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An Alternative Proof For the Minimum Fisher
Information of Gaussian Distribution
A. PAK

Abstract

Fisher information is of key importance in estimation theory. It is used as a tool for characterizing complex
signals or systems, with applications, e.g. in biology, geophysics and signal processing. The problem of
minimizing Fisher information in a set of distributions has been studied by many researchers. In this paper,
based on some rather simple statistical reasoning, we provide an alternative proof for the fact that
Gaussian distribution with finite variance minimizes the Fisher information over all distributions with the
same variance.
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1. INTRODUCTION

The role of Fisher information as a way of measuring information in a distribution is
well established in the literature. Fisher information is used in estimation theory for
constructing a basic bound, known as Cramer-Rao lower bound (CRLB), on the
variance of an estimator ([Khoolenjani and Alamatsaz (2016)]). Applications of
Fisher information in geophysics ([Balasco et al. (2008)]), biology ([Frank (2009)]),
analysing complex signals or systems ([Martin et al. (2009)], [Nagy (2003)]), signal
processing ([Vignat and Bercher (2003)], [Zivojnovic and Noll (1997)]), computing
the asymptotic covariance matrix of the models ([Hussin et al. (2010)] and [Mamun
et al. (2013)]) and obtaining performance bounds ([Xu et al. (2008)]) are discussed
in the literature. It is also used in statistical physics and biology as a way of inference
and understanding ([Frieden (2009)]). Recently, [Dulek and Gezici (2014)] studied
the maximization of Fisher information in presence of a constraint on the cost of
measurements. [Neri et al. (2013)] studied the theoretical evaluation of the
achievable performance using Fisher information.

Gaussian distribution is one of the most well-known and widely applied
distributions in many fields such as statistics, engineering and physics. One of the
major reasons why Gaussian distribution has become so prominent is because of the

Central Limit Theorem (CLT) and the fact that the distribution of noise in numerous
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engineering systems is well fitted by Gaussian distribution. It is well known that
Gaussian distribution minimizes the Fisher information, which equals to the inverse
of Cramer-Rao lower bound, (see [Shao (1999)]). This fact is established in [Park et
al. (2013)]. Especially, when there is no information about the distribution of
observations, Gaussian assumption appears as the most traditional choice. Therefore,
optimization of estimation methods based on the CRLB that holds under Gaussian
distribution yields the best CRLB-related performance. [Stoica and Babu (2011)]
provided a general proof of result that the largest CRLB is achievable by the
Gaussian distribution. In this note, we provide a simple alternative proof for the fact
that Gaussian distribution yields the minimum Fisher information. Using certain
standard statistical reasoning, we believe that there is a value — in general, and also
here — in presenting alternative proofs for fundamental theorems. Such alternative
proofs can shed new light on the statement being proven, introduce new arguments

that can be useful elsewhere, or yield different generalizations and applications.

2. MAIN RESULT

Let us first review the fundamental notions and basic definitions used in the paper.
Suppose that X is a random observable taking on values in a sample space 2~
according to a probability distribution from the family % = {f(x;0) : 6 € @}, in

which 0 is a deterministic parameter.

DEFINITION 1. The Fisher information I(F) of a distribution F on the real line

is defined as

I(F)= /°° (c“mzigf;e))zf(x;e)dx, (D

—o0

where f denotes the density of F.

DEFINITION 2. An estimator is a real-valued function § defined over the sample
space 2. It is used to estimate an estimand, g(6), a real-valued function of the
parameter.

Quite generally, suppose that the consequences of estimating g(6) by a value d are
measured by L(0,d). Of the loss function L, we shall assume that L(0,d) > 0 for
all 6,d and L[6,g(6)] = 0 for all 0, so that the loss is zero when the correct value is

estimated. The accuracy, or rather inaccuracy, of an estimator 0 is then measured by
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the risk function
R(6,8) =Eo{L[0,5(X)]}. 2

DEFINITION 3. A set of functions {g(x) :g€¥} from the sample space 2~ onto
Z is called a group of transformations of 2~ if
i. (Inverse) For every g€¥ there is a g’€% such that g'(g(x)) =x forallx € 2.
ii. (Composition) For every g€¥ and g'€% there exists g’ €% such that g'(g(x)) =
g’(x) forallxe 2.
iii. (Identity) The identity, e(x), defined by e(x) = x is an element of ¢.

DEFINITION 4. Let ¢ be a group of transformations of the sample space 2 .
Then, the family % = {f(x;0) : 6 € ®} is invariant under the group ¢ if for every
0 € O there exists a unique 6’ € O such that Y = g(X) has the distribution f(y;8’) if
X has the distribution f(x; ).

The 6’ uniquely determined by 6 is denoted by g(6).

DEFINITION 5. An estimation problem (®,d,L) is said to be invariant under
the group ¢ if the family .% = {f(x;0) : 6 € ®} of distributions is invariant under ¢
and if the loss function is invariant under ¢ in the sense that for every g € ¢ and every

4 in the class of estimators D, there exists a unique 6* € D such that
L(6,6)=L(g(0),0%) VOe®. 3)

The &* uniquely determined by g and J is denoted by g(98).
In an invariant estimation problem, an estimator & is said to be equivariant if for all
geY

6(g(x)) =8(8(x)). “)
If an equivariant estimator exists and minimizes the risk function, it is called the
minimum risk equivariant (MRE) estimator.

THEOREM 1. LetY = (Y1, ...,Y,) be distributed as

X;=Y,—Y, and X = (Xj,...,X,—1). Suppose that the loss function is given by
L(6,W) = (W — 0)? and that there exists a location invariant estimator & of 6 with
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finite risk. Then, the minimum risk equivariant estimator of 6 exists and is given by
6"(Y) = &(Y) — Eo[S0(Y) | x]

PROOF. See [Lehmann and Casella (1998)].

THEOREM 2. (Cramer-Rao Inequality) Let Yi,...,Y, be independent random
variables with a common probability density fg(y) and W(Y1,...,Y,) be an unbiased
estimator of 6. Then, under the regularity conditions we have

1
nl(F)
PROOF. See [Lehmann and Casella (1998)].

Var(W) > )

THEOREM 3. Among all densities with mean 0 and finite variance o2, Fisher

information is minimized by Gaussian density.

PROOF. Let F be a univariate distribution with density f and fixed finite
variance 62 and Y1,...,Y, be independently identically distributed random variables
with density fg(y), where 8 = E(Y;) is a location parameter. Assume that s,(F) is
the risk of the minimum risk equivariant estimator of 6 under squared error loss
L(6,W) = (W — ). For Gaussian distribution with mean 6 and finite variance 62,
if we let & = Y in Theorem 1, it follows that & is independent of X and hence
EylY | x] = 0. Thus, the minimum risk equivariant estimator of 6 becomes ¥ with
risk Eg(Y — 6)? = %2. On the other hand, we obtain Fisher information in the

Gaussian case as

(dlnfy’ >f(y;9)dy

8\8 8\8

2
(d 2;2<y9>z) L sht-02y
d oV2n
1 [ (=62 — 1 ep
= — e 202 d
64/ oV2n Y
1
= ©)
Therefore, we have
_ 1
Eg(Y —6)* = : )

nl(N)
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We know that for any distribution F, ¥ is an unbiased estimator of @ with risk given
in (7). So, the risk of the minimum risk equivariant estimator for any distribution F
must be less than 1/(nI(N)). Now, let b be the constant bias of the MRE estimator 8*.
Then, 8;(y) = 6*(y) — b is a location invariant estimator of 6 and the risk of §; under

squared error loss becomes
Rs, =E[6"(y) —b— 6]> = Var(8*) < Var(8*) +b* = Rs-.

Since 8* is the MRE estimator, b = 0, i.e., 6* is unbiased (see [Shao (1999)], p. 215).

Therefore, by using Theorem 2, we have

1
nl(F)

Thus, I(N) < I(F) and the proof is complete.

su(F) >

3. CONCLUSION

This paper focuses on deriving an alternative proof for the fact that the Fisher
information is minimized by Gaussian distribution. The risk of the sample mean in
Gaussian density is used to obtain an upper bound for the risk of the minimum risk
equivariant estimator for any other distribution F. Then, applying Cramer-Rao
inequality, a lower bound is obtained for the risk of the minimum risk equivariant

estimator, regardless of F'. Combining these two bounds, the result is concluded.
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Study of Incomplete Elliptic Integrals Pertaining
to ,y, Function

R. SHANKER DUBEY, A. SHARMA AND M. JAIN

Abstract

Elliptic-type integral plays a major role in the study of different problems of physics and technology
including fracture mechanics. Many papers have been written for various families of elliptic-type
integrals. Due to their applications here, we are presenting an organized study of certain generalized
family of incomplete elliptic integral. The obtained results are basic in nature have various generalizations.
While using the fractional integral operator of Riemann-Liouville type, we found several obvious hyper
geometric representations. Which are further used to originate many definite integrals relating to their
modules and amplitude of elliptic type generalized incomplete integrals.

