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Proofs of Andrica and Legendre Conjectures
Samuel Bonaya Buya 2:~
aNgao girls’ secondary school, Tana River County, Kenya

Abstract

In this research proof of Legendre conjecture is presented. The proof is based on a property
possessed exclusively by all prime numbers. That is, the positive square-root of any prime number
is an irrational number that always lies between two consecutive positive integers. This property
excludes the number one from the set of prime numbers. Not all composite numbers possess this
sure property possessed by all prime numbers. It is this special property of prime numbers special
property of prime numbers that makes Legendre conjecture a sure law for all prime numbers.

In the process of seeking to prove Legendre’s conjecture the prime gap problem is resolved
and Riemann hypothesis reviewed in the light of these findings.

Keywords: proof of Legendre’s conjecture, an exclusive property of prime numbers,
number theory, Riemann hypothesis, on differences between consecutive primes.

1. Introduction

The properties of prime numbers have been studied for many centuries. Euclid gave the first
proof of infinity of primes. Euler gave a proof which connected primes to the zeta function. Then
there was the Gauss and Legendre’s formulation of the prime number theorem and its proof by
Hadamard and de la Vallee Poussin. Riemann further came with some hypothesis about the roots
of the Riemann-zeta function.

Many others have contributed towards prime number theory.

Legendre’s conjecture, proposed by Adrien-Marie Legendre states that there is a prime
number between n2 and (n+1)? for every positive integer n. The conjecture is one of Landau’s
problems (1912) on prime numbers. Up to 2017 the conjecture had neither been proved nor
disproved.

In this research a method will be presented of proving Legendre’s conjecture. The proof is
based on an exclusive properties of prime numbers not generally shared with composite numbers.
A square root property of prime numbers will be discussed that also implies the truthfulness of
Legendre’s conjecture.

Relevance

The research aims at furthering our understanding of the prime gap problem as proposed in
Legendre, Oppermann, Andrica conjectures and even Riemann hypothesis.

* Corresponding author
E-mail addresses: sbonayab@gmail.com (S. Bonaya Buya)
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2. Discussion

Theorem

The square-root of every prime number is an irrational number in the gap between two
consecutive integers.

Proof

First by definition a prime number is a natural number greater than 1 that cannot be formed
by multiplying two smaller natural numbers each of which is greater than one. The primality
property of prime numbers does not permit them to be factorized to two identical natural factors
(nxn ), thus the square-root of a prime number is always an irrational number. All irrational
numbers, including square-roots of prime numbers lie between two consecutive integers.

Thus:
1<\/§<2
1<\/§<2
2<\/§<3

2<7<3
3<11<4
3<413<4
4<\17 <5
4<\19<5
4<\/§<5 ......

n<yp <n+l

Deriving Legendre’s conjecture

If the square-root of a general prime number p; lies between two consecutive integers, n and
n+1, then it follows mathematically that the prime number p; lies between two consecutive square
numbers. That is to say:

n<\/E< n+l=n®<p, <(n+1)*

Proof of Legendre’s conjecture

In order to prove Legendre’s conjecture there is need to show that between every pair of
consecutive positive integers there exists a radical number that is equal to the positive square-root
of a prime number.

The above results from the theorem also suggest that the gap between square-roots of
consecutive primes is less than 1. That is:

M_\/E<l_) Py <1+ p; +2JE
= pja—p; <1+2,[p;
Y

Proof of Legendre conjecture thus involves resolving the prime gap problem. The inequality 1
is a statement of Andrica conjecture. The conjecture suggests a smaller gap between successive
primes than Legendre conjecture. Thus proof of Andrica conjecture would also imply validity of
Legendre conjecture.

The above inequality 1 suggests that the maximum possible gap tends to infinity as primes
tend to infinity.

That is:
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Thus the average gap in between two primes is given by the inequality below:

S0 S/
(6)

Thus the number of primes less than a given natural number x is given by the inequality:

z(x) > 1a AP <X
= > a+2p,)
i=1
(7)
Hoheisel (1930) was the first to show that there is a constant 6<1 such that:
4
z(x+x?)=z(x) 0 as: X — oo
log(x)
Hence showing that
O < Py’
©)

Hoheisel obtained the possible value 32999/33000 for 6. These results were later improved
by Heilbronn to 6 = 34 +¢, for any >0 and by Chudakov. Other major improvements were

introduced by Ingham, Huxley (1972), Baker, Harman and Pintz (2001).
Ingham showed that for some positive constant c,

S@/2+it) =0(t°)
then:
X0

log(x)

(1+4c) _ 2c
For any 6 > (2+4C)_%+—2+4c

The Lindelof hypothesis implies that Ingham’s formula holds for ¢ any positive number.
If we take ifc =log 2/ log p, then

(1+4log2/log p;)
(0> %2+4I0g2/log pi))

This would mean that

z(x+x)=7(x)0
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9)

The inequality 8 is in agreement with inequality 2. The inequality 1 was assumed from
observations made from the proposed theorem in section 2. No proof was presented for deriving
the inequality; instead the Lindelof hypothesis was used in conjunction with Ingham’s formula to
arrive at inequality 9. As such the above proposed proof has a gap because it is based on an
unproved hypothesis. There is need for a more rigorous proof of the equality 1 above.

