2000] are better then integer models, giving us a great opportunity
to use it. It turns out that fractional calculus is also advantageous to use in regression
models, which then provide better accuracy for modeling variable of interest based
on a set of predictor variables than can be seen in [Luo et al. 2018].

In [Anghelache et al. 2015], the authors study GDP evolution for the Romanian
case by using multiple linear regression model with final consumption value and the
value of gross investment as independent variables via data between 1990 and 2014.

In the present paper, we go on the study of final consumption and gross investment
influence on GDP for the Romanian case by using Caputo fractional derivative. We
note that the Romanian case is used in this paper only for possibility to compare our
achievement and proposed model with previous one.

Partially supported by the Slovak Research and Development Agency under the contract No. APV V-18-
0308 and by the Slovak Grant Agency VEGA No. 1/0358/20 and No. 2/0127/20.
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2. APPROXIMATION TO CAPUTO FRACTIONAL DERIVATIVE BASED
ON POLYNOMIAL INTERPOLATION

From the definition of the Caputo derivative, we can find that the ath-order
(m—1< o <m) Caputo derivative of the given function f(¢) can be seen as the
(m — a)th-order fractional integral of the function f™(¢). In our case, we decided to
use fractional rectangular formula.

For 0 < o < 1 we get the following formula

[CD&JC(I)L:,” ~ niwn—k—létf(tk)a (1)
k=0
where
Ao . v lea
TR T
and
) = BT O iy

3. REGRESSION MODELS WITH FRACTIONAL-ORDER DERIVATIVES

Throughout of this paper, we denote GDP by y, final consumption by x; and gross
investments by x,.

The modification of original model leads to
() = Bo+ Bi D x1 () + Bo oDt 2 (1) + (1), 2

where f3; (i =0, 1,2) are regression coefficients, o, o, € [0, 1] are unknown orders and
£(¢) is a function of residuals.

We also denote the mean square error by MSE, the coefficient of determination by
R?, the adjusted coefficient of determination by R?, the mean absolute deviation by
MAD and Akaike Information Criterion by AIC.

Define
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n—1

R=1-(1-R)———
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1 n R
MAD = *Zb’f*yi‘,
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n

2k(k+1)

1
AIC=nIn|( - _—
nn(n n—k—1’

(i — )71')2) +2k+

i=0

where n denotes the sample size and k denotes the number of parameters.

3.1. Results

The least squares method gives the following estimates of coefficients and orders of
the fractional operators (see Table I).

original model model (2)
Bo —2.14384 82.43610
B 1.16311 1.34269
B 0.32493 —10.88530
a - 4.41093 x 10717
o - 0.58188

Table I.  Estimates of coefficients and orders of the fractional operators.

Results obtained by using (1)-(2) are as follows (see Table II).

original model ~ model (2)

MSE 22.8812 19.9679
R? 0.98308 0.98523
R? 0.98154 0.98389
MAD 421674 3.82673
AIC 85.3488 81.9441

Table II.  Performance indices for the Romanian economy.

Now, when we know the coefficients and orders of the fractional operators, we are

ready to give the fitting results (see Figure 1).
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Fig. 1. Data fitting.

One can see that the simulation results of original and model (2) are close to real
data. However, R? of modified model is closer to 1 than R? of original model. Thus,

model (2) is better than original model.

3.2.  More General Models

We consider extension of (2) in a form

y(t) = Bo+ B CDZ‘,;‘xl (1) + ﬁLZthZlﬁxl (1)

a a 3)
+ P Dy %2(1) + Paz Dy 2 (1) +£(0),

where By, Bi., Br; (i =0,1,2) are regression coefficients, o ;, o, € [0,1] (i =0,1,2)
are unknown orders and €(¢) is a function of residuals. In general, we have

30 = Bot Y BrucDs () + Y. Boy DEna(r) (1) 4)
i=1

j=1

fora,;, o, €[0,1],i=1,...,p, j=1,...,q. Letting p — o0 and g — o, we get

Y0 =Bt [ Bilen) D(dan + [ Bolaw) Dlo)dos + ()
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Due to the computational complexity of the least squares method for all parameters,
we chose a different method for estimating the models parameters and we get the
following estimates of coefficients and orders of the fractional operators (see Table
II). Note that there is no proof of the best estimate of parameters obtained using this
method.

model (3) model (4), p=¢g=3 model 4),p=g=4 model (4),p=¢g=>5

Bo 83.20526 84.04196 85.22125 85.15662
B 1.47409 19.39253 72.97881 31.97668
B2 —1.27170 —40.21083 —169.16983 —60.53592
Bis - 52.15342 303.43792 —9.41558
Bi4 - - —2333.38776 —33494.91513
Bis - - - 25613.50872
B2 —4.15815 421.22459 2453.17281 —124.40979
B2 3.28790 —103.72563 —556.75607 —30.71726
B3 - —341.06431 —2106.16932 264.10137
Baa - - 839.70531 —2685.75423
Bas - - - 9747.93546
;31716 x 1071 1.4432 x 10714 8.2771 x 10710 1.49024 x 1079
ap 0.09639 0.08246 0.08246 0.08246
a3 - 0.35410 0.35408 0.35413
o4 - - 0.99967 0.99967

a s - - - 0.94407
o, 0.07450 0.07450 0.07450 0.07450
w,  1.0001 x 10720 0.00561 0.00561 0.00561
3 - 0.11702 0.11702 0.11702
oy - - 0.68561 0.68561
s - - - 0.99984

Table III.  Estimates of coefficients and orders of the fractional operators.
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Results obtained by using (1)-(4) are as follows (see Table IV).

original model model (2) model (3)
MSE 22.8812 19.9679 6.8990
R? 0.98308 0.98523 0.99490
R? 0.98154 0.98390 0.99388
MAD 4.21674 3.82673 2.12068
AIC 85.3488 81.9441 58.2843

model (4), p=g=3 model (4),p=g=4 model(4),p=qg=5

MSE 3.53354 1.51559 1.45406
R? 0.99739 0.99888 0.99893
R? 0.99652 0.99832 0.99816
MAD 1.42666 0.96946 0.93319
AIC 48.2242 35.3951 45.0733

Table IV. Performance indices for the Romanian economy.