Mathematics Subject Classification 2000: Primary 26A33, 33C65, 33E05; Secondary 33C75,78A40,
78A45

Keywords: Incomplete elliptic integrals, complete elliptic integrals, fractional Riemann-Liouville differ
integral operator, function.

1. INTRODUCTION AND DEFINITIONS

The incomplete elliptic integrals having a keen interest of mathematician form a long
time. In this way Legendre’s normal form of incomplete elliptic integrals of the first
and second kind are given [1-6]:

sin ¢

/ / dt
V1— k2 sin? 0 \/ t2 k2t2)

(] <1s0<9<2)

and

/ mde—/“”“ 1k221)2 (| <100 <7),
(1=t
@3
with |k| modulus and amplitude ¢.
In this paper, we take necessary constraint |k2’ < 1 rather than 0 < k< 1. Here the
amplitude ¢ may attend complex values. Specially, when ¢ = 7, the equations (1)
and (2) provides the corresponding complete elliptic integrals. It is very useful in
radiation physics, nuclear technology fracture mechanics etc. (see [7-17]).

We have generalized elliptic function of third kind [6]
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0 1
R(0.kEs00,y) =
(kcia) /0 (1 + & sin? 0)% (1 — &2 sin? 9)1/2’7d67 ©

sin.q)

1 [ <1;0<¢ <5
R(¢.k,G:0,7) = dv, 4)
@ ksa.7) 0/ (14 EvD)* /(1T =v2) (1 —k2v2)1/ 27 ’ <yeC,a20 ¢
where € is elliptic characteristic and & > —1.

Also we have elliptic function

0
1
1(¢.k.&:7) = — do, 5)
0/(1+§sin29) (1 - K2sin29)"/>77
sin @ .
I(¢7k7§"}/) = ({ (1+Ev) /1) (1— EEITER dv, (6)

(K} <1;0< ¢ < Z;y>0)
It is seen that by assigning some particular values of &, ¥ and ¢, the above defined

results reduce into known elliptic integral (see [2,6-17]).

The multivariable hyper geometric function defined by Srivastava & Daoust ([16-17])

(r)> < ' ) . ( (r) (r)> :
a o, ... (L7 s e,y ;
Fp q ( e Lp ! VJ Lai (J) %() Lar 4, 7
’ (r (dl. S g s(r Lo
<b B, )ll'(dﬁéj)l,ml""’(dj 5.] )l.m,’
i@ @ 1 (&) @
. /; c S
my N my ®© n! " nl
I .g( . gl jgl<dj>"]§,ju.jgl(dj )m;”

With variable and parametric constraints the above mentioned series is absolutely
convergent.
We have by the definition of well-known Riemann-Liouville operator D% f (z) of

fractional calculus (see [6,17]):

M 2T [t e g ], ®

[R(A) > 0515 >0 (j=1,....r) ;max {Jajz"| ..., Ja,z* |} < 1],
where the D? is the Riemann-Liouville fractional differintegral operator (see [3,18-
20])

o §G=0 7T (0 dg, [R(v)<0]
v _ ) T(=v) 0
DZ {f (Z)} - {“ij;lD}’"{f(z)}, [0<R(v)<n:neNy] ©)
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which shows the defining integral in (9) exists.
Equation (3) reduces the following result by using the definition (8) applying r = 3
with, A = u— 1 =1 and z = sin ¢, we find that

2220 DU 2 G2 g sin? g, sin 0]
(10)

R(0.k&sa,y) = sin g FL ()]

conditions are already defined in the (3) and (4).

In the same manner

1(9,k,E;7) = sin ¢F11::01;;01;;01 [E;i;:gﬁ;i(1/27%1)2(1/;2’1) (1132 62 ¢, sin® ¢, — & sin® ¢]

an
for details see [6].
By using the definition of Pochhammer symbol, we have
(Darpomian _ T@IF2mt2n41)  T(3) (2)1emen _ (2)1emen (12)
Dorsomion  T@F2m+2042) 2T (3) )i B)rpman
where we used the duplication formula defined bellow:
2%~ 1 1
I'(2z) = NG F(Z)F(z+2) , (13)

with the help of above relation defined by equation (10), we can write the relation as

R(0.kE:a7) = sind.Fi B S g @R sin g, sin g, - 5sin2¢] (14)

(| <100 Zivecazo),

and similarly 7 (¢,k,& ;) can be defined in the similar manner, where F; denotes
the particular case of the multivariable hypergeometric function given by Srivastava-

Daoust for three variables defined in (7).

We know the definition of binomial expansion:

(EERED)

7", (lz2] < 1;4 € C) (15)

and

(1+2)7* = i (), (—2)", (Jzl < 1;A €C). (16)

By the help of the binomial expansion, we can say that
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(1 - Ksin’6 -3 _ v (3= ,2nom
sin ) = Z o k" sin”" @, (17)
n=0 :
and
(1+§sin29)7a = (:') (- & sin’ 9) (18)
n=0

We have by the definition of Beta function B (a, ):

/O'ﬂ/2 201 g o528 16d6*7 B(ap), (min{R(a).R(B)}>0:B(a,/3) - M)

I'(a+p)
(19)

with help of these formulas and relations, we can easily establish Theorem 1.

2. THEOREMS AND COROLLARIES.

THEOREM 1. If ,y, is a Wright function [21], whose series representation is
given by
v (a1,01) o (ap,p) x} B i Hi;ll"(aj—i—ajr) x; 20
oY Lo cetoasi G I Ty + Byr) 7
where o; and B; (i=1,...,p;j=1,...,q) are real and positive, and 1+ Z?:lﬁj —
Z?:l o > 0.
Also consider that {7,7,A,u} > 0,(t+n > 0; A+ >0) and

i ‘nl/z (T+p) ‘ o, [t=0;R(p) > —1] 2n
=1
il‘nuo/z’ < n=0;R(c) > 2] 22)
then
e (VI=0) o [0 e (VTR) ] R (0600 (VIT9) " 7)
T(an) + 42 %u,0,0)

(23)

where R(p) > —land|{| <1 [or [{| = land R(p +2A) > —1].



JAMSI, 14 (2018), No. 2 15

PROOF. To establish the result defined in Theorem 1, we use the values of

(‘P S E o Y) and ,y, L:l Zl)) """ tp’zp))fx from equations (3) and (18)
1:P1 q-Pq)

respectively, we get the required result after simplification by using the formulas

which are defined above.

COROLLARY 1. With the help of definition new elliptic function defined in

equation (5), we can establish the following result

Y (@1, ) s (ap-p) 5 ) n 2 2 L
Ofk"( (1-¥)) v LW _____ vk (y/(1-12)) }I(Mk ((1-12)) @y) dk
_ e g, ¢B<i ;2) st 1 [ (3300, 1,1), (55:3.2.00), (232:4,1.00):
_ﬁr(bn) 2 2 0 2 211000 (5.0111) (+l27+ '1+T z’+“00)
n=1

an0n); (5 =¥:1)5(3,1):(1,1); . . .
g L G it g sint g, gsin® ]

N

(24)
with help of Theorem 1 we can determine the above Corollary 1, by putting @ = 1.

COROLLARY 2. With the help of elliptic integral of third kind (see [6]), we can

establish the following result

1 (1,01 ) s-ems (ap,0tp)
fio (0=2))° v [ e (=12) i (0,000 (/0-19) " 6 ) ok
:0,1,1,1) P—gloo)("”"uoo)

_wi sing g (pHl 042 F3n111 (5
- 2 2 0 2 2:n;0;0;0 ( 0111 +3 ﬂ+fl+u00)
3(1,

, , 1); .
o 7 §sin’ g, sin g, - 55‘“24’

(25
with help of Theorem 1 we can determine the above Corollary 2, by putting &t = 1 and
Y = 0.