Analytical solution of the gap between consecutive primes and proof of Andrica and Legendre
conjectures

Consider two consecutive primes, p;.,,, P;
If the primes are expressible in terms of a variable y such that:
Py =2Y+2n+1Ap, =2y +1
Then the gap between the two primes is 2n and:
p j -1
2

y:

g; :pj+1_pj:2n_>n:%

P =[Py =2y +2n+1) - J2y +1)
= (2y+2n+1)"* - (2y+1)"*
={@y)" + Y5 2y) " (2n+1) - K (2y) P (2n+1)7 +. 3@ + Yo 2y) - K (2y) 7 +..}

<(2y)71/2n: g; ~ PPy _(M+ﬁ)(m_ﬁ)

2 pj—1_2 p; -1 2\p; -1
2,/p;-1
PPy 1
2\/p,;-1 2

VPP
2,/p;—1

lim pj—o

VPia—yP;
2,/p;—1

limp; -0

M‘ﬁ<%}l<l

(10)
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To clarify the derivation of inequality 10, it should be noted that:

{@)" + 1@y ™ @+ - Jg @) @+ +.3{@y)" + Yo @y) " - Jg @2y) ™" +..}<
L ey en+n}- Y2y = Y@y ™

It should be noted again that:
n n-1 n(n _1)an72
..... — —_—+.....
2 }-{a"+na"" + T }
There is need to improve on the above inequality 10
Theorem (gap between successive prime numbers)
The size of the gap between successive prime numbers is governed by the inequality
2

g.
pj+1>TJ+gi+l

n—2p 2
(a+b)"—(a+1)" ={a" rnaips NOZDATLT

11)
Proof
The above theorem proposes that there exists a Diophantine equation governing gaps
between successive primes given by:

9,°+49;+4(p;,, +1-5)=0

seN

12)

The solution of the above Diophantine equation is given by:

g, :—2+\/4—(pj+1+1—s)

S > pj+1
(13)

p,=3;s=9A0,=1
For p,=5s=16AQ,=2
p,=7,5=20n0,=2....

The above theorem is valid since it enables generation of a Diophantine quadratic equation

that accounts for gaps between successive primes.
The inequality 10 can be rewritten for an easy proof of Andrica and Goldbach conjecture

using the above theorem.
1

— 9 _ 9 _
\/m \/p_1<2\/pj—1 2\/pj+1_gj_1 2\/pj+l_gj_1

9,

g;°
pj+l>Tj+gj+1_>‘\, pj+l_‘\/p7j<1

Thus Andrica conjecture is proved. From the foregoing analysis the Andrica conjecture
follows from the Legendre conjecture since it narrows the gap between the primes proposed in the
Legendre conjecture.

By the theorem 11 above if

1) 9,=1->p,>225
2) 9;=2= P >3
3) 9,=4=>0p,>9
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9, =6=p,, >16

Further analysis
From inequality 10:

gj<2‘/pj—1

(14)

Thus the gap between primes can be further reduced than that stipulated by Andrica
Conjecture

Thus the average gap between primes is given by the inequality:
188
g< 2 p -1
j=1

(14)

Thus:
j=10

1 1
10 Z;\/ P - =E(«/i+«/§+\/1+\/€+....+\/28) =3.180830383
J:

Thus the inequality 14 predicts that the average gap of prime numbers between 1 and 30 is
less than 3.181. The prime number theorem stipulates that the average gap between 1 and 30 is

about equal to IN30=23.401197382 . Thus the results above generally agree with the prime number
theorem.

From inequality 13 the gap between primes can be represented by the equation:
1 .
. —+IX
(n(g; +A)" =(p; —1)?
(15)
Thus from equation 15:

ix

1+i><
pj = (n(gj +ﬂv))2 +1

(16)
1 1
1_ 7(%+ix) B 1“‘_ -
S S (TR R
17)
j=x
(=T -
1-((n(g, + )% +1) 2"
18)

Thus the gap stipulated in inequality 13 implies Riemann hypothesis.
From the results of equation 13:
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Using equation 19:

n

0
0 [e's) 0 _SEZ\W ©
g(s):z%:z(%)s :ze j=1 — e—s|nx

( e i )s (e = )n
(20)

1 .
If we take s = > + 1t then the equation 20 takes the form:

B W = R “
ce)=>e " " =e e => e %?(cosg,t+ising,t)
x=1 x=1 x=1
=, (cos(tInx)+isin(tInx))
e

72
=L X

L. _Inx L.
=>e 4(costlnx+|smtlnx):
=1

(21)
In the functional trigonometric series of the form 21 above the non-trivial zeroes of Riemann
hypothesis can be derived and Riemann hypothesis verified.

3. Conclusion

Prime numbers have an exclusive property of which Legendre conjecture is a derivative.
The square-root of every prime number is an irrational number between two consecutive integers.
This property can be used to prove both Legendre’s and Andrica conjecture through provable
derivative inequality. It is possible to reduce the gap between further to less than that stipulated in
Andrica conjecture. A function has been achieved that accounts the non-trivial zeroes of the
Riemann hypothesis.
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Does The Gravitational Weight Vary With the Area of a Flat-Sheet? A Comparative
Study of Area Measurements: With Special References to Simpson’s Rule and
Bhattacharya’s Theorem

Asis Ghosh 2:7, Syama P. Bhattacharya ®

aWest Bengal University of Technology, Kolkata, West Bengal, India
bHoward university, Washington D.C. and University of Maryland, Baltimore City, USA

Abstract

A few methods are known for the measurements of bended flat areas. But the problems arise
when the areas are bended with many bends and deflections. In this situation we have to depend
on Simpson’s rule. If we follow this rule however, we can measure areas with certain limitations.
Therefore accurate results are not always achieved. Recently a theorem has been reported which is
based on conversion of gravitational weight of a map occupied by the area of the flat surface. This
procedure appears to be simple, prompt and accurate. However a comparative study of area
measurements is therefore needful to determine the validity of this theorem.

Keywords: Simpson’s rule, Uniform density, I=W102, Plotted plan, Parabola.

1. Introduction

The curiosity for the measurements of multiple bended flat surfaces was initially originated
in the mind of men since the time of third century B.C. (1). We recall the work of Archimedes
(287B.C.-212 B.C.) The work of Archimedes on geometrical construction and the measurement of
flat and spherical surfaces(2). Many well-known scientists, such as Isaac Newton(1643), (3).
Pythagoras (6 century B.C.), Euclid(3" century B.C.), Ptolemy (2 century A.D.) , Heron of
Alexandria (dates not known) etc gifted their contributions in the technology of surface
measurements. In fact, many scientists were then involved in this investigation, but one accurate
method was never been reported. However various improved methods are now available, but these
methods can be used only in the measurement of simple bended flat areas. (4,5). But actual
objective of this investigation was to develop an easy procedure which will correctly measure all
kinds of flat areas irrespective of sizes and geometric forms. (6).