Now, when we know the coefficients and orders of the fractional operators, we are
ready to give the fitting results (see Figure 2).
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Fig. 2. Data fitting.
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The simulation results of models where we estimated the parameters are close to
real data. Due to the different count of parameters of models, we can use adjusted
coefficient of determination for the model comparison to each other.

One can see, that data obtained by model (4) with p = ¢ = 4 better fits real data
than data obtained by other models, which is also indicated by values of R? of these
models. R? of model (4) with p = g = 4 is closer to 1 than R? of any other model where
we estimated the parameters. Thus, model (4) with p = g = 4 is better then any other

model where we estimated the parameters.

4. CONCLUSIONS

This paper studies a final consumption and gross investment influence on GDP for
the Romanian case. Based on our results, it is shown that using the Caputo fractional
derivative is convenient in this case. In addition, the data of general models are better
than the data of original model from [Anghelache et al. 2015].
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Doubly stochastic matrices and the quantum
channels

H. K. DAS AND MD. KAISAR AHMED

Abstract

The main object of this paper is to study doubly stochastic matrices with majorization and the Birkhoff
theorem. The Perron-Frobenius theorem on eigenvalues is generalized for doubly stochastic matrices. The
region of all possible eigenvalues of n-by-n doubly stochastic matrix is the union of regular (n — 1) polygons
into the complex plane. This statement is ensured by a famous conjecture known as the Perfect-Mirsky
conjecture which is true for n = 1, 2, 3, 4 and untrue for n = 5. We show the extremal eigenvalues of the
Perfect-Mirsky regions graphically forn =1, 2, 3, 4 and identify corresponding doubly stochastic matrices.
Bearing in mind the counterexample of Rivard-Mashreghi given in 2007, we introduce a more general
counterexample to the conjecture for n = 5. Later, we discuss different types of positive maps relevant to
Quantum Channels (QCs) and finally introduce a theorem to determine whether a QCs gives rise to a doubly
stochastic matrix or not. This evidence is straightforward and uses the basic tools of matrix theory and
functional analysis.

Mathematics Subject Classification 2010: 15B51, 15A18, 46A55, 46H05
Keywords: Stochastic Matrices, Doubly Stochastic Matrices, Eigenvalues, Eigenvectors, Linear Operators,
Majoriation, Perfect-Mirsky Conjecture, Quantum Channel

1. INTRODUCTION

Stochastic and doubly stochastic matrices are mostly studied matrices for many
years. Motivation has come from pure mathematics. The concept of stochastic
matrices, a special type of nonnegative matrices, was introduced by Andrey Markov
when he was working on the well-known mathematical system of the Markov chain
in 1906. His intention of using these types of matrices was only for linguistic analysis
and card shuffling. In 2017, the notion of steady-state is explored in connection with
the long-run distribution, behavior of the Markov chain, and predictions based on
Markov chains with more than two states are examined, followed by a discussion of
the nation of absorbing Markov chains in Gagniuc [10]. Later Andrey Kolmogorov
gave rise to developments of this type of matrices extending the possibilities of uses

for continuous-time Markov processes [14].

10.2478/jamsi-2021-0005 § sciendo
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As they were found to have a variety of applications in the fields like probability
theory, statistics, mathematical finance, and linear algebra, as well as economics,
engineering, computer science, population genetics, and QI; many of the researchers
were intensely motivated by this. Prashanth et. al. [25] introduced some results using
eigenvalues of signed graph using the number of vertices. In addition to these
applications, stochastic modeling is an interesting and challenging domain of statistics
and data science, for more details see Bhuiyan [3]. Moreover, the spectral properties
of stochastic matrices appeared of great interest in the various domains of
mathematics. The most facetious thing about the spectral properties of those matrices
is the location of eigenvalues for different n. In 1936, Romanovsky [26] first tried to
characterize the location of eigenvalues of stochastic matrices in the complex plane
and he managed to find the points on the circumference of the unit circle where some
eigenvalues of a different order of stochastic matrices may lie. But the problem of
finding the possible area covering all the proper values of stochastic matrices was first
suggested by Kolmogorov in 1938.

In 1946, Dmitriev et. al. [9] tried to mark the region, denoted by ®,,, given by
the subset of the complex plane containing all possible eigenvalues of all n-by-n
stochastic matrices. They managed to find that area in part. In 1938, Kolmogorov
raised the question that what point of the circle of unity may serve as the characteristic
root of a stochastic matrix. Later in 1946, Dmitriev and Dynkin [9] solved the problem

completely for n < 4 and partially for n > 5. On the basis of Dmitriv and Dynkin

problem, Karpelevich [13] solved a similar problem completely and found the
Karpelevich’s region K, in 1949. Karpelevic was able to solve the problem
completely, but a new statement about it was made by Ito [11] in 1997. Some time
later, Perfect et. al. [23] considered the same problem for double stochastic matrices,
i.e., they tried to characterize the region w,, < C containing all the eigenvalues of n-
by-n doubly stochastic matrices. They gave a conjecture about the possible region
known as the Perfect-Mirsky conjecture. Recently, in 2015, Perfect-Mirsky
Conjecture on the structure of the set of eigenvalues for all n-by-n doubly stochastic
matrices in the four-dimensional case were studied by Levick J., Rajesh Pereira and

David W. Kribs [19] and based on the analysis they made new conjectures for the
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general case. In this article, a detailed description of these results along with the
diagrams of the regions are given to discuss matrices with extremal characteristic
roots.