THEOREM 2. The following families of integrals hold true

2 ap,0q) ... (ap.oy —rn
S sin@= D g cos™ 1 gy [0 k| R (0, ks y) do = § T (a,b)

2:1:1:1 | (3:LL1), (a: LI 1) (an,00),(@n,06): (3 —=%1) 1 (5,1): (a1); 2
Fa:0:0:0 {é:lﬁl,l),ww:l,l,l) (b1 )b )i kA5 =S

(26)
[|K*| < 1:min{R (a),R (b),R(a;),R(b:;)} >0,i=12,..;7€C]|.

and
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wo2(a=1) (12 _ |2 b—1 (ag,0q)5ees(ap.0tp); e x )
0 X (w wal)( ] 2V th B ‘zk| R (arcsin®,k,&;a,y) dx
_ 1, 204263 1T

= sw a mB (a,b)

2:1:1:1 (%:1,1,13?((1:1,1,1) (a1,00) s (an,0m); (3= yl) (3:1): (a,1); )
E. 0:0;0 (3:1,11), (a+b:1,1,1): (b1, B1),e.os(bnBa)i—: — = — 2k, k°, 1, =8
(27)

only if the second member of each of the integral formulas defined in equations (26)

and (27) occurs.

PROOF. After replacing the R (¢, k,&;a,A) from equation (10) and the value
of Wright function from equation (20) in to the integral of the affirmation equation
(26) of Theorem 2, if we use the trigonometric integral (19) as it is, we can find the
integral formula (26) as given above.

COROLLARY 1. With help of definition of new elliptical function defined in

equation (5), we can establish the following result

T2 sin2@=1) g cos1 ¢y, [;b:g:) (“,,l;;p 1(¢,k,5:7)do = iH%i?fZ:;B(a,b)
2:1:1:1 [ (3:LL1), (@ L1 (ar,0) e (aman); (5 =71) 5 (50): (LD, o
F20:0:0 [ (30,01, (atb:1.0,1): (b1 )l B d 15
(28)
or
/2 |
[ sin*" (9) cos™ 1 (9) 1(9,k,&;7)dg
0 (29)

_1 201 | (201D @ LD: (5=71): (3.0 D:
o ZB(a’b) F2000 (%:l,l,l),(ﬁb:l,l,l):7;7;7; k ’1’_5

This Corollary can be found with help of Theorem 2 by putting o« = 1.

COROLLARY 2. With help of elliptical integral of third kind (see[6]), we can
establish the following result
/2
[ sin?@ D (¢) cos? ! (9) T1(9,k,&) d
0 (30)
_1 21 [ (1) @l LD:(501); (7 Di(L1; 5
= 28(a,b) Fyp0 (3:1.1,0) (a+b:1,1,1): —1—i— *,1,-¢

This Corollary can be find with the help of Theorem 2 by putting & = 1 and y = 0.
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REMARK 2. On changing the following variables

dx
= arcsinx and dp = —— withx € (0,1 31

equation (26) can be rewritten as

Jy x2la=1) (1- )cz)}F1 R (arcsinx, k,& ;o) dx

q a1 [(Bnn) @i (3=r) s (50 (@): , (32)
= 2B(a,b) 5500 (3:1,10), (a+b:1,1,1): = — 5 — K1,-81,

(K| < 1:min{R (c),R(B)} >0;7y€C]

Here equation (32) can be equated with equation (27) stated by Theorem 2.
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On Some New Classes of Bi-univalent
Functions

M. DARUS AND S. SINGH

Abstract

In the present paper, we introduce and investigate two new subclasses 2y (n,7,k) and %y (n,B,k) of
bi-valent functions in the unit disk U. For functions belonging to the classes 25 (n,7,k) and %y (n, B.k),
we obtain estimates on the first two Taylor-Maclaurin coefficients |as| and |a3].

Mathematics Subject Classification 2010: 30C45, 30C50
Keywords: Univalent, starlike and convex functions, subordination and integral transform

1. INTRODUCTION AND PRELIMINARIES

Let o7 be the class of analytic functions defined on the unitdisc U = {z € C: |z] < 1}
with the normalized condition f(0) =0 = f’(0) — 1. Let . be the class of all functions
f € &7 which are univalent in A. So f(z) € . has the form

f(z):z+ianz”, zeU. (1)
=2

Let f~!(z) be inverse of the function f(z) and it is well known that every function
f € . has an inverse f~!(z), defined by

fHf@) =2 z€U
and

LT W) =w, for |w| <ro(f)iro(f) >

9

B

where
Y w) =w—aw? + (2a5 — a3)w® — (543 — 5aza3 + ag)w* + - - . 2)

A function f € 7 is said to be bi-univalent in U if both f(z) and f~!(w) are univalent
inU.

Let X denote the class of bi-univalent functions in U given by (1).

Many interesting examples of the functions of the class X, together with various other

properties and characteristics associated with bi-univalent functions (including also

10.2478/jamsi-2018-0010 il D557V TER
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several open problems and conjectures involving bounds of the coefficients of the
functions in X), can be found in the earlier work studied by Lewin[17], Brannan and
Clunie [16], Netanyahu[18] and others. They introduced subclasses of X, like class
of bi-starlike and convex functions, bi-strongly starlike and convex functions similar
to the well-known subclasses .7*(¢t) and .2 (o) of starlike and convex functions of
order o (0 < o < 1), respectively (see [15]) and obtained non-sharp estimates on the
initial coefficients in the Taylor-Maclaurin series expansion (1) see[16; 9; 10]. More
recently, Srivastava et al. [8; 12; 13], Frasin and Aouf [11], R.M. Ali et al. [14] and
Porwal and Darus [6] introduced some new subclasses of ¥ and obtained bounds for
the initial coefficients of the function given by (1).
Motivated by the work of Porwal and Darus [6], we introduce a new subclass
Dy (k,n,a,7).

DEFINITION 1.1. A function f given by (1) is said to be in the class 2y (n,7,k)
if the following conditions are satisfied:
ForneZ 0<y<1, o > 1,4 >0 we introduce the subclass Zx(n,7,k) of S of

functions of the form (1) satisfying the condition

1—a)lif(z) +adit f(z
fexr and arg<( J31@) + ol f()>|<7/27r €U, 3)
z
1—a)g(w)+ ol g(w
fer and arg<( )Ag(v)v a8l )>|<7/27r €U, 4
where
gw) =w—aw? + (2a3 — a3)w® — (5a3 — Sazaz +ay)w* + - --
And

IZf(Z)=Z+Z(1+l(k—1))”akzk, z€A, A>0, nelZ.
k=2

is generalized Sdldgean derivative defined by [2].

This generalized operator is studied by many and mentioned again by [3]. For k =
1, this class is introduced and investigated in [6]. For n =0 and A = 1 the class
Dy (n,v,k) reduces to HY introduced and studied by Srivastava et al. [8] and for n =0
the class Zx(n,7,k) reduces to Bz (o, A) introduced and studied by Frasin and Aouf
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[11]. In this paper, we investigate the estimates for the initial coefficients a, and a3
of bi-univalent functions belonging to the class Zx(n,7,k). Our results generalize
several well-known results in [1; 4; 5; 10] and these are pointed out. In order to prove

our main result we need the following lemma:

LEMMA 1.1. [3]If p € £, then |c| < 2 for each k, where & is the family of
all functions p(z) analytic in U for which Re p(z) > 0, p(z) = 1 +c¢jz+ 2> + - for
zeU.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS 25(N,7,K)

THEOREM 2.1. Let f(z) given by (1) be in the class D5 (n,v,k), ke N, n € Z,
0<y<l1l,a>1,A>0. Then

las] < 2o NG
V)21 +2a)2 +y2(1+22) (1422 a) — (1+2)> (1 +1a)?]
and
a3 < 2y N 4y
3= 2[(1—a)(1424)" + a(1+24)"+H1] * 2[(1—a)(14+A)" + (1 +A)m+1]"
(6)
PROOF. It follows from (3) and (4) that
L L ek @
n n+1

(1-a)g(w) JrJrOllll+ g(w) — (qgw))" ®

w

where p(z) = 1 + p1z+p2z® +--- and g(w) = 1 + 1w+ gaw? +--- in &2. Now on
equating the coefficients in (7) and (8), we have

[(1—a)(1+A)"+a(l+21)"ay = ypi ©9)

(1= o) (14+22)" + (1 +224)" as = ypa + 7(?2— D2 (10)

—[(1—a)(1+2A)" +a(l+A)" " ay = yq1 (11)
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and