Although a perfect method of such measurements is not yet known to us, but a few ongoing
procedures which are somehow in practical use have attracted our attention. These are
computations of areas from the mid-ordinate rule (3) and the application of Simpson’s rule. (7)
Surprisingly, a recent report of a theorem I=W10 2 claims that accurate measurements of areas
surrounded by many bends and deflections are possible. (6) This theorem is based on the findings
that gravitational weight (GW) of a flat sheet (FS) is directly proportional with the area of the FS
which of course should be of uniform density. Now we feel it is necessary to compare the claims of
this theorem with the other existing methods. Also, validity of this theorem and it’s importance in
the area measurements are required for careful verification.

* Corresponding author
E-mail addresses: syamaprasadbhattacharyagz2@gmail.com (A. Ghosh)
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2. Materials and methods

The measurements of unknown areas bended by many bends and deflections may be done
somehow with the help of some known methods.

A reduced size map of a water-land surrounded by a border line with numerous bends and
deflections was marked for the determination of its area (Figure 1). A small size bended land was
also present in the center of the large bended land. So the determination of the area of the water-
land was done by subtracting the area of the central land from the area of the total land. Initially we
selected eight different methods (Table 1) for these measurements. But actually we were able to
work with four different methods only. These were: graphical method, mid-ordinate rule,
Simpson’s rule and Bhattacharya’s theorem. We were unable to use the rest of the methods, such
as: Average ordinate rule, Trapezoidal rule, Field notes and Plotted plan because the entire area
can not be divided into regions of convenient geometrical shapes. Another reason was the ends of
the ordinates drawn inside the map can not be assumed as straight lines.
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) i !
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Fig. 1. Maps of the central high-land surrounded by the water-land showing
the border lines with many bends and deflections

11




—— Russian Journal of Mathematical Research. Series A, 2019, 5(1) ——

FIGURE Z°

i

A. §EPEKATED TOTAL AREA OF THE MAF
F/Zo/w THE RrCTANGuLAR AREA "eDEFE

B. SEFARATED CENTRAL

AREA OF THE MAP

FROM. THE TOTAL
AREA

B
[ —— e
Fig. 2. The different areas of the total map were separated for the determination

of gravitational weights

i.  Graphical method:

The total map was drawn onto a graph paper by tracing the map after inserting a carbon
paper between the map and the graph paper. The total number of squares in centimeters were
counted easily. But we had the problems to count near the border line where the bends and
deflections were present. However we followed the give and take principle (Figure 1) Moreover,
some assumptions were required to complete the countings. In this method eventually correct
measurements were not possible due to many bends and deflections in the boundary line. However
approximately correct results were obtained in the measurements of central land. (Table 1)

ii. The Mid-Ordinate Rule:

We determined the area of the central land according to this rule Area=Common distance *
sum of mid-ordinates.

The total bended area was first measured by combining this method with graphical method,
particularly at the regions of boundary line. Here we also used the give and take principle. However
long time was required to complete one task. Even some unavoidable minor errors were present in
counting. The data were recorded in Table-1. However approximate results were obtained in the
measurement of central area. But we were unable to count correctly due to irregular shape of the
border line.

iii. The Average Ordinate Rule:

We attempted to measure all the areas according to the formula:

12
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Sum of ordinates

Area = ————— * length of the base line. It appeared that this formula by itself only can

no. of ordinates
not help in the measurements of our proposed areas; because the bended border line can not be

assumed as the straight lines. Therefore the total area was measured with the help of average
ordinate rule combining with the graphical method. But still the results were not found to be
correct. More over extended long time was required to complete the calculations. Therefore this
method was considered as an unsuitable one for our tasks.

iv. From Field Notes:

According to this procedure it was not possible to draw geometrical figures within the bended
areas. So our attempts for the measurements were discontinued.
v. The Trapezoidal Rule:

We were unable to apply this rule for the measurements; because we could not assume
boundaries between the ends of ordinates to be straight. So, the areas between the base line and
the irregular boundary line can not be considered as trapezoid. Therefore we did not proceed
further for the measurements.

vi. Simpson’s Rule

To apply this rule we drew a base line in the middle of the total map. The ordinates were
drawn from both sides of the base line. The boundaries between the ends of ordinates were
assumed to form the arc of parabolas. The number of ordinates were odd numbers and divisions

were even numbers. The areas were calculated according to the formula:
Common distance

Area = — { first ordinate + last ordinate + 2 x ( Sum of remaining odd ordinates

) + 4 x ( Sum of even ordinates ) }. In this measurement we had to ignore some strips of areas near
the arcs of parabolas. The data of Simpson’s rule are written in Table 1. The countings were
performed separately by five persons. But correct results were not obtained. In the measurements
of the central land, it were easier tasks and the results were also approximately correct. This was
due to simple bended structure of the central land.

vii. Bhattacharya’s Theorem(6):

While using this theorem for the measurement of irregular areas four straight lines were
drawn on the four sides of the map to form a rectangle (Figure 1). The lengths of these lines were
measured and written in centimeters. The scale of the map shows the exact ratio between the size
of the map and that of the original bended lands.

A piece of polyethylene sheet (PES) was used for taking a photographic image of the map
onto it. The outline of the photographic picture of the map was drawn on the PES and then it was
separated from the PES sheet by cutting it with an electric needle. The GW of this portion of PES
was measured in an electronic balance(6).