In the Quantum Information (QI) theory and Quantum system, a very important
notion of quantum mechanics is the QCs are a special type of communication channel
that delivers information from sender to receiver. The information conveyed by QCs
is described by the quantum states of a quantum system. In addition, QCs can be
regarded as a special type of positive maps on the matrix space. In this article, we
discuss the idea of quantum information and the various types of positive maps
concerning QCs. We also generalize the requirement that a QCs produces or does not
produce a doubly stochastic matrix. An algebraic point of view, a QCs is a completely
positive trace-preserving map that acts on space and gives the output of information
to another space. Moreover, an euclidean formulation of relativistic quantum
mechanics for systems of a finite number of degrees of freedom is considered in [27].
Based on unitarily, there may be two types of QCs: unital and non-unital. The initial
QCs maintain the average of a quantum state. On the other hand, non-initial QC does
not. As there is a connection between the positive trace-preserving initial maps and
doubly stochastic matrices [5] there might have a connection between initial QCs and
doubly stochastic matrices. In this paper, we will discuss the relationship between
them. The remainder of this paper is divided into five sections. We first introduce
some preliminary definitions and some relevant theorems as well as majorization
illustrating with an example. In section three, we state the Perron-Frobenius theorem
of nonnegative matrices. For showing the region of characteristic roots of such
matrices, we first recall a theorem of Karpelevich regarding stochastic matrices. Then,
we discuss the Perfect-Mirsky conjecture and show the matrices with extremal roots
graphically in the star shaped region. In section four, we introduce a more general
form of counterexamples for Perfect-Mirsky conjecture and compare it with that of
previously found Rivard-Mashreghi counterexample for n = 5. Section five is devoted
to the quantum channels and discusses the connection between doubly stochastic

matrices and trace preserving initial positive maps. We finally generalize the
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condition, whether a quantum channel gives rise to doubly stochastic matrix or not by
a theorem.

2. MATHEMATICAL BACKGROUND

A special type of real matrices whose all entries are positive, called positive
matrices. The stochastic matrices are the simplest form of positive matrices in which
certain conditions are implemented. There are two simple types of positive matrices
row (column) stochastic matrices and doubly stochastic matrices. Each entry of such
matrices represents a probability. In this section, we discuss doubly stochastic
matrices and the famous theorem of Birkhoff is regarding those types of matrices. We
define majorization for one dimensional and multidimensional case and formulate a
lemma connecting doubly stochastic matrices and majorization. (For more details, see
Armandnejad et. al. [1].)

DEFINITION 1. A matrix A=(ai]-) € M, (R) is called row (column) stochastic if
the sum of each of its rows (columns) equals to 1. That is,
(i)a; =0, fori,j=1,...... .
(i) > a; =1 fori=1...... .n (Zaijzl for j=1,......... ,n}
j=1 i=1

The set of all n X n row (column) stochastic matrices is denoted by Q% (Q5°™™™).

DEFINITION 2. A matrix A € M, (R) is called doubly stochastic if the sum of
each of its rows and columns equals to 1 i. e. (i)a;; = 0,fori,j=1,...n, and
(i)Y} =Xk a5 =1, fori,j =1,...n.

Doubly stochastic matrices are also known as Bistochastic matrices, Schur
transformation. The set of all n X n doubly stochastic matrices is called Birkhoff
polytope and is denoted by Q,,. A special example of doubly stochastic matrices are
the permutation matrices, the square matrices whose entries are all either 0 or 1 and

which contain exactly a 1 in each row and each column.

THEOREM 1. (Mehlum [22]) The set of all n X n doubly stochastic matrices is

convex.
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THEOREM 2. (Birkhoff [2]) The set Q,, of doubly stochastic matrices of size n-

by-n is the convex hull of the n-by-n permutation matrices.

To get a better understanding of the Birkhoff theorem of doubly stochastic matrices
and their importance for this paper, we present an example to illustrate how the doubly
stochastic matrices can be expressed as the convex combination of permutation

matrices. This is illustrated by the following example:

1 3 3
10 10 5
EXAMPLE 1. Illustrate the doubly stochastic matrix % % % for
3 3 1
10 5 10
Birkhoff theorem.
L 3 3
( 10 10 5\
Proof: To illustrate the Birkhoff theorem, set 4, = % % 110 , then we have the
2 3 /
10 5 10
following:
1 1
2 2
3 3

Fig. 1: Bipartite graph associated to Ao matrix

A perfect matching is {(1,1), (2,3), (3,2)} and the corresponding permutation matrix is

1 0 0
Py = <0 0 1>. The smallest entry of Ao corresponding to the non-zero entries of Py
010

is ay = % (If &g = 1, then we would have Ay, = P;), then we get the following

doubly stochastic matrix,
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1 3 3)y (1 4 o 1 2

10 10 5| [10 33| e
1 10/|3 1 3 1 2 1 2
= —q,P)="= 2 = = -0 0 —||=|= = =
All—aO(AO °°)9 5 10 10 10 399
3 3 111y 1 g 151
10 5 10 10 3.9 9

have the bipartite graph associated to A, in the following:

1 1
2 2
3 3

Fig. 2: Bipartite graph associated to A; matrix

A perfect matching is {(1,2), (2,1), (3,3)}, and the corresponding permutation matrix is

010
P1=<1 0 0). Then we have A2=$(A1—a1P1)= of A,

0 0 1

[c-R e ol e N
O AR AW

olwolun O

corresponding to the non-zero entries of P; is a; = %. Bipartite graph associated to

Az is
1 1
2 2
3 3

Fig. 3: Bipartite graph associated to A2 matrix
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A perfect matching is {(1, 3), (2,2), (3,1)} and the corresponding permutation matrix is

0 0 1
P, = <0 1 0>. We then get A; = ﬁ(A2 —a,P,) = by choosing the

1 00

NIVl ©
Nl © NN
O NINN|w!

smallest entry of 4> and then Bipartite graph associated to A3 is following.