(- @)(1422)" + (1 422)" 26 ~a) = v+ T gt )

From (9) and (11) we get
p1=—qi (13)
and
2[(1—a)(1+ 1) +a(l+ )" a3 = P (p} +43) (14)

From (10), (12) and (14), we get

2[(1—0)(14+2A4)" + (1 +24)" a3

Y(Y—l)( 2

=(p2+q2)v+ ) pi+ai)

Yy=1D2[(1-a)(1+1)"+a(l+1)"] ,

= (p2+q2)’}/+ 2 Oc2 a.
Therefore, we have
2 Y (p2+q2) (15)
2T (14020 +Aa)2 +y2(1+22) (14 24a) — (1 + 1) (1 + Aax)?]
Applying Lemma 1.1 for (15), we get
] < 2o
a .
2= VD)2 (1T +Aa)2+y2(1+22) (1424 a) — (1+2)21(1 + 2a)?]
which gives us desired estimate on |as| as asserted in (5).
Next in order to find the bound on |a3|, by subtracting (12) from (10), we get
n n+1 2N _ yiy—1) 2 2
2[(1=0)(14+22)" + a(1422)" (a3 —az) = ¥(p2 —q2) + ——5—(p1 —41) (16)
It follows from (13), (14) and (16)
Y(p2—q2) 7 (pi+4i)

az =

(=) (1424 +a(l+22)1] " 2[(1—a)(1+A) +a(i +/1)n+1(]1 )
7
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Applying Lemma 1.1 for (17), we get
2y 4%
las| < =+ =
2[(1—a)(14+24)"+ o (1+2A) 1]~ 2[(1—a)(14+A)"+ o (1+A)"H])

This completes the proof of Theorem 2.1.

3. COEFFICIENT BOUNDS FOR THE FUNCTION %5 (N, 3,K)

DEFINITION 3.1. A function f given by (1) is said to be in the class %y (n, B,k)
if the following conditions are satisfied:
ForneZ 0< B <1, o >1,A >0, we introduce the subclass %y (n,B,k) of S of
functions of the form (1) satisfying the condition

(1—a) 3 f(z) +aly" f(z)
Z

feX and %’e( >>[3 z€eU, (18)

19)
w

_ n n+1
feX and %e(u (X)I/lg(w)—kodl g(w)>>ﬁ zeU,

where
g(w) =w—aw? + (2a5 — a3)w® — (5a3 — Saraz +ag)w* + - --

And I} f(z) is generalized Scldgean derivative defined by [2].

For k=1 and n =0, the class %x(n, B, k) reduces the class ¢ (n, 3,A) and 5 (B, 1)
studied by Porwal and Darus [6] and Frasin and Aouf [11], respectively. For n = 0,
A = 1, this class reduces to 73 (A) studied by Srivastava et al. [8].

THEOREM 3.1. Let f(z) given by (1) be in the class By (n,B,k),n€ Z,0< B <
1,a>1, A >0. Then

2(1-B))
|@k<¢2W—wﬂU+QAW+aU+21V“P =
and

4(1-B)° 2(1-B)
(=) (1+A) +a(l+ A2 [(T—a)(1+24) + a(l+24) 1]
(21

las| <
[
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PROOF. It follows from (18) and (19) that there exists p(z) € P and ¢(z) € P

(1— ) f(z) ++ali ' f(z)
Z

=B+(1-B)p(2) (22)

(1- Oc)IXg(w) + —HXIZ“g(w)
w

=B+ (1=PB)g(w) (23)

where p(z) = 1 + p1z+p2z® +--- and g(w) = 1 +q1w+ gaw? +--- in &2. Now on
equating the coefficients in (22) and (23), we have

[(1—a)(14+2)"+a(1+A)"ay = (1-B)p1 24)
([(1 =) (1 +20)" 4+ at(1+21)" az = (1 - B)p2 (25)
—[(1=o)(1+A)"+a(l1+A)"May = (1-B)g (26)

and
[(1—a)(14224)" + or(1+22)" "] (205 — a3) = (1 - B)g2 @7

From (24) and (26) we get

p1=—qi (28)
and
2[(1—a)(1+A)" +a(l+2)" a3 = (1-B)(pl +4}) (29)
From (25) and (27), we get
2[(1— @) (1+24)" + a(1+24)" a3 = (p2 +q2)(1 - B) (30)

From (29) and (30), we get

|a2|2< (]_ﬁ)(|p2‘2+|q2|2)

“2[(1—a)(1+24)" 4+ a1 42A)n+1]2 31

and

|Cl%|< 2(1_ﬁ))

“2[(1—a)(1+220)" + o (1 +2A4)n+1]2” (32)

Which is the bound on |ay| as given in (20).
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Next, in order to find the bound on |a3| by subtracting (29) from (25), we obtain

20(1-a)(1+24)" + a1 +24)" (s —2ad) = (1 - B)(p2—q2)  (33)

_2 (1-B)(p2—q2)
BT A o)1 22) + a1 1 24) ] 34)
On substituting the value |a3| from (31), we have
g (1-B)*(Ip2* +la2?) n (1=B)(p2—q)
P (I—a) I+ A +a(T+2)" 12 T 2[(1—a)(1+22)" + a(1+2A)7H]
(35
On applying Lemma 1.1 for the coefficients py, g1, p2 and g2, we obtain
ol < 41—y . 2(1-p)
T l(I—a)(d+A) o1+ A2 [(1—a)(1424)" + a(1+2A) 1]
(36)

This completes the proof of Theorem 3.1.
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Some Cubic Rank Transmuted Distributions
N. CELIK

Abstract

In this article, we introduce some examples of cubic rank transmuted distributions proposed by Granzatto
et al. (2017). The statistical aspects of the introduced distributions such as probability density functions,
hazard rate functions and reliability functions are studied. The maximum likelihood estimation method is
used in order to estimate the parameters of interest. Finally, real data examples are applied for the
illustration of these distributions.

Mathematics Subject Classification 2010: 62E10; 62E15
Keywords: Cubic Rank Transmution, Frechet Distribution, Gumbel Distribution, Gombertz Distribution,
Maximum Likelihood.

1. INTRODUCTION

In order to obtain more flexible statistical models, generalization of the well-known
distributions have been widely used. Firstly, Amoroso (1925) introduced the
generalized gamma distribution in order to model the distribution of income rate.
Since then various authors have discussed the generalizations of the distributions.
Good (1953), for example, proposed the inverse Gaussian distribution. Ljubo (1965),
Pickands (1975) and Hoskings and Wallis (1987) made generalization of Pareto
distribution. The generalized beta of the first and second kind was introduced by
McDonald (1984) to study the distribution of income.

Shaw and Buckley (2007) proposed a new generalization method called transmution
mapping. According to them a ranking quadratic transmutation (QRT) map is

F() = (14 2)G(x) ~ A[GRP,1A] < 1 )

where G(x) is the cumulative distribution function (cdf) of the base distribution. It
should be noted that, when A = 0, the new distribution becomes the original
distribution.

This method have been used by many researchers to obtain new distributions, see
Aryal and Tsokos (2011), Aryal (2013), Elbatal and Aryal (2013) and Merovci (2013).
Recently, Granzatto et al. (2017) introduced a new family of transmuted distributions,

the cubic rank transmutation (CRT) map distribution and to demonstrate the usefulness

*J DE GRUYTER
OPEN
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of this method CRT Weibull and log-logistic distribution are used in their article. This
new method enables to fit complex data sets with bimodal hazard rates. The cdf and

the probability density function (pdf) of a CRT distribution are given
F(x) = MG () + (A — ) [G(x)]* + (1 - A)[G()]° @
Fx) = g(0)[ +2(A = 41)G(x) +3(1 = A2) [G(x)] 3)

respectively. Here , 4; € [0,1] A, € [—1, 1] and g(x) is the pdf of the base distribution.
The proofs and the further details can be found in Granzatto et al. (2017).

In this paper, we are motivated to generate a new family of the distributions in
order to get more flexible fitting. For this reason further examples of CRT
distributions are introduced. The rest of the paper organizes as follows, in Section
2-4, we offer Frechet, Gumbel and Gombertz distributions which are commonly used
as life-time distributions in survival analysis. The cubic rank transmutation method is
applied to these distributions and some mathematical and statistical properties of
these new distributions are derived. The maximum likelihood estimations of the
parameters of interest are obtained. In Section 5, real data examples, which were
previously studied with Frechet, Gumbel and Gombertz distribution are fitted into the
cubic rank transmuted version of the base distributions. A conclusion is given at the

end of this paper.