3. Results

i. Typical procedure of calculations

Proportional weight of the unknown bended area of the PES:

The weight of PES (total map) = 950 mg which is marked as W, and the weight of the known
rectangular area of PES = 1.875 gm. Which is marked as W.. The ratio of the weights of total

unknown and known rectangular areas will be E, say, this ratio =W
W1 0950 wa
T w2z 1875
The index (I) of the unknown bended total area of the map is,

w1l
I= s *100 = 0.506 * 100 = 50.6 %

ii. Area of the total map:

Area of the rectangle = 15 cm * 17 cm = 2552 cm

GW of the PES (rectangle) = 1.875 gm (measured in a balance)
Therefore 1.875 gm of PES = 2552cm of area

Then 1 gm of PES = i = 1362 cm of area
1875

GW of the PES (total fnap) = 0.950 gm (measured in a balance)
Hence 0.950 gm PES = 0.950 * 136 = 129.22 c¢cm (area of the total map)

13
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iii. Area of the Central land:

GW of the PES of the central land = 0.2 gm (measures in a balance)

1gm of PES = 1362 cm of area

0.2 gm of PES = —? * 0.2 = 27.22 ¢cm (area of the central land)

iv. Area of The Water Land

Total land minus the central land

129.2 — 27.2 = 1022 cm (area of the water land)

All experiments including calculations were separately performed by five different persons
(one author and four surveyors). Each experiment was repeated five times and the average number
was recorded in Table 1.

1. The Statistical Procedure

The standard deviation of the means and the t-tests for the

significance at the level P<0.5 were determined adopting the procedure described in SPSS
computer program. (6)

Table 1. Measurements of Bended Areas (Results are expressed in square centimeters)

Graphical | Mid Average | Trapezoidal | Field | Plotted | Simpson’s | Bhattacharya’s
Method Ordinate | Ordinate | rule notes | plan rule theorem
1. rule rule 2. 2. 3. 1, 4,5 6.
2.5 2,
Total 118.4 131.2 N.M. N.M. N.M. | N.M. 139.4 129.2
area +2.35 + 4.25 +5.75 + 0.95
Central | 25.43 24.6 N.M. N.M. N.M. | N.M. 28.2 27.2
area + 1.8 + 3.8 + 4.55 + 0.05
Water | 93.37 106.6 N.M. N.M. N.M. | N.M. 110.7 102.0
area + 2.85 + 4.85 + 5.25 + 0.88

N.M. Not measurable

1. Takes long time to complete.

2. Many bends and deflections are present in the boundaries between the ends of ordinates;
can not be assumed to be straight lines.

3. The entire area can not be divided into regions of convenient shapes.

4. The boundaries between the ends of ordinates can not be assumed to form an arc of
parabolas.

5. Some difficult portions of bended areas were measured by graphical method.

6. Takes short time to complete. No problem for many bends and deflections.

4. Discussion

All the methods written in this paper for the measurements of irregularly bended flat areas
were examined separately by five different experts. Our objective was to select just one dependable
method. So far, we examined eight methods. Except one, all the remaining methods were noticed to
be attached with one or more unsolved questions. Sometimes one or more requirement to design a
specific structure created problems in the measurements. As an example: Computation of area from
plotted plan. Here the entire area was required to divide into regions of convenient geometrical
figures, such as: triangles, squares, trapeziums, parallel lines etc. In this case, the entire area was
changed to a particular shape in order to make easy measurements. However the graphical procedure
was noticed to be an easy method for the measurement of simple bended areas. But long time was
required to complete just-one measurement. Some assumptions were frequently needed when
countings were done near the bends and deflections of the areas. When careful calculations were
done with graphical procedure nearly correct results were obtained (Table 1).

When the graphical method was combined with mid-ordinate rule the time required for
calculations was greatly reduced and the results were approximately correct. But the mid-ordinate
rule without combination of graphical method appeared to be difficult to complete the
measurements.
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Simpson’s rule is a well-known method for the measurements of bended flat areas. In this
rule the boundaries between the ends of ordinates were assumed to form arcs of parabola. This rule
was applicable only when the number of divisions of an area was even, i.e. the number of ordinates
were odd, it gave nearly accurate results as long as the bends were considered as parabolas.
However up to certain limits Simpson’s rule was applicable to obtain nearly accurate results. When
the areas appeared to have many bends and deflections (Figure 1) Simpson’s rule became difficult
to apply. Additionally prolonged time was required to complete a measurement.

An alternative method has been reported recently which is based on a theorem I = W102. (6)

We examined this theorem and followed the method repeatedly on various types and sizes of
multiple bended flat areas. We noticed that the procedure was prompt, simple, short and accurate.
In this procedure we never had to do any complicated calculations or assumptions.

Now if we compare the results of eight experiments (Table 1) we clearly see the standard
deviation (SD) of the means of all results except one are highly significant. Whereas insignificant
SD of the means are noticed in all the results obtained by applying Bhattacharya’s theorem indicate
the accuracy of the findings obtained in the measurements.

So, we can write with confidence that the unique method based on Bhattacharya’s theorem
can be used for the accurate measurements of any flat areas with many bends and deflections.

5. Conclusion

Does the gravitational weight vary with the area of a flat sheet ? The answer is yes. Based on
this report, we hope the old problem of two thousand years in area measurements should no longer
exist.
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On Solutions of Differential Inclusions with Almost Convex Right-Hand Side
Rafik A. Khachatryan 2.~
aYerevan State University, Armenia

Abstract

X(t) € a(x)

In the paper the question of the existence of a differential inclusion under the

X(t,) =X

initial condition 0 is considered. It is assumed that a multivalued mapping a continuous

and the sets a(x) are almost convex.
Keywords: Set-valued mapping, almost convex, differential inclusion.

1. BBeneHnue
HuddepennnaabHbIM BKIIOUEHNEM Ha3bIBa€TCsl COOTHOIIIEHHE BH/IA

dx
—ea(x).
dt (1)
PaccMoTpuM BOHIpPOC CYIIECTBOBaHUsS pelleHus: auddepeHuaaipbHOr0 BRKIIOYEHUSA C
X(to) =Xy

HAYQIBHBIM YCJIOBHEM . B 3aBucHMMOCTH OT CBOWCTB MHOTO3HAUHOTO OTOOpasKEHUs
(HETIpEepBIBHOCT, B TOM WJIM HHOM CMbIcIe) perieHus auddepernnaabHoro BKIIOYEHUS (1)
o0J1a1aet pa3InIHBIMU AU GEePEHITUATFHBIMI CBOUCTBAMU.