1 1
2 2
3 3

Fig. 4: Bipartite graph associated to A3z matrix

A perfect matching is{(1,3), (2,1), (3,2)} and the corresponding permutation matrix is

0 0 1
Py = <1 0 0>. The smallest entry of 43 to the non-zero entries of Ps is a5 = ; then

010
) 010
wegetA4=;(A2—a2P2)=<0 0 1>=P4.Thus,
: 100
5p . 2p . A =P
AS:a3P3+(1—a3)A4:?P3+?P4, =P, ,
1, 5_ 2
Az:aZPZ+(1—a2)A3:§P2+§P3+§P4 ,
Al=a1P1+(1—al)A2=épl+épz+§P3+:P4,andﬁnallyweget

1 1 1 5 2
—aP +(1- =~ P +-P+=P +>p +2p . Therefore, we finally have
Ay =Py ( aO)Al 10°"10 1027102 10"
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1 3 3

10 10 5 100 010 00 1 00 1 0 1 0),
31 30 10 0 1l+L1 0 0ol+20o 1 0[+2{1 0 0l+2]0 0 1
313?110 ©ls 1 0] 0 0 1) 100 ®lo1o ¥lioo
10 5 10

where ag +a; +a, +az +a, = 1.

We now describe how two vectors X and Y are related to each other by majorization
and doubly stochastic matrices. Normally, it measures which of the vectors of X or ¥
is “more or less spread out”. For example, in economics, the majorization is used to

compare the income distribution of two groups of the population.

DEFINITION 3. Let X = (X1, X5, vvvv- .. Jxp)and Y = (Y, Vo, eeeeennns , ) be
the n-tuples of real numbers. Then we say that X is majorized by Y, written X < Y, if

Koxi=Yk yt;1e2<k<nand Y% ,x; = ¥, y;. The notation X* means that
the entries of X are arranged in descending order. We present now a real life example

for explaining the notion of majorization in our own way as follows:

EXAMPLE 2. Consider two Cricket teams in Oklahoma State University,
Stillwater, OK, USA namely, Cowboy cricket club 4, and Cowboy cricket club B.

Both teams scored 150 runs in a 20 —20 over match, resulted in a tie. But someone
may try to identify which team was better. The question is: can we really identify

properly which team was better?

Two teams played 20 overs, scored 150, but they scored different runs in different

phase of the game. Let us divide the phases in terms of overs. That is, the scoring rate
in each over is not equally distributed. We re-arrange the runs scored in each over in
an ascending sequence. x; and y; represent the runs in the i* over of team 4 and B
respectively. Now we compute the relative runs of the i over to be sum of the i*
smallest overs divided by total runs. We represent this numbers by X; and y;
respectively. We also define n; to be the proportion of overs having runs x;(y;) or
less, such that n,, denotes the whole overs. Then we plot the pairs (n;, x;) and (n;,y;),

i=1,......... ,20 in the same axes of coordinates. We add a straight line which
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represents the overs where scores are at level. The associated graph shown in the

following:

0.93
0o
0.83
08
0.73
07
0.63
0.6
033
03
043

Proportion of Runs

04
0.33
03
023
02
013
01
0.03

0 0030101302023 03 0335 04 045 035 035 06 065 0.7 075 08 083 09 0935 1
Proportion of Orvers

Fig. 5: Comparison of two Cowboy Cricket Clubs over by over

we observe that the graph of A4 is less convex than the graph of B or B spread out more

than 4 Using this concept, we can conclude that A is more evenly distributed than B

or 4 is a better team than B Although the idea of majorization comes from the

comparison of two distinct objectives such as their income, height or other things, this

concept is extended for a vector of more objects or points. But the problem for solving

the comparison for a multidimensional array is more complicated than that of the

single vector case. For a multidimensional case or simply for a matrix, the

majorization is characterized differently using the concept of doubly stochastic

matrices.
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THEOREM 3. Let X = {x: X < Y}. Then the set X is the convex hull of points
generated by permuting the points of Y. (Marshall [20])

DEFINITION 4. Let A and B be two m X n real matrices. Then we say that 4 is
majorized by B if there exists at least one doubly stochastic matrix D of order m X m

such that 4 = BD.

The definition above is equivalent to saying that 4 is row (column) majorized by B if

each row (column) of 4 is majorized by the corresponding row (column) of B. For

more details characterization of row or column majorization one can see Armandnejad
et. al. [1], and Dahl [8]. Linking up theorem 3 and definitions above, we have the

following relation between majorization and doubly stochastic matrices.

LEMMA 1. Let x,y € RL,. Then the followings are equivalent:
1. x<y
2. x € Conv{y}

3. x = yD for some doubly stochastic matrix D € Q,,.

3. REGIONS OF CHARACTERISTIC ROOTS OF DOUBLY STOCHASTIC
MATRICES
One of the most important theorems in matrix analysis is the Perron-Frobenius
theorem, a theorem regarding the eigenvalues and corresponding eigenvectors of non-
negative matrices. This theorem also has a similar assertion for different classes of
non-negative matrices. In 2012, Cheng et.al. [4], provide a simple proof for the
Perron-Frobenius theorem concerned with positive matrices using a homotopy
technique. In this section, we give our observation of the Perron-Frobenius theorem
in the case of stochastic and doubly stochastic matrices. We discuss the Perfect-
Mirsky conjecture for doubly stochastic matrices and show the extremal characteristic

roots of w, forn > 2.

THEOREM 4. (Perron-Frobenius theorem, (Cheng et. Al. [4])) If A = (ai j) isa

real n X n non-negative matrix, then
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(i) 4 has a non-negative eigenvalue A which is equal to the spectral radius
of A
(if) There is a unique eigenvector corresponding to A whose all entries are

non-negative.
In our case, the simple observation of Perron-Frobenius theorem is that

(i)  Every stochastic and doubly stochastic matrix has spectral radius 1.

(i) The eigenvector corresponding to the spectral radius is

Perfect-Mirsky Conjecture.

It was observed that the subset of C which may contain the eigenvalues of ann X n
doubly stochastic matrix is a subset of the characteristic region of an n X n stochastic
matrix. Also, the characteristic region of (n — 1) X (n — 1) doubly stochastic matrices

is a subset of the characteristic region of n X n doubly stochastic matrices.

DEFINITION 5. Let 4 be an n X n doubly stochastic matrix and A be any
complex number inside the unit circle. Then the set of eigenvalues of 4 consists of the

collection of all A's if there exists a v corresponding to A such that Av = Av.

ie, o, ={AeC:3A€Q,, AV = Av}

DEFINITION 6. The region [],, is the closed region whose boundary is the

regular n-gon circumscribed in the unit circle with vertices at

{ 2w iam i2(n-1)m

l,en,en,......... ,e n } That is,
i27k
II, = Conv{e n:0<k<n —1}.