2. CUBIC RANK TRANSMUTED FRECHET DISTRIBUTION

Generalized extreme value (GEV) distribution covers the well known probability
distributions developed within extreme value theory and it combines Gumbel,
Frechet and Weibull families. It is proposed by Jenkinson (1955) in order to model
extreme values based on Fisher-Tippet theorem. The class of GEV distributions is
very flexible, since it can be represented by single shape parameter (&) which
controls the tail behaviour with three different distribution families. If & = 0, then the
distribution has thin tail behaviour and is called Gumbel type distribution. When
& > 0, then the distribution has fat tail and is called Frechet type distribution which
includes well known fat tailed distribution such as Pareto, Student-t and Cauchy.
Finally, if £ < 0, the distribution class converts to Weibull which has short tail

behaviour and includes uniform and beta distribution.
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A random variable X is said to have a Frechet distribution with parameters t > 0
and o > 0 if its pdf is given by

80 = a(x)lae(_(g)a) )

Gx) = (6)) 5)

Mahmoud and Mandouh (2013) introduced the QRT Frechet distribution and
studied its statistical properties. Now using (2) the cdf of cubic rank transmuted

Frechet (CRTF) distribution with parameters i, ¢, A; and A, takes the form

Ql=

F(x)zhe(_(é)_a)+(7Lz—7t1)[e(_( )‘0‘>r+(1_)Lz)[e(_(é)‘“)r (6)

and the pdf of CRT Frechet distribution becomes

f) = “(X>1“e(—(;)“’) (1 +20 &) i) [e(—(;)a)r)

oc\co
Q)

Figure 1 shows the pdfs of the CRT Frechet distributions for different A; and A,
values.

It can be seen from the Figure 1, for some special A; and A, values the distribution
become the bimodal distribution.

The hazard rate function for the CRT Frechet distribution is given by

Q=

Q=
N
|
)
N———
P
)
N———

_ %<i>7liae(i<i)ia> (’ll +2(7LZ_’11)€(7( )7a> +3(1 —kz)u’(
1 —l1e(7( )’“> +(A—A) [e<7( )’“‘)]2_‘—(1 1) [e<*(§)ia>}3

Al
Ql=

Figure 2 illustrates some of the possible shapes of the hazard function of a CRT

Frechet distribution for selected values of the parameters A; and A;.
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Fig. 1. The pdfs of CRT Frechet distribution, ¢ =2, 6 = 1.

The moments of the proposed distribution can be found easily by using the

following integration

E(X*) = /xk% (%)_l_ae(f(%)ia) (/11 +2(% *ll)e(i(

Ql=

%ya) +3(1- 1) [e(i( ya)]z)dx )

Taking ¢ = (%)_a, we can obtain the general formula of the moments of the

distribution as

E(x") = F(l - g) [M + (= M)2Y (1 - 1)3Y% |0 (10)
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Fig. 2. The hazard rate functions of CRT Frechet distribution, ¢ =2, 6 = 1.

For generating random numbers from the distribution, one can use the method of

inversion. After simple calculation this yields

1/3

x=o{~in[(q+(@+0—p")") +(q—(q2+(r—p2)3)1/2)‘/3+p]}*l/a "

1 (A —=A1)+3u(1-2y)
6(1—1,)2

__ M

A=A
= 30-

_ 32
“31-n)4=PF
distributed random variable.

Suppose X1,X>, ..., X, are random samples from a CRT Frechet distribution defined

in (7), then the likelihood function is given by

5]

where p = ) and u is uniformly

(m +2(7Lz—/ll)e<7(%)ia)

4301 —2,2)[e((5)_a>]2)

L= (12)

(g)ne(fz;; )

c i=1

n
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and the log-likelihood function is

lnL:nln(a)—nln(c)—i(g)“—(1+a)2n:1n(§) (13)

+iln(ll +2(7Lz—/11)e<_(g")a> +3(1-42) [6(_(S)a>]2)

i=

By differentiating the log-likelihood function with respect to the unknown

parameters and equating them to zero, we obtain the following likelihood equations.

G =5 L L) a9
izuz_me(W)<s>°‘zn<;’.>+3<1—h>[€< D))
+ p «
= (/11+2(7Lz—ll)e( 2 >+3(1—7Lz)[€< %) >]2)
e = 5 Ea(f) g
o 20210l ) a(2) 1 gt a2y
+ Y v @ |
T e anel ) s O
dnL _ i 1—26<7(%)a)
" - (/11 +2(7Lz—/11)€(_(%)a> +3(1 —lz)[e<_(f)a>]2)

dlnL _ i
o H(MzwM)e(—(z)a)ﬂ(llzﬂe(-(.::)a)]z)

Solutions of these equations are called ML estimates. However, the equations must
be solved with numerical methods such as Newton Raphson or iteratively reweighting

algorithm.
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3. CUBIC RANK TRANSMUTED GUMBEL DISTRIBUTION

A random variable X is said to have a Gumbel distribution with parameters if its pdf

and cdf is given by
(e (54)
8 = e () as)
and
()
G(x) = e( ‘ ) (16)
respectively.

Now using (2) the cdf of cubic rank transmuted Gumbel (CRT Gumble) distribution

with parameters is

x—p X—l

F(x):lle(ie(i G )) +(),2M)[e<8( S ))]2+(112) {e<e(raﬂ))]3 a7

and the pdf of CRT Gumbel distribution takes the form

N saem [ )y

18

Fl) = 7[(%”(7%)) {420 —xl)e(*e

Figure 3 and Figure 4 show the pdfs and the hazard rate functions of the CRT

Gumbel distribution for representative A values respectively.

The hazard rate function for the distribution is

)) {1 +2(lg—/11)e<76(7%)> +3(1-4) [e(*
1- {k1e<6('“)) (o) [e(e<xg)>]2+<1 ) [e<7g

The moments of CRT Gumbel distribution can be found as
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E(X4) = /wakée_ (%M(i%)) {ll +2(A — M)e(_e(i%)) (20)

+3(1- 1) [e(e e )>]2}dx

By taking y = exp( — x;” ) the moments can be obtained like

E(x") = ;(—1)" (’;) oy [M%F(V) +2(h —M)%(Z‘VF(V)) 2D
430 22) 37T s

For generation random numbers the following formula can be used.
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XIH—G(ln{ —ln[(q+ (q2+(r—pz)3)1/2)1/3 I (q_ (q2+(r—p2)3)1/2)1/3 +p] })
(22)

where p = _% Lq=p + il (12_6?11)_32’)‘2(1_12) ,r= 3(1@@) and u is uniformly

distributed random variable.

Now, in order to obtain the ML estimators of the parameters, the likelihood function

=

L=g e & (Xif?”*’“’(_#)) {/11+2(/12—/11)e<e(_w ) 23)

Pl

xi—H

R

and the log-likelihood function
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InL = —nln(o) — i

i=1

(Xi;” +‘e<*¥)) +;lezn{xl+2(xzzl)e<e(w)) 24)

AR

can be obtained respectively. And the likelihood equations are

a;:LL - Z.e(”) (25)
! z(lz—kl)e(ig(i%”e(*%)+6(1—kz)(e(ie(i%))ye(*%)
A )Ll+2(/127/11)e<’e(7#)) +3(1712)[e(76(ji;#))]2
g ()
) z",‘Z(le)e<‘( LGE)>e<*cr”)"::,:‘+6(1/12)<e<e %31)26(‘0“)%“
. /1|+2(7Lz—/1|)e(78 ’ )>+3(1—;Lz){e(’g( i ))]2
omL ¢ 172e("’(7%))
" i:1/11+2(lzfll)e(fe(iﬂ.;i))+3(17/12){e<’e(7#)>]2
(%) LN
68122L B ; 2e< Xi)“)—ﬂe( )]

lx.+z(xzfx])e("’(f ’ )+3(1712){e(76(7¥)>]2

By equating them to zero and solving the equations the ML estimators of the

unknown parameters can be obtained.

4. CUBIC RANK TRANSMUTED GOMPERTZ DISTRIBUTION

The Gompertz distribution has been widely used in actuarial sciences especially in

calculation of adult deaths. The pdf and the cdf of Gompetz distribution are given

glx) = aﬁeaxeﬁexp( - ﬁe‘”) (26)



JAMSI, 14 (2018), No. 2 37

G(x) = 1—6)({)(—[3(8‘“—1)) 7)

respectively.