J(t, €J) " x(t0)=x0.

OHa HAa3bIBAaeTCs K/IACCHUECKHM PpEIIEHHeM, eCId BCIOAY HAa Y HMeeT HelpEephIBHYIO
MIPOU3BOHYIO U YIOBJIETBOPSIET BKJIFOUEHUIO (1).

ITyctb BekTOp (PyHKIHA X(t) oIIpeJieJieHa Ha MHTepBaJle WIN OTPe3Ke

Bektop dyHKIIHA X(t) Ha3bIBaeTcs pemeHueM Kapateozopu uddepeHITnaaipbHOro

BKJIIOYeHMs (1) Ha MHTepBaje J , ecyiM OHa Ha UHTEpBaJje J a6eomorHo HelpepbIBHA U IOYTH
BCIO/TY Y/IOBJIETBOPSIET BKJIIOUEHUIO (1).

Pemenne BriIOueHHs (1) € BBIMYKJIO3HAYHOW IPABOM YaCThIO IPH IPEATIOIOKEHUHN
MIOJIYHETIPEPHIBHOCTH CBEPXY MHOTO3HAUYHOTO OTOOpa’keHUsI BIIEpBbIE OBLIO PACCMOTPEHO

3apemGoi B cBoeii craTbe (Zaremba, 1934). [Taparunrentaoi mpoussoauou DX(t;) dyrkumu X(t)
B TOuKe 1, Ha3bIBaeTCsA COBOKYITHOCTD BCEX ITPEZIEIOB:

lim X(tk) - X(Sn)

>t tk -S,

XK = XQ

, Sy #E L.

* Corresponding author
E-mail addresses: khachatryan.rafik@gmail.com (R.A. Khachatryan)
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3apemba ompeziesAi pelleHre Kak HeIpephIBHYI0 QYHKIHIO, HapaTHHTeHTHASA IPOU3BOIHAS

Dx(t) KOTOPOU BCIOJy YZIOBJIETBOPSIET BKIIOUEHHUIO:
Dx(t) < a(x(t))

Bepna cienyromas teopema.

(2)

Teopema 1 (Zaremba, 1934), ITycTh MHOrosHauHoe oToGpaxkenue a:R" — 2R" ¢ BhIIyK-
JIBIMH 3aMKHYTBHIMH 3HAQUE€HHSIMH IOJIYHEIIPEPBIBHO CBEPXY U cyIecTByeT urcyio C >0 Takoe, 4TO

ly|<Cvyea(x), xeR".
Torma cymecrByer summunesa ¢yukinus X(t) ¢ Hawanpubiv  yemoBuem  X(0) = X,

napaTUHreHTHast pousBoaHast DX(t) , KoTOpo# BCiofy yIOBIETBOPSET BKIIOUEHHIO:
Dx(t) c a(x(t)) te[0]]

HuddepennnanbHoe BKIIOUEHHE C OOOOIEHHBIMU ITPOU3BOAHBIMU (KOHTUHTEHTHBIMU
MIPOU3BOAHBIMH) ObLIO paccMoTpeHo BazeBckum (Wazewski, 1961).

JloKa3aHo, 4TO €CJIM AJIA JTI060ro X MHOKecTBO a(X) — BBIMYKJIBIM KOMIIAKT M OTOOpaXKeHHe

a HempepbIBHO, TO BKJIIOUEeHHe (2) pAaBHOCWIBHO BKJIIOUEHHI) B KOHTHHTEHTIUSIX U
nuddepeHInaTbHOMY BKJIIOUEHHUIO (1).

Jnsa nuddepeHINATBHBIX BKJIIOYEHUN € HEBBIMYKJIOW IMPABOUW YACThIO II€pBas TeopeMa
CYIIIECTBOBAHUS KJIACCUYECKOTO JIOKJIBHOTO pellleHus OblIa JokazaHa @PUINWNIOBBIM, IIpU
YCJIOBUH, YTO IpaBas 4acTh yAOBJIETBOpseT ycaosuto Jlummuna (Pumunos, 1967). 3aTeM UM Ke
ObLyIa JOKa3aHa TeopeMa CyIlecTBOBaHUs pelleHus Kapareosopu ¢ HEmpephIBHOU IIPABOH YaCThIO
(®unmunos, 1971). A B cratbe (Pwiumos, 1977) mOCTpoeH mpuMep auddepeHITHaIbHOTO
BKJIIOUeHUsA Buja (1), I7le MHOTO3HAYHOE OTOOpaKeHHE a C HEBBINYKJIBIMH 3HAYEHUAMU
HeIIPEPBIBHO, HE YOBJIETBOPsET ycaoBuio Jlummuna v BKIOUeHHE (1) HE UMeeT KJIACCHYecKoe
pemeHue. B HacToslmee BpeMs UMEIOTCSA JOCTATOYHO COJEPIKATEJIBHBIX U IMOAPOOHBIX
MOHOrpadMM U CTaTeld MEJUKOM WIH B 3HAYUTEIHLHON CTENEHHW W3JIAraloluX IMPO0IIeMbI
CYIIECTBOBaHUSA pelmreHU (kmaccuyeckne win B cMmbicie Kapateomopu) auddepeHnraapHbIX
BriIroyeHnit. K uyucimy takux pabor mokHO oTHectu: JK.II. O6Gen (Aubin, Celina, 1984),
A.A.Toncronoroe (Tosicronoros, 1986), E.C. ITomoBunkun (ITosoBanckuii, 2015), A.JI. Modde
(Ioffe, 2017), B.H1. bnaromarcrkux (biarogackux, ®unumnos, 1985), B./I. 'enbman (bapucosuyu u
Iip., 2005).