CONIJECTURE 1. (Perfect and Mirsky [23] ) o, = Uni .

i=1

The Perfect-Mirsky conjecture is trivially true for n=1,2 and Perfect and Mirsky

proved the conjecture for n = 3. In 2015 Levick et. al. [19], Levick [18] in his Ph.D.
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thesis, and latter in 2016 Levick [17] proved this conjecture for n = 4, and the

conjecture is false for n =5. Still for the higher values of #n, the conjecture is unknown.

Matrices with Extremal Eigenvalues
According to the Perfect-Mirsky conjecture the region w,, is the union of the n-gons

in the unit circle. For n = 1, the matrix A = [1] has the requirement of doubly
stochastic matrices and its only eigenvalue is 1, located at the point (1,0) on the arc of

the unit circle. To discuss the matrices with extremal characteristic roots for n > 2,
we first define doubly stochastic circulant matrix slightly modifying the definition of

circulant matrix in Kra and Simanca [15] as follows:

DEFINITION 7. Let us consider a row vector

n-1
v{(vo,vl, ......... Voa)eR":vielo,1] Dy, l}.
i=0
and define a shift operator (v, Vg, ... . ... yUn-1) = (Wp_1,Vgyerenvennn , Vn_z).
Then the doubly stochastic circulant matrix A = cir(v) associated to the vector v €

R™ is the n X n matrix whose rows are generated by the shift operator o defined on v;

its i rowis 6" (),i=1,......... Jn:
VO Vl n-2 n-1
n-1 VO n-3 n-2
A =
Vo Vg e e VoV
VA VAP VA

PROPOSITION 1. For n > 3, the n-gon described in definition 6 corresponds

g(when n is even) or nTH (when n is odd) doubly stochastic circulant matrices.

The sides connected with the point 1 represent a trace non-zero doubly stochastic

circulant matrix with at most two non-zero adjacent entries. The other sides of the
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n-gon represent trace zero doubly stochastic circulant matrices with at most two non-

zero adjacent entries. For example, in the heptagon ([],) for n =7, we get

Fig. 6: The region [],.

where the lines connected to the point 1 is represented by the trace non-zero doubly

stochastic circulant matrix

t 1-t 0 0 0 0 O
0 t 1-t 0 0 0 O
0 0 t 1-t0 0 O
0 0 0 t 0 0 0 [tefo1]
0 0 0 0 t1-t O
0 0 0 0 0 t 1-t
-t 0 0 0 0 0 t

A. The Region w,
The regionw, = [J; UJ], consists of the line joining the points 1 and e™”. The 2 X 2

doubly stochastic circulant matrix with eigenvalues located on this line is of the form

A= (1 i ; 1 ; t), t € [0,1]. Note that, all roots on this line are extremal and as ¢

varies we get
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X X -
> » >

01 p2 03 04 o035 046 07 o0p 08

Fig. 7: Extremal roots of w,

B. The Region w;
i2m

The region w; = [, U], U[l; consists of a regular triangle with vertices at 1,e7s"
i4m
and es and of the closed interval [—1, - %]

(1) The 3 x 3 doubly stochastic trace non-zero circulant matrix with extremal

i2m

i4m
eigenvalues located on the lines joining the point 1 to the points e s and e3 is of the

t 1-t 0
form A;; = ( 0 t 1- t) and the following figure shows the location of the
1-t 0 t

roots as ¢ varies:

(2

—iir

A3

Fig. 8: Extremal roots of w; between <1, elzTn> and <1, eMTn>.
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(2) The 3x3 doubly stochastic trace zero circulant matrix with extremal
eigenvalues located on the lines joining the points e 3 and e 3 is of the form:

0 t 1-t

Following figure shows the location of the roots as ¢ varies:

w3

—im

—> > | — «——

i3

i2m 4w
Fig. 9: Extremal roots of w5 between <eT,eT>

(3) For the closed interval [—1,—%] this line has the characteristic polynomial

multiplied by the factor A — 1 to the characteristic polynomial of 4 in 2 X 2 case. So
the 3 x 3 matrix is obtained simply by adding a new column and a new row with 37¢

entry 1 to the matrix A. The 3 X 3 doubly stochastic matrix with extremal

t 1-t 0
eigenvalues located [—1, — %] on the real line is of the form A;; = (1 —t t 0),
0 0 1

and following figure shows the location of the roots as t varies:
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<

3

Fig. 10: Extremal roots of w; between [—1, - %]

C. The Region w,

im  i2m 4w i3

The region w, intersects the unit circle at six points, 1,e2,e3,e3,e™™ and ez,

consisting of [[; U, Uz UTla4-
(1) The 4 x 4 doubly stochastic trace non-zero circulant matrix with extremal

i2m i4m
eigenvalues located on the lines joining the points 1 to the points e 3 and e 3 is of the

t 1-t 0 0

form A,; = g 8 1 ; t 1 2 ¢ | and following figure shows the location
1-t 0 0 t

of roots as ¢ varies
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|
=

i

o1 92|03

i in i3m
Fig. 11: Extremal roots of w, between <1, e7> <1, e7> and <1, e7>

(2) Following figure shows the location of the root as ¢ varies:

«—

05 04 03 p2 01

iz i3z
Fig. 12: Extremal roots of ¢, between <eizr,ez>and <eiﬂ’ez>
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Where, the 4 x 4 doubly stochastic trace zero circulant matrix with extremal
eigenvalues located on the lines joining the points e'” to the points e3 and e 3 is of

the form

i2m i4m
(3) For the lines joining the point 1 to the points e 3 and e 3 respectively, these

lines have the characteristic polynomial multiplied by the factor A —1 to the
characteristic polynomial of the matrix Az; in 3 X 3 case. So the 4 X 4 doubly
stochastic trace non-zero matrix is obtained simply by adding a new column and a

new row with 4% entry 1 to the matrix As;. The 4 X 4 doubly stochastic matrix with

t 1-t¢ 0 0

extremal eigenvalues are of the form A,; = 12t 8 1;t 8 , and
0 0 0 1

following figure shows the location of the roots as ¢ varies:

£ 1

idr
£ 2

izn itn
Fig. 13: Extremal roots of w, between <1, eT> and <1, eT>
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i2m i4m
(4) For the line joining the points e 3 and e 3 has the characteristic polynomial

multiplied by the factor 1 — 1 to the characteristic polynomial of the matrix A3, in
3 x 3 case. Thus 4 X 4 doubly stochastic matrix is obtained simply by adding a new

column and a new row with 4" entry 1 to the matrix A3,. The 4x4 doubly stochastic

0 t 1-t 0

o . . 1-t 0 t 0
matrix with extremal eigenvalues is of the form A, = " 1t 0 o

0 0 0 1

and following figure shows the location of the roots as ¢ varies:

ir

ir

2 i4m!
Fig. 14: Extremal roots of w, between <e7, eT>

4. COUNTEREXAMPLE FORn =5

In this section, we give a more general structure of counterexample of the Perfect-
Mirsky conjecture for n = 5 than that of Rivard-Mashreghi and at the end, we

produce some particular cases for counterexample to make reasonable comparison.

Rivard-Mashreghi Counterexample.

In 2007, Mashregi et. al. [21] found a counterexample, showing that U7_, []i E wWs.
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00 0 1 0
0 0 t 0 1-t
P=l0 t 1-t 0 0
01-t 0 0 t
1.0 0 0 0

They numerically showed that the matrix has an eigenvalue for t € [0.5 — &,0.5 + €]
outside the Perfect-Mirsky region. They showed that the matrix
0 0 0 1 O

0 0 05 0 05
P.=/0 05 05 0 0
005 0 0 05
1 0 000

has two complex eigenvalues 1 = 0.28 + 0.76i, lying outside the region ws.

Fig. 15: The Rivard-Mashregi Counterexample for wg
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New Counterexamples for n = 5.

We propose a new matrix of the form

r 0 0 1-r 0

0 S t 0 1-s-t

0 t 1-s-t 0 s (1)
0 1-s-t S 0 t
1-r 0 0 r 0

For re[0—¢0+¢],s€e[0—7n,0+n] and t € [0.5—1v,0.5+ v], the matrix has
some eigenvalues outside the Perfect-Mirsky region.

CASE (I). For r=0,5=0, and t = % , we get the Rivard-Mashreghi
counterexample from our proposed structure of matrix.

CASE (I). Again, from equation (1), for r = 0.001,s = 0.001,t = 0.494, we
have the matrix

0001 O 0 0999 0
0 0001 0494 0 0505

A=| 0 0494 0505 0 0.001 (2)
0 0505 0001 O 049
0999 0 0 0001 O

has two roots outside the region w;, and geometrically we have

Fig. 16: Eigenvalue location of the matrix A
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CASE (II) MATHEMATICAL EXPLAINATION. The characteristic
polynomial of 4 is
Det(Al — A) = —2° 4+ 0.5072* + 0.2435192% + 0.4927744% + 0.004803281 — 0.248096.

One root of the polynomial is 1, so we factor out the term A — 1 and let the remaining

part be denoted by f(1) = —1* — 0.49323 — 0.2494811% + 0.2432921 + 0.248096.
The characteristic polynomial has two more real roots and two complex roots which
are (using the Mathematica software) approximately 1; = 0.642647, 1, ~ —0.587367,
and a + ib ~ —0.27414 4+ 0.762959i. Let 1;, A, € R and a + ib be the other roots of the
equation f(1) = —1% — 0.49313 — 0.2494814% + 0.2432921 + 0.248096 = 0. Then the
sum of the roots is
Ay + A, +2a=-0.493 (3)
and the product of the roots is
A, (@ +b?)=-0.248096 (4)
Now we show that the roots a +ib to the forbidden region denoted by A.
We find that £(0.642646) > 0, and f(0.642648) < 0. Hence, by the Intermediate
Value, we have 1; € [0.642646,0.642648]. In a similar way, f(—0.587366) > 0, and
f(—0.587368) < 0 and we find 1, € [-0.587366,—0.587368].
Hence, by (3), we get ac[-0.27413, -0.27415], and, by (4) , we get b€
[0.762958,0.762960],
This is same to saying that
a+ib € [-0.27413,—0.27415] x [0.762958,0.762960] = Z.
Now, the equation of the line joining the points (—1,0) and (0, 1) isy —x — 1 = 0, the
equation of the line joining the points (1,0) and eMTn isV3y+x—1=0, and the
i2n iam
equation of the line joining the points es and es is

X— Cos(zn) y-— Sin(Z”]
5 5

AT ) (5T o)

LetF(x,y)=y—x—-1=0, G(x,y)=\/§y+x—l=0,



JAMSI, 17 (2021), No. 1 95

X— Cos(hj y - Sin(zn)
5 5

H(x,y)= 005(457[) - COS(ZQ _ sm(‘?j - Sin(zgj :

Then it is easy to verify that F(x,y) > 0,G(x,y) > 0,H(x,y) > 0 for the four extreme

corner points of Z and ensure that the rectangle Z lies in the forbidden region A.

CASE (Ill). Forr =0,s =0.01,t = 0.52, from equation (4_5_1), we have the

matrix
0 0 0 1 0
0 001 052 0 047
B=|0 052 0505 0 0.01 (5)
0 047 001 0 052
1 0 0 0 0

has two roots 1 = —0.298683 + 0.755402 outside the region ws.
Note that, the following matrices A and B are a Convex Combination of 3 Permutation

Matrices, where

0001 O 0 099 O 0 O 0O 1 o0
0 0.001 0494 0 0.505 _and 0 0.01 052 0 047 '
A= 0 0494 0505 0 0.001 B=|0 052 0505 0 0.01
0 0505 0001 O 0494 0 047 001 0 052
0999 0 0 0001 O 1 0 0 0 O

Proof: Let us consider the matrix B. We set it as

0 O 0 1 0

0 001 052 0 047
B,=/0 052 047 0 0.01 (6)
0 047 0001 0 052
1 0 0 0 0
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The bipartite graph associated to By is the following:

1 1

[
[

3 3
4 4
5 5

Fig. 17: Bipartite graph associated to By matrix

A perfect matching is (1,4), (2,3), (3,2), (4,5), (5,1) and the corresponding permutation

matrix is
00010
00100
P=|0 1 000 (7)
00001
10000

The smallest entry of Bg corresponding to the non-zero entries of Py is ay = 0.52.