Following the idea of (2), the CRT Gompertz distribution is obtained as follows,

F(x) :ll(l —exp(—ﬁ(eax— 1))) +(lz—ll)[1 —exp(—ﬁ(eax— 1))}2 (28)
+3(1—212) [1 —exp(—ﬁ(eax— 1))}3

and the corresponding pdf is defined

f(x):ocﬁe“xeﬁexp( [36‘”) [M+2(),2—),1)(1—exp(—ﬁ(eax—1))) (29)
-|-3(1—lg)[l—exp(—ﬁ(eax—l))r}

Figure 5 shows different pdfs of CRT Gompertz distribution for plausible

alternatives of A1 and A,.

The hazard rate function for the CRT Gombertz distribution is given by

aBewebel 5[4y 423 ) (1= e PN ) 30— ) [1 - (D))

A= 11— (1 _ g(fﬁ(ew‘—w)) +(A—4) [1 - e(*ﬁ@‘“*”)r +3(1=1) [1 - e(*ﬁ("‘“*”)]

5 (30)

The possible shapes of hazard rate functions can be seen from Figure 6.

The moment generating function of CRT Gombertz distribution is

MX(I)z/O e’xaﬁew‘e exp( ﬁeax> [M+2(/lgfll)<1fexp(fﬁ(e‘“fo)) 3D
+3(1—12){1—exp(—ﬁ(ew‘—l>>]2}dx

By taking y = B(e* — 1) and z = 2 Eﬁ then, the mgf of CRT Gombertz distribution

becomes
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For generation random numbers from the distribution, one can use the method of

inversion. After simple calculation this yields

1
x=—lIn
a

2)3)1/2)1/3+ (a- (@+=p

2)3)1/2) o +p}

{—ln[l—l— (q+ (¢*+(r—p

B

+1}

(33)
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where p = —2—1—3(1_12) ,q=p + (1) = 300 and u is uniformly

distributed random variable.
Suppose Xi,X3,...,X, are random samples from a CRT Gompertz distribution
defined in (27), then the likelihood function is given by

L= qa"B"e®Liiighn,~BLL, e ﬁ [M +2( —4y) (1 —exp(— B (™ — 1))) G4

+3(1 —Az)[l‘exp(—ﬁ(em" - 1))]2}

and the log-likelihood function is

InL = nin(ct) 4+ nin(B) -‘r(xix,--i-ﬁn—ﬁ iem" +3(1-22) [1 —exp(—ﬁ(ea"" - 1))]2} (35)

i=1 i=1

+iln[ll +2(12711)<17exp(7ﬁ(ew" - 1)))

i=1
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By differentiating the log-likelihood function with respect to the unknown

parameters and equating them to zero, we obtain the following likelihood equations.

dln no & LA~
alaL = a-‘r;xi—ﬁ;xie i (36)
, 22— h)Bxen (e(—me'“f—w)) +6(1— Ap) Brje®i (e(—me“*f—w)) (1 _e(—me”f—l;))
[M1+2002 = 21) (1= exp (= Blewi —1) ) ) +301 &) [1 - exp( = Blew 1) )] ]
dinL n N o
9B = B-ﬁ-n—Ze ‘
| 2Wa—hpe (lPE D)) (1 ) pes (LA 1)) (i _e(—ﬁ<f‘“"—1>)2)
{M+2(7szll)(lfexp<fﬁ(e‘“i71)))+3(1712)[17exp<7ﬁ(ew‘i71))] ]
oL _ —2(1—exp(—p(e 1))
= [l]JrZ(lz*l])(lfexp( e‘“rfl>))+3 (1 %) {pexp( ﬁ(wmq))]z}
o {imer(open ) Sfimen(pier)|
FyA

{2 +200 = 2) (1= exp( = Be = 1)) ) +3(1 = 20) [1 - exp( — (e - 1))]2}

i

Solutions of these equations are called ML estimates. However, the equations must
be solved with numerical methods such as Newton Raphson or iteratively reweighting

algorithm.

5. APPLICATION

In this section, we applied each of the new distribution families to the real data for
demonstrating the behaviour of the distributions. Determining an appropriate model
from a population problem has been widely discussed by several authors. However,
Nelson (1982) suggested that after fitting the general model to the data, then one seeks
to find which special case is suitable. For this reason, we used the data sets taken from

the literature which has been fitted by the original distributions.

5.1.  Wind speed data

The data used for the present study were obtained from a yearly published book at
Permerhatian Cuaca Harian Pusat Pengajian Sosial, Pembangunan and Persekitaran
(PPSPP), Fakulti Sains Sosial, Kemanusiaan (FSSK), Universiti Kebangsaan
Malaysia (UKM) during the year 2004 to 2006, Zaharim et al. (2009). This data was
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collected from Malaysia and wind speeds were observed every 10 seconds and
averaged over 5 minutes period. The 5-minutes averaged data were further averaged
over one hour. At the end of each hour, the hourly mean wind speed was calculated
and stored sequentially in a permanent memory.

Elbatal et al. (2014) fit the data into the Frechet (F), Transmuted Frechet (TF) and
Transmuted Exponentiated Frechet (TEF) distributions. We also propose CRT Frechet
(CRTF) distribution and Table (1) shows the comparison results based on the estimated

parameter values.

Table I. Estimated Parameters of Frechet, Transmuted Frechet, Transmuted Exponentiated Frechet and
Cubic Rank Transmuted Frechet Distributions.

Distribution ParameterEstimates Log — Likelihood
B 0 o M A
F 1.922 1.024 — — — —19.43
TF 2.014 2.581 — 0.746 — —11.44
TEF 1.913  3.481 9.88 0.380 — —6.65
CRTF 1.887 3.041 - 0.591 0.115 —-5.97

5.2.  Water Quality Data

This water quality data were obtained from the Department of Chemistry, Gauhati
University. Various water quality parameters were estimated for the project entitled
Assessment of Toxic Element in Water of Semi-Under Area of Assam and
Investigation of the Disease Related Contaminants during 2009 for three
administration sub-divisions of Nogaon district of Assam, India. Deka et al (2017)
proposed Transmuted Exponentiated Gumbel (TEG) for this data set and compared
the results with Gumbel (G) and Transmuted Gumbel (TG) distributions. We fit the
data into the CRT Gumbel (CRTG) distribution and the results are given in Table (2).

Table II. Estimated Parameters of Gumbel, Transmuted Gumbel, Transmuted Exponentiated Gumbel and
Cubic Rank Transmuted Gumbel Distributions.

Distribution ParameterE stimates Log — Likelihood
B 0 o l] 12
G 1.063  0.769 — — — —40.80
TG 1.001 0.855 - 0.711 — —40.14
TEG 0.259 0.185 0.181 0.530 — —39.70

CRTG 0.715 0.625 — 0.856 0.211 —38.95
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5.3.  Failure Data

Abdul-Maniem and Seham (2015) used the data set of the life of fatigue fracture of
Kevlar 373/epoxy that are subject to constant pressure at the 90% stress level until
all had failed. For this data set Gombertz (Go) and Transmuted Gombertz (TGo)
distributions were proposed in this paper. We, now propose CRT Gombertz (CRTGo)
distribution for the failure rate data and the results are shown in Table (3).

Table III. Estimated Parameters of Gombertz, Transmuted Gombertz, Transmuted Exponentiated Gombertz
and Cubic Rank Transmuted Gombertz Distributions.

Distribution ParameterEstimates Log — Likelihood
B 6 (04 l] 12
Go 0.121  3.385 - - - —87.20
TGo 0.187 1.148 — 0.819 - —64.25
TEGo 0.895 3.128 0.521 0.985 — —63.25
CRT Go 0.135 1.568 — 0.851 0.119 —61.13

6. CONCLUSION

In this paper, we introduce some examples of cubic rank transmutation mapping.
Frechet, Gumbel and Gombertz distributions are used as the base distribution. The
properties of these distributions such as the density functions, the medians, hazard
rate functions and the quantile functions are examined. Also, maximum likelihood
estimations are obtained. In the application section of the paper, real data set
examples are used to illustrate better fit than the distributions which have been used
before. For all real data sets introduced distributions provides better fittings than the

corresponding distributions.
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A New Compound Lifetime Distribution: Model,
Characterization, Estimation and Application

A. RASHID, T.R. JAN, A.H. BHAT AND Z. AHMAD

Abstract

There are diverse lifetime models available to the researchers to predict the uncertain behavior of random
events but at times they fail to provide adequate fit for some complex and new data sets. New probability
distributions are emerging as lifetime models to meet this ever growing demand of modeling complex real
world phenomena from different sciences with better efficiency. Here, in this manuscript we shall
compose Ailamujia distribution with that of power series distribution. This newly developed distribution
called Ailamujia power series distribution reduces to four new special lifetime models on simple specific
function parametric setting. Apart from this some important mathematical properties in the form of
propositions will also be discussed. Furthermore, characterization and some statistical properties that
include mgf, moments, and parameter estimation have also been discussed. Finally, the potency of newly
proposed model has been analyzed statistically and graphically and it has been established from the
statistical analysis that newly proposed model offers a better fit when it comes to model some lifetime
data set.