OnnHako, B JjiUTepaType JOCTAaTOYHO Majo paboThl MOcBAIeHbl aAuddepeHInaTbHBIMU
BKJIIOUEHUSAMU ¢ 0000IIEHHBIMY IIPOU3BOTHBIMH.

B HacrosIel craTbe paccMaTpUBAETCA BOIIPOC CyIIECTBOBAHMS JIMIIIUIEeBoN pyukimii X(t),
te[01] c¢ wavampubim ycmoBuem  X(0)=X,, mapaTMHTEHTHasd TPOU3BOAHAS KOTOPOW

YZIOBJIETBOPsIET BCIOAy BKIOYeHHIo (2). IIpeamosnaraercs, yrto MHOecTBa a(X) ABJIAIOTCA MOYTH

BBIIYKJIBIMH, a oOToOpaskeHue a HempepbiBHO. OKas3bIBaeTcs, YTO B OTOM CJIydae
nuddepeHnaIbHOE BKIIOUeHNE (1) He PAaBHOCUJIBHO BKJIIOUEHHUIO (2) U OHO BOOOIIE TOBOpS HE
UMeeT KJlaccCuueckoe pemieHue. JlokazbiBaeTcss CyIeCTBOBaHHE JIUMIIHUIEBOU (DYyHKIUH,
Y/IOBJIETBOPSIOIIEN BKIIOUEHUIO (2) BCIOTY.

[ToHsATHE TOYTH BHIMYKJIOCTH OBLJIO BBeIEHO B paboTrax (Ocranenko, 1982; OcraneHko, 1983).
[ToTpeOHOCT, W3y4YeHUs] TaKUX MHOKECTB BO3HHUKJIA B Teopwu aud@epHIIUATbHBIX HUrpax
(Ocranenko, 1982).

2. MeToabl HCCAEeA0OBaAHUA
B cratpbe mpuMeHeHBI METOJBI BBIMMYKJIOTO U HEIJIAAKOro aHanu3a. KiroueByro posib 371€Ch
UTpaeT TeopemMa Apriesia O KOMOAKTHOCTH.

B nanpueitmem B, (a)- samkHyThfi map c nentpom a paauyca; M < R" samkmyroe
. di . con{M}
muoxkectso: diam(M) guamerp muoxkectBa M; - BBIMTyKJIasA 000JI09Ka MHOXKeCTBa M.

Onpenenenne 1 (Ocranenko, 1982). Muoxecrso M € R" ynosierBopser yc0BUIO IIOYTH
BBINYKJIOCTH ¢ KOHCTaHTOU B > 0, ecitu Jiuist TI00OBIX
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X;eM, ;20, jel,
rae J - KOHEYHOEe MHOKEeCTBO UHJIEKCOB, TAKUX, UTO ZX i~ 1 » BBIIIOJIHAETCA
jed
2
D Ajxj €M +6r2B(0).
jed

e ' = maXx
i,jed

‘xi—xj

3aMETI/IM, uTo ectt O =0 , TO M -BBIITYKJIO€ MHOXKECTBO. Knacc moutu BBIIIYKJIbIX MHOXKECTB
A0CTATOYHO HINPOK.

Ilpumep 1. Muoxectso M ={a,b} cocrosmmux wu3 AByX TOYEK MOUYTH BBIMYKJIO.

JelicTBUTEILHO, IMEEM
1

con{a,b}c M + ——
2]a—b]

T.e. B DOTOM CJydae KOHCTaHTa IIOYTH BBIOYKJIOCTA O  MOXHO  BBIOpaTh
1/(2||a—b||) (cm. PucyHOK 1).

Ilpumep 2. Jlyra Ha OKPYKHOCTU SABJIAETCA IIOYTH BBIMYKJIBIM MHOXECTBOM. ITO

HEMOCPECTBEHHO CJIeAyeT W3 JOCTATOYHOIO YCJIOBUS TIIOYTH BBIMYKJIOCTH, JIOKA3aHHBIM B
(Ocramnenko, 1983) (cMm. Teopema 2). HaiiieM KOHCTaHTa ITOYTH BBIIMYKJIOCTH. [IpeIIOI0KUM, YTO

nyra M MeHblIle TOJIyOKPYKHOCTH 1 MHOKecTBO Q ={X;, X, ,..., X, } HAXOAUTCS Ha ITOU JIyTe.

Iycte A=X, B=x,d=diam(Q)=AB. Torma wmuoxecrBo CONVWQ} Haxomutcs Ha
a -okpectHocT MHOXKecTBa M, riie @ = CD (cm. PucyHoxk 1).

la-b]*B,(0),

Nmeem

d2
DC=R-,/R2——

4 .
Temneps uncio O BrIOEpeM U3 HEpABEHCTBA:

DC <0d2,
T.€.
1

<0

R+‘/R2—ﬁ
4

OueBU/[HO, UTO STOMY HEPABEHCTB yAoBjeTBopsier unucia 0>1/2R. Ecau myra 6Gosbiie
IIOJIyOKPY?KHOCTH, TO OHAa IIOYTH BhINyKaa 1o teopeme 3 (Ocramenko, 1983) ¢ HEKOTOpOH
koHcranTo 0. Torma, xak BuaHO u3 pucyHka 1, ecmm Q={a,b}, To mmoxkecrso conv{Q}

HAXOAWTCA B B — OKPECTHOCTH JyTH, rje 3 = ||a - b|| / 2.