Then, we get
0 0 10
0 0 0 04 0 0o L 0 4
. . 0 001 0 0 047 48 4 418
B, = B =—| 0 0 047 0 001(=(0 0 — 0 —
' 1—%(0 o) 0.48 48 48
0 047 001 0 O 0 41
048 0 0 0 0 48 48
10 0 0 O
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The bipartite graph associated to By is the following:

Fig. 18: Bipartite graph associated to B, matrix

1 1

[
=)

3 3
4 4
5 5

A perfect matching is (1,4), (2,2), (3,5), (4,3), (5,1) and the corresponding permutation

matrix is

O

The smallest entry of B; corresponding to the non-zero entries of P1is a; = i.

Then, we get

Il
R O O O O

0010
1000
0 001
0100
0 00O

0 0 O a7

48
0 0 0 O
0 0 a7 0

48
0 adl 0 0
48

a7 0 0 O

R O O O O

o B O O O

o O »r O O

o O O O Bk

o O O +» O
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We now go backward, and then
B, =a,P, +(1-,)B,
By = aoPy +(1-a,)B,

=R +(1_0‘0){a1pl + (1_0‘1)P2}

=0.52P, + 0.01P, + 0.47P,.
Finally we have
0 0 0 1 0 00010 00010 00010
0 001 052 0 047 00100 01000 00O0O01
0 052 047 0 001|=0520 1 0 O 0|+0.040 0 O O 1|+0470 0 1 0 0}
0 047 0001 0 0.52 00O0O001 00100 01000
1 0 0 0 O 10000 10000 10000

as a consequence of Birkhoff theorem which says that By is a convex combination of

3 permutation matrices.

Comparing our counterexamples to that of Rivard-Mashreghi.

We note that the Rivard-Mashreghi counterexample is a convex combination of just
two permutation matrices; but our new counterexamples are convex combination of

three permutation matrices.

—0.40 =035 —0.30 -0.25 —0.20

Fig. 19: Comparison of counterexamples of case (i), (ii) and (iii)
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Comparing our counterexamples to that of Rivard-Mashreghi, we see that for more
terms in the convex combination, the eigenvalues are more close to the real boundary
of ws. Since the region w,, approaches the full circle, the forbidden region inside the
circle becomes smaller. And since each vertex on the unit circle represents a
permutation matrix, so if there exists any counterexample to the Perfect-Mirsky
conjecture for higher values of n, they are expected to be a convex combination of

fewer permutation matrices. For deeper understanding, one can see Levick [18].

5. QUANTUM CHANNELS

In this section, we introduce a theorem to determine whether a QCs gives rise to a

doubly stochastic matrix or not.

DEFINITION 8. A symmetric matrix A is called positive semidefinite if x*Ax >
0 for all column vector x in C" (or, x in R" for the real matrices). If x*Ax > 0, then A
is said to be positive definite. We note that the eigenvalues of all positive semidefinite
matrices are nonnegative whereas the eigenvalues of all positive definite matrices are

positive.

DEFINITION 9. A positive semidefinite matrix p of n X n complex entries is
called a density matrix if Tr(p) = 1. Mathematically, density matrices can be
formulated as p = Y. p; [W; ;| (see details Das[7] for some remarkable results
depending on density matrices). Thus, any general density matrix is a convex
combination of pure state density matrices; hence density matrices are generally

considered to be as mixed states.

DEFINITION 10. Let M,, be a set of n X n complex matrices. A positive map is
a linear map defined as ®: M,,, — M,,, such that it maps positive semidefinite matrix
X € My, into a positive semidefinite matrix ®(X) € M,,,. We recall that if the matrix
X is positive, then we have

(w[X|y)=0 ©)
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for all p € C", and the map @ is positive if it satisfies
(wie(p)glly)=o0. (10)
for p € C™ and P € C™2.

DEFINITION 11. Let id,,;: M,, = M,, be an identity map for which id, (X) = X
for any X € M,,. Then a linear map ®: M,,, - M, is said to be n-positive if @ ®

idy: My, @ My, > My, ® M, is positive.

DEFINITION 12. A linear map ®: M,,, — M, is said to be completely positive
if it is n-positive foralln = 1,2,.....
we note that due to Kraus et. al. [16], any completely positive map ®: M, - M,,, can

be expressed as

D(X)= 2 KXK] 1)

The representation (11) is called the Kraus decomposition of the map @, and the

operators {K;} are called the Kraus operators of ®. Every Kraus operator is an n; X n,

matrix such that (11) holds for all X € M,,,. We recall that similar to the definition 10,
the condition (9) for the positivity of the matrix X reduces to the simple spectral

condition: all eigenvalues of the matrix X have to be nonnegative. But this is not true
for the condition (10). Because the map @ may be checked 1-positive, 2-positive etc;
that condition does not ensure the positivity for all n =1,2,......... To get a simple

spectral condition for complete positivity , let us define the Choi-Jamiolkowsky

matrix ([6], [10])
%?EM@@Q%WM (12)
i, j=
where (e, e,,......... ,€n,) is an orthonormal basis in C™. The Choi matrix Cp €
M, »,(C) in (5) can also be written as

C, = Z E, ®(E, ) (13)

i,j=1



JAMSI, 17 (2021), No. 1 101

Now, for n-positivity of the map ® can be rewritten from condition (2) as follows:

Colw)=0 (14)