Mathematics Subject Classification 2000: 62EXX
Key Words: Ailamujia Distribution, Power Series Distribution, Compounding and Order Statistics.

1. INTRODUCTION

Lifetime distributions play an important role in almost every field of science be
it engineering, industrial, medical or similar biological science. The events of
interest such as death, appearance of some disease and system failure are of major
concern for statisticians because of their uncertain behavior. And there are so many
probability distributions such as exponential, Weibull, gamma and log normal that
can be used as lifetime models to predict this uncertain behavior of random events
but due to varying pattern of different data sets, these probability models can not be
used adequately because of some serious limitations. To overcome these limitations
researchers have developed many lifetime distributions by using different techniques
such as compounding, transmutation etc. For instance, Adamidis and Loukas [1],
Tahmasbi [10] and Morais and Baretto Souza [9] developed several lifetime
distributions through compounding mechanisms that proved to be very effective in

modeling the lifetime data having different characteristics. The efforts of Adil and

10.2478/jamsi-2018-0012 05U TER
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Jan ([2], [3] [4], [5], [6]) got materialized when they obtained many compound
distributions that exhibited with clinical precision to be superior in comparison to
existing lifetime models.

Let us take a series system with N components, where N, the number of
components is itself a discrete random variable with support N =1,2,..., The lifetime
of i component in this set up can be portrayed by any suitable lifetime distribution
like viz; exponential, gamma, Weibull, Lindley, Ailamujia etc. And N, the discrete
random variable may have any of the ascribed distribution such as geometric, zero

truncated Poisson or power series distribution in general. The lifetime for this kind

of system in series combination will be denoted by v = min{ Xi }N . In this paper we
i=1

will consider the lifetime of i" component to be distributed as Ailamujia distribution
and the index N itself as powers series distribution. The new lifetime distribution
that is obtained by compounding Ailamujia distribution with that of powers series
distribution will be known as Ailamujia power series distribution. The present paper
is organized as follows: In section (2) we present the construction of the proposed
lifetime distribution. Density, survival, hazard rate functions and some of the
properties of the proposed family are given in section (3). Moment generating
function of proposed distribution is given in section (4). Order statistics, their
moments and parameter estimation are discussed in detail respectively in section (5)
and (6). Special cases that include new lifetime distributions have been given in
section (7). Finally, real application and conclusion about new findings are

respectively given in section (8) and (9).

2. CONSTRUCTION OF THE CLASS

Let X;, i=12,..,N be independent and identically distributed (iid) random
variables following Ailamujia distribution with CDF
G(x:8)= 1-(1+2px)e o)
Here, the index N is itself a discrete random variable following power series

distribution that have been truncated at zero with probability function given by
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n

al
C(4)

P(N=n)= , n=12,..

where a_depends only on n ,C(/l):ianﬂ" and 4 >0 is such that c(2) is finite. Table

n=1

1 is very informative and it will be helpful for obtaining the special cases of the
proposed model on specific function setting.

Table 1: Useful quantities of Some Power Series Distribution

Distribution ~ |a,  |C(4) C(4) C(1) [c*(a) A

Poisson ntt et -1 e’ et log(A+1) |2e(0,)

Logarithmic ~ |[n* [-log(1-4) [(1-2)" |(1-24)" |1_¢4 2e(0,1)

Geometric 1 A1-2)" |(@-2)7 |2(-2)° |22+t |2€(00)
- - m m m-: m(mil) m

Binomial (n} (2+1)" -1 |m(2+1)"" G (2-1)" -1 |1€(0,0)

Let X, =min{X},. The conditional cumulative distribution function of X, [N =n
is given by

G (X):l_[é(x):ln , Where G(x) is the cdf of Ailamujia distribution

XyIN=n

=1-[(1+2px)e ™ |
The joint probability function is
aA"
C(4)

By using the compounding technique, the CDF of newly proposed lifetime

P(Xy<xN=nj=

1) =

{17[(1+ Zﬂx)e’”’x]n}, x>0,n>1.

distribution is

F(x)=nZ:: a"(’j) {1—[(1+ Zﬂx)e’z‘”]n}

. Cla(t+2px)e™ ]
=1- c) , x>0 (2

@)

1
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The newly proposed distribution will be called Ailamujia power series distribution
and will be symbolically represented as APSD (X;3,4).

3. DENSITY, SURVIVAL AND HAZARD RATE FUNCTION

Since PDF is essentially a derivative of CDF, therefore probability density
function of APSD (X;3,4) can be obtained as

05
d {1 c[z(uzﬁx)ew]}
Cdx | c(2)

c'la(1+2px)e™ ]
c(4)

f(x)=44 f*xe 2 3

ClA(1+2px)e™ ]
c(4)

S(x)=1-F() -

and the hazard function is

_fx

"00=500

43 fPxe*"C' A (1+28x)e |

ne= c[a(1+2px)e ™ ]

,X>0

Next, we will explore some important properties of APSD(X;,1)through the

following propositions.

PROPOSITION 1. The Ailamujia distribution is the limiting case of the APSD
(X;p,2) whenever ¢ — 0.

PROOF. The cumulative distribution function of APSD(X; 3, 4)

—2x
lim F(x)=1-lim C[/I(HZ'BX)E J x>0

050" 050" C ( /1)

In view of the fact



JAMSI, 14 (2018), No. 2 49

cy=Yar
n=1

n

Sa, [A(1+28x)e™]

lim F(x)=1-lim 2= —
D aa
n=1

A—-0" A—0"

aA(1+2px)e "+ ian nA™t [(1+ 2[;’x)e’2”*Jn
lim F(x)=1-lim n-2

A-0" A—0"

al+ i ani"t
n=2
=1-(1+2px)e™”

which is the distribution function of Ailamujia distribution.
PROPOSITION 2. The densities of APSD(X;p,4)can be expressed as an

infinite linear combination of densities of 1% order statistics of Ailamujia distribution

PROOF. Since we have, C'[A(1+28x)e ™ ]

f(X; B, A) =44 p*xe”

C(4)
It is known that
C'(A) = i na,A"*
Therefore it follows that
= [a(re2px)e ]
f(X; B, 4) =44 2% na, [
G2 =425 a0
F 8= &% 40 gixe [(+2px)e ]
S C(4)
£(X;8,4) =Y P(N =n)g, (x,n) ()

Where g,(x,n) =4np?xe 2* [(1+2ﬂx)e’2/’*}"71 is the I order statistics of Ailamuijia

distribution. Therefore the densities of proposed distribution can be expressed as an
infinite linear combination of the It order statistics of Ailamujia distribution. Hence

it is obvious that properties of APSD(X;4,4)can be obtained from the I order

statistics of Ailamujia distribution.
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4. MOMENT GENERATING FUNCTION

In view of the proposition 2, the mgf APSD (X; 3, 1) can be obtained as

(6]

My ®)=> P(N=nM, ()
n=1
where My, ®) is the moment generating function of I* order statistics of Ailamujia

distribution

My, ® :J.elx“ np*xe [(1+ 2px)e 2 JH dx
0
My o (t)=4 nﬁ2 J:e*(ZH/?—t)x (1+ zﬂx)nq dx
0

l[n ljje (2np- t)x n-j-1 dx
| i

ad(n-1) r'(n-
0= 5

E]

(t) n(zﬁ)n j+1

DM

’[_

N

Hence we get
A" yo (-1 _T(n—j)
M= co™ Z( j ](Zrlﬁ’—t)"j

In order to obtain the moments of proposed distribution we again use proposition 2

E(X") = 3 P(N =) X'g, (x ¢

- ép(N :n)E(X(l)rj

n

Now consider

R T R O
=4np Z[ ](Zﬂ)" “1- jj'xnn i o 2y

_ n-1-j_T(r+n-j+1)
4nﬂ J§ [ j J(Zﬁ) (2nﬁ)r+n_j+1

-1 —_
_ (2[3) Z(n jw

n

Thus we have
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nndin—1 _
E(X)=26)" S, g"(i)z[” }F(”;”“l) ©)

5. ORDER STATISTICS AND THEIR MOMENTS

We have developed a new lifetime distribution that can be used to model the
lifetime data where order statistics plays a vital role. In this section we derive
expressions for pdf and CDF of i order statistics of proposed distribution.