Takum obpazom
1

0> —:.
2Ja o]

3HauuT, eC/Iu ||a - b|| — 0,10 0 > 00.
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Puc. 1. Muoxecrso CONV{Q} HaxoguTes Ha @ -OKpecTHOCTH MHOKecTBa M, rme & = CD

IIpumep 3. Oxpyxuoctse M ¢ paguycom R sAB/IsS€TCA MOYTH BBIIMYKJIBIM MHOECTBHM C
KOHCTaHTOH O ZZI/ (\/§ R). [eiictBuresnpHO, 1mycTb MHOXKecTBO  Q={X,X,,.., X, }= M

(cm. Pucynok 1). Pacemorpum se ciayuau. Ecin 0¢ con{Q}. D1o o3Hauaer, 4To MHOMECTBO
HAXO/UTCS B HEKOTOPOH MOJIyOKPYKHOCTU. Toria U3 mpuMepa 2 cjieflyeT BKIYeHue:

con{Q} < M +$(diam(Q))2 B,(0). (3)

Ecim OeintQ. Torma B CONVQ cymiecTByeT HEKOTOPBIA OCTPOYTOJIBHBIA TPEYTOJIBHUK,
COJIep KAINi BHYTH cebsI IIEHTP OKPY:KHOCTU O. 3HAUUT, OKPYKHOCTb OITHMCAHA 3TOMY TPEYTOJIb-
HUKy. CienoBareyibHO, JJIMHA HEKOTOPOH CTOPOHBI TPEYTOJIbHUKA OOJIbIIIE WJIM PaBHO RV3.
Ortcroza

diam(Q) > \/§R-

OueBHUIHO, YTO MHOECTBO Q HaxoauTesa B R-okpectHocTy MHOkectBa M .
Tenepb BbIOEpeM UncyIO 0 U3 ycaoBUA

R < 6(diam(Q))2 (4)

9TO HEpaBeCTBO HMMEET MECTO, eCJIH 62]/ (\/§R). Ecm Touka O HaxofuTcs Ha TpaHUIE
muoxecrsa CONV{Q}, o diam(Q)=2R. Torga nepasencrBo (4) BbimosnHsercs, ecau 0 >1/2R.

B o6miem cityuae, mMest BBUy U BKJIIOUeHHe (3), uMeeM

con{Q} = M +ﬁ(diam(Q))2 B,(0).

Orcrona M — mouTH BBIIYKJIOE MHOKECTBO ¢ KOHCTAHTON ]/ (\/§R) .

B naspHelIIIeM MBI UCIIOIb3YEM CJIEAYIOIIEE CBOUCTBO IMMOUTH BBIITYKJIBIX MHOKECTB.
IIpennoxkenue 1 (Ocranenko, 1983). Teopema 3, CinencrBue 3). Ecoti M modTu BBIMTyKJIOE

MHO€CTBO ¢ KOHCTaHTOU 0, To /y1s moboro € <1/(160) muoxkectBo M + B, (0) mouTtu BhImyKIO C

KOHCTaHTOU 40.

HammoMHbIM Temneph ompezeeHruss MHOTO3HAYHOTO oToOpaskeHus. Ilyctb 2R" cCOBOKYITHOCTD
BCEX HEITyCThIX IIOAMHOXKECTB U3 R".

Orobpackenne a:R" — 2R" HaspiBaeTCs NHOJIyHENpPephIBHBIM CHH3Y B X, € R", eciu s

sroboro € >0 cymectByet Takoe & >0, uyTo
a(xy) ca(x)+B.(0) ¥xe Bs(Xp)-
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Orobpakenue a:R" — 2R" HazbIBaeTcs TOJTyHENPEPHIBHBIM CBEPXY B X, € R, ecu s
soboro € >0 cymectByet Takoe 3 >0, 4TO
a(x) c a(xy) + B.(0) ¥x e Bs(xp)-
Ecmu ortobpaxkeHne @ MOJIyHENPEPHIBHO CHU3Yy U CBEPXYy B X, TO OHO HA3BIBAETCH

HENpepPhIBHBIM B 3TOH Touke (cM. BapucoBwu um 1p., 2005), Omnpenenenune 1.2.43, c. 38:
ompezieJieHre HEMMPEPBIBHOCTH B cMbIcsie Xaycmopda).

OCHOBHBIM pe3yJIbTaTOM CTaTbU ABJIAETCA CeAyIolas Teopema.
Teopema 2. Ilycts

n
1) MHOTO3HauHOe oOToOpakeHne a:R" —>2R" ¢ KoOMIDAKTHBIMM 3HAYEHHSAMU
HEINPEPBIBHO;
n
2) cymecTByer uncao 0>0 Takas, 9To s Jr06oro X € R MHOXecTtBo a(X) mouT:

BBIIYKJIO ¢ KOHCTATOM 0 ;
3) cymectByeT koHeranTta C > O Takas, 9To 14 ro6oro Y € a(x)

ly|<C@+|x]) vxeR" .

Torma cymecrByer summunesas ¢yakinusa X(t), maparunrentnas mpoussomsas DX(t)

KOTOPOH BCIOAY Y/IOBJIETBOPSAET BKJIIOUEHUIO
Dx(t) < a(x(t)), t [0]]

¢ HauapbHbIM yesioBueM X(0) = X, .

Jloka3aTeabCcTBO. /[0Ka3aTeIbLCTBO aHAJIOTUYHO TeopeMe 3apeMObl. OTMETHUM KJIIOUY€eBbIE
MOMEHTHI Jl0KazaTesbcrBa. Pazob6bem orpes3ok[0,]] ma 2™ (m-HaTypanbHOe umciao) vacred u

0J103kKMM O = 2™ " . 3anuiieM BMECTO COOTHOIIEHHs (1) pa3HOCTHOE BKJIIOUEHUE

X5 (t +) € X5 (1) +3a(x (1)), 5)

t=0,6,25,.., (2" -1)5.

Pemenue X;(t) pasHocTHOro BKJIOUeHMsS (3) MOCTPOMM IIar 3a MIArOM. II0JIOXKUM
X5(0) = X,. B mepBom Inare B KauecTBe X;(0) BbIOepeM IPOM3BOJIBHBIA 3JIEMEHT MHOMKECTBA
X5(0) + da(x5(0)). Bo BTOpOoM mIare B KauecTBe X;(20) BbIOepeM TaKoOil 3JIeMEHT MHOMKECTBA
X5 (8) + da(X5(5)), uto

5 (8) —x5(0) _ X5(28) —X;(3) I _ min %5 (8) —x5(0) _U=X ©)| 6)

5 5 | uexs (5)+3a06 (0)) 8 5

AHaJIOTUYHO, TOCTPOUM TOUKH Xg(3D),..., X5 (1) .