[0}

(v

EXAMPLE 3. Let us consider a map ®: M,, = M,, defined by
O(X)=X",

This map is trace preserving and trivially positive; since for n = 2, we have

101
X = [En E1zj 1o o0 o
En Ez 10 1

has spectrum {1,1,0,0} and after performing the operation transposition the spectrum
is not changed. But

(1, ®(D)(X):q)2[[E11 Ep, D

E21 E22

has spectrum {—1,1,1,1}, shows that the matrix is indefinite. Hence, ® is a positive
map but not completely positive.
The following theorem is the generalized condition of completely positivity for all

trivially positive maps:

THEOREM 5. (Choi theorem [17]) A map ®: M, (C) — M,,(C) is completely

positive if and only if its Choi matrix

M
Co=D E; ®0(E;)

ij=1

D(Ey) | ®(Ey,) CD(Elnl )
D(Ey) | D(Ey) o(E,,, )
e OB [ o o 9Ew)

is positive semidefinite.
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DEFINITION 13. A completely positive map ®: M, — M,, is said to be trace
preserving if Tr(®(X)) = Tr(X) for all X € M,,,.
A completely positive trace preserving map sends QI of a n; — dimensional quantum
system to a Ny — dimensional quantum system. Thus, a completely positive trace

preserving map is considered to be a QC.

DEFINITION 14. A QC ®:M, — M, is called unital if CD(Inl) =1,,.

2

Otherwise, it will be said non-unital.
Relation Between QCs and Doubly Stochastic Matrices.

Positive maps acting on a space of nonnegative elements yield another nonnegative
elements of a second space. Linear positive maps which are trace preserving and unital
give rise to doubly stochastic matrices. Let {u;, us,......... ,Uupt and {vy, vy, ......... , U}
be to orthonormal basis in C". Then, we define

D, =(u; ‘CD(‘VJ-><VJ- ‘)\u,) (15)

Now, by definition @ is positive if D;; = 0. Taking sum over i, we obtain

ij =

370, =3 o{jv; v ) =Trlel]v, ) v, |} o

i=1 i=1

Since @ is trace preserving, we have Tr((D(X)) = Tr(X). Using this fact, we get
YDy =Tr (¢(|vj)(vj|)) =1, shows that D, is a row stochastic Matrix. Again,
taking sum over j, we obtain }.7_; D;; = (w;| X4 ¢(|vj)<vj|)|ui).

Here, Y7, ®(|v;){(vj|) = @(Z71|v;)(v]) = ®(1,.), and for unitality of ®, ®(L,) = I,.

Using these facts, we obtain

20, = X (v (v | Ju)

= Uy |@(1,)u) = (U [1,|u;) =

shows that D;; is column stochastic.

[N
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THEOREM 6. (Poon [24]) Let ®:M,, — M,, and n > 1. Then the followings
are equivalent:
(i) @ is n —positive
(i) @ is completely positive
(iii ) The Choi matrix Cy is positive semidefinite
(

iv) ® admits an operator-sum representation
n
D(X)=D K XK. @7)
i=1
If a map @ is completely positive, then it is positive. Hence, a completely positive

trace preserving unital map or unital QC, also gives rise to doubly stochastic matrices.

EXAMPLE 4. (Gagniuc [10]) Let us consider a family of Choi maps in M,
defined by
@ (X)=1,Tr(X)-tX, t<l. (18)

Now, if ﬁ <t< % then @ is k positive but not completely positive. Hence, @ is

completely positive if t < % For n = 2, the Choi matrix of ®; is

which has the spectrum {1 — 2t,1,1,1}. Hence, @ is completely positive if t < %

Then the corresponding doubly stochastic matrix is

Dij:(l—t)(é SJHG ;j

That is , convex combination of two permutation matrices and hence a doubly
stochastic matrix. For t < %, @, is a unital QC yielding a doubly stochastic matrix.

By the motivation of the above remarkable results we present the following theorem
in this article. We now generalize the condition whether a QC gives rise to a doubly

stochastic matrix or not.
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THEOREM 7. Let ®: M, — M,, be a completely positive map with Kraus
operator {K;}. Then the map @ gives rise to doubly stochastic matrix if and only if
YL KK, =Tand X2 KK = 1.

Or, Let ®: M, — M,,, be a QC with Kraus operator {K;}. Then the QC ® gives rise
to doubly stochastic matrix if and only if ¥/, K;K; = 1.
Proof: We already know that every completely positive map ®: M,,, - M,,, can be

expressed as
n
D(X)=D K XK, (19)
i=1

Now, the map @ gives rise to doubly stochastic matrix if and only if @ is trace
preserving and unital.
By definition, @ is unital & ®(I,,) =1,, © I Kil, Ki =1,, © L1 KK =

I,and @ is trace preserving < Tr(®(X)) = Tr(X)

i=1

@Tr[i KiXK;‘jor(x) forall X e M,
<:>Tr( 1 XK:KiJ:Tr(X) forall X e M,

i=1

XK:Kij—Tr(X):O forallX e M,

X[iK:Kl_lnDZO for all X eMn1

@(inK. —|n1j=o; since Tr(X )0
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6. CONCLUSION

We studied the relationship between doubly stochastic matrices and majorization
along with the structures of marginal doubly stochastic matrices in the Perfect-Mirsky
region simply. We extended the Rivard-Mashreghi counterexample into a more
general form for n =5 of the conjecture. Since the new conjecture for the characteristic
region of doubly stochastic matrices given by Levick [18] contains a large part of the
forbidden region for n =5 it needs a better analysis of the case n > 5 . For a better idea
of the location of eigenvalues in the Perfect-Mirsky region for n > 5 these
counterexamples may be helpful to the readers for future research in the field. Every
completely positive map has an operator-sum representation. Using these, we
considered, in general, how can we get a doubly stochastic matrix corresponding to a
QCs. The reader can go for further investigation into the relationship between doubly
stochastic matrices and private QCs as well as the connection between spectra of
doubly stochastic matrices and QCs. The connections between majorization, QCs, and
private QCs are to be investigated. There are also many interesting connections

between QCs, private QCs, and probability distribution.
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