Let X, X,,...X, be a random sample from APSD and X,,,X,,,.., X,, denote the

corresponding order statistics. The pdf of i order statistics say X ,, is given by

0= Gt FO B POl 100 ©
__ () {1_ cla@~ Zﬁx)e“’*]}il {C [2(1+ ZﬂX)eZﬂXJTi
(-1 30 S

Expression (6) can be equivalently written as
fi:n(X) (n I HZI:( J( 1) f(X)[F(X)]k“ E]

or

fin (X) = ) ,'1[ ]( D £ () [1-F )]

k=0

In view of the fact

O[O = (kHj [FoI™

The associated CDF of f,, (x) denoted by F_ (x) becomes

oL e vapmen ]
o (0= i ("j [1-@(1 26%) w "

C(n-i)(i-tE (kD) C(4)
The expression for r'" moment of i order statistics X,, X,, with CDF (7) can be

obtained by exploiting a well-known result due to Barakat and Abdelkadir [7] as

follows
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E(xL)=r 3 (-~ 1( ij[:]TX”S(x)kdx

k=n—-i+1

where s(x) is the survival function of Ailamujia distribution. Therefore we have

E(Xl)=r Z (-1~ n+-1[k 1]{kjjxr1[c[’1(l“;2(§’)()ezﬁxJJkdx

k=n—i+1 | 0

where r=1,2,3..and i=12,....,n-

6. PARAMETER ESTIMATIONS

The log-likelihood function of the proposed model with unknown parameter
vector ® =(p,4)" is given by

I, =1 (x,©)=nlog4+2nlog #+nlog A ZﬂZX +Zlogx +ZIog{ [/1(1+2/3x)e’2ﬁ*}}—nIogC(A)

i=1 i=1

The corresponding score functions are

6In _ 2n 4 [ (1+2ﬂX) Zﬂx‘] 2,-2p%
@7 ﬁ ;XI 4lﬂ|z1: C|: (1+2ﬂxi) 72ﬁxij| i

n " : —2%
ol Eil’lc (ﬂ)JrZC [l(lﬁ_zﬂxl)e? ] (l+2ﬂXi)672ﬁx'
L A C) & C'[A(1+2px)e ™ |

The maximum likelihood estimate of ® say @ is obtained by solving the non-linear

;
system of equations U, (®) =(al",al"j =0. The solution of this non-linear system of

0B’ oA

equations can be found numerically by using software such as R.

7. CONSEQUENCES OF PROPOSED MODEL

In this section we will study some important consequences of proposed model
in the form of some special cases. The graphical behavior these sub models will also

be discussed to show the flexibility in terms of hazard and density function.
7.1. Ailamujia Poisson Distribution (APD)

Here, we frequently exploit the use of table 1, in which it is clear that classical

distributions are embodied in PSD on specific function setting. For instance, Poisson
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distribution is a special case of power series distribution forC(1)=e*-1and
C'(4)=e*. Therefore, cdf and pdf of a compound of APD is
A(1+2x)e 2"

F(x) :1—6171_1. The associated pdf, survival and hazard rate function is

(X)— 4lﬂ ; (1+2x)e 27" ~23x

+2fx)e 2 1(1+28x)e 727X —2 px
(0 - L O a5

et -1 ez(uzm)e*“* B

for x, 3>0, 0< A4 <o respectively.

7.2. Ailamujia Logarithmic Distribution (ALD):
Again from table 1, Logarithmic distribution is a special case of PSD when
C(A)=-log(@l-2)and C'(1)=(@1-A)". The cdf of ALD is

log [17/1(1+ Zﬂx)e‘”x}
log(1-4) ’

The associated pdf, survival and hazard rate function is

F(x)=1-

x>0

4&32 2%
f =
9 [ A(1+2px)e ™ 1]l og(1- 2)
s _Iog[lf/l(l+2ﬂx)e‘”*]
()= log(1-4)
()= 4B

[ A(1+2px)e ™ ~1]log[1- A (1+28x)e > |

for x,4 >0and 0< B <1 respectively.

7.3. Ailamujia Geometric Distribution (AGD)

We observe from the table 1 that Geometric distribution is a particular case of
PSD when C(1) = A(1-4)"and C'(1) = (1- 4). Therefore, cdf of AGD is

1-(1+2px)e ™"
_— — X>
1-A(1+2px)e ™

F(x)=
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The associated pdf, survival and hazard rate function is
45°xe M (1-A)

f(x)= 2
[1-2(1+2px)e ™ ]

- (1+2px)e ™ (1-2)
(x)= 1-2(1+2px)e*”

4p%xe P (1- 1) ,
[1-A(1+2px)e ™ |(1+28x)e ™

h(x)=

for x, 8,0 < 2 <1 respectively.

7.4. Ailamujia Binomial Distribution (ABD)

Binomial distribution is a particular case of PSD for C(1)=(1+1)"-1and a

compound of Ailamujia binomial distribution (ABD) is followed from (2) by using

C(A)=(A+1)"™-1. This may be noted here that these sub models are new lifetime

distributions that have been obtained on specific parameter setting in ALPSD.
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Fig. 1-3. These graphs show the flexibility of APD, ALD and AGD models

for randomly selected values of parameters

8. APPLICATION

In this section, we will expose and compare the potentiality of proposed model

on a real life data set based on Lifetime of fatigue fracture of Kevlar 373/epoxy [8],

that are subject to constant pressure at the 90% stress level until all had failed. The

data set is
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0.0251 | 0.0886 | 0.0891 | 0.2501 | 0.3113 | 0.3451 | 0.4763 | 0.565 | 0.5671 | 0.6566 | 0.6748
0.6751 | 0.6753 | 0.7696 | 0.8375 | 0.8391 | 0.8425 | 0.8645 | 0.8851 | 0.9113 | 0.912 | 0.9836
1.0483 | 1.0596 | 1.0773 | 1.1733 | 1.257 | 1.2766 | 1.2985 | 1.3211 | 1.3503 | 1.3551 | 1.4595
1.488 | 15728 | 15733 | 1.7083 | 1.7263 | 1.746 | 1.763 | 1.7746 | 1.8275 | 1.8375 | 1.8503
1.8808 | 1.8878 | 1.8881 | 1.9316 | 1.9558 | 2.0048 | 2.0408 | 2.0903 | 2.1093 | 2.133 2.21
2.246 | 2.2878 | 2.3203 | 2.347 | 2.3513 | 2.4951 | 2.526 | 2.9911 | 3.0256 | 3.2678 | 3.4045

3.4846 | 3.7433 | 3.7455 | 3.9143 | 4.8073 | 5.4005 | 5.4435 | 55295 | 6.5541 | 9.096

Table 2: Analysis of model fitting

MODEL MLE AIC BIC

LG B=041,1=0.38 249.52 252.58

LP =025 1=358 248.68 251.73

LL B= 044, 1=051 249.70 252.75

Density
0.00 005 010 015 020 025 030 0.35

Histogram of x

— AGD
Bl APD
— ALD

Fig 4. Fitting of AGD, APD, ALD to the fatigue lifetime data
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9. CONCLUSION

We have developed a new class of compound lifetime distributions that has
been named as Ailamujia power series distribution. Furthermore, we also discussed
some special cases of this class of distributions that are very flexible in terms of
density and hazard rate functions. Mathematical properties such as moments, order
statistics and parameter estimation through MLE of the proposed class has also been
discussed. Finally the potentiality of proposed model has been explored in lifetime
data analysis. It is very clear from statistical analysis that proposed model performs
well which is also corroborated by graphical analysis. So, we strongly recommend
practitioners to use one of our models in order to get effective results when it comes
to fit lifetime data.

The future course of work will be on a generalized version of Ailamujia power
series distribution.
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