Hoonpenenum Xg(t) m1s Becex [0,1], TOCTPOUB JIMHEHHYIO HHTEPIIOJIAIHIO:

X5 ((K +1)3) — X (kd)
)

Xs (t) = X (k&) + (t — k3) - . te[ks, (k +1)3],

k=01..,(2" -1).

W3 pa3HOCTHOTO BKJIIOUEHUS (5) CJIeyeT, UTO
X5 (t +8)| < L+ 8C) |[xs (t)[ + 8C

OTcrona nosyyum

[ ()] < €S @+ o) ~ 1 < €S @+ o) ~1= v.
3HauuT, A moboro Y € a(X(t))

Iy <C@+|xs M) <CA+v) =L
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ITosTomy

%5 (t+8) = x5 ()| <L t=0,5... -

Orcroza

||X5 (t) — x5 (t; )” < |—|t1 _t2| vt t, €[0,1] '

[TosaToMy B cuiy TeopeMbl Apliesnia u3 mocienoBaresnbHoctd {Xg(t)} dyHkmuit moxxHO
BBIOpaTh PABHOMEPHO CXOSAINYIOCS TIOJIIIOC/IEI0BATEIbHOCTh. be3 orpaHuYeHus: OOIIHOCTU
MOKHO IIpeJIIoJIarath, YTO caMa IIOCJIeZ0BATeIbHOCTh Xg(.) CXOMUTCSA K HEKOTOPOH (GYHKIHH
Xo(.) , mpuyem

7(8) = max|x, (1) = %, ()] - 0.

[Tokaxxem, uyTto mpefenbHas yHkuus X,(t) yzgoierBopsier ycioBuio Jlummuia c
KoHcTaHTOU L. B camom pete,

”Xo (t) — X (tz)” < ||Xo (t) —Xs (tl)” +

+ ”XB (t) — Xs (tz)” + "Xa (t,) — %o (tz)” <

<y(8) + Ljt, —t,| +v(3) .

Yerpemsisisi & K HyJTIO, TIOJIyYUM TpeOyeMbIi pe3yJsIbTar.

Tax xkak

%5 (£) = %o (o)]| < X5 (1) = %5 (to)] +

+[/xs (to) = %o (to)]| < L t —to| +(3),

TO B CUJIy TIOJIyHEIIPePLIBHOCTH CBEPXY OTOOpaXkeHHA & cIIaBe/IMBO BKJIIOUEHHe

a(x; (1)) < a(¥ (tp)) + 8, 0)

KaK TOJIbKO Pa3HOCTh |t—t0| 1 O JOCTaTOYHO MaJibl. IIpeArosoKumM, UYTO 3TO BKIIOUEHUE
BBITIOJTHSIETCS, €CJTU BBITIOJTHEHBI CJIETYIOIIHE YCIIOBUS | t— t0| <7y, 8<90.

INokaskeM, 4yTO MapaTHHreHTHasA npoussoaHas DX(t) ymosnersopser Bxarouenuio (2) Bcromy
Ha otpeske [0,1]. IIyets ty €(01) u t,t,-buxcuposannsie Touku, umetomue Bun 4 =k0;,

t, =k,9,, 8, <3 , mpuuem

It —to] <7, [t —to| <.
Tak kak & =2-™, To mpu 0 <O, Touku t;,t, OyayT BXOAUTH B pasbueHue oTpeska [0,1].
Nmeem
X (t2) = %5 () _ 3 0 .Xa(t+5)—xs(t)-
-1 ootz ~h 0

Jl1g IOCTaTOYHO MAaJIbIX & UMEEM
_%(+0) %) _
Y, o a(Xo(ty)) +€B,(0), Vt=t,t, +85,..,.t, - 3.
Tak xak MHO3kecTBO a(X,(ty)) mMOUTH BBIMYKIIO ¢ KOHCTAHTOM 0, TO MO MPEAJIOKEHUIO 1 IPH
€ <1/(160) muoxecrso a(X,(t;))+ €B,(0) mouru BhIMyKIIO ¢ KOHCTaHTOH 40 . [T09TOMY COTIACHO
OTIPEIEJIEHUIO 1 TOYUTH BBITYKJIOCTA HMEEM

M € a(xy(t,)) + B, 0) + 49 max|y, -y, | 'B,(0) ®)
2~ o
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Tak kak oTo6paskeHue & HempephIBHO 10 Xayczopdy, TO OHO paBHOMEPHO HellpephIBHO Ha

B, (0

KOMITAaKTHOM MHOXKECTBE "( ) . 910 O3Ha4vaeT, 4TOo JJIA Jroboro € > 0 CylleCTBYET A>0
! " B o

X',x"eB,(0) 1,

”X( _ X”

TaKoe, 4YTO €CJIN

<A= a(x)ca(x")+B,(0).
Otcroza, ecnu monoxkum X' = X5 (t+03), X" = X;(t), To u3 HepaBencrsa (7) cienyer, 4To Ipu
d<4/L
X5 (t+8) = x5 (1) < A
Y TI03TOMY U3 COOTHOIIIEHUS (6) MoIyIuM
IVers = Vi <&, t=t, t, +8,...,1, 8.
Orcropa a1 npou3BoOJbHBIX t, P =1, 1) + O,..., t, — O cIipaBeIJINBO HEPABEHCTBO
Hyt — ypH <gt -ty
ITosTomy, eciu 2v < g, TO
HYt - yp”2 <(t; —ty)%e? <et

Nmeem

9)

Xo(t2) — %o (ty) _Xo (t) — %o (t) R (t) —%5(t) +

n X5 (t2) — %o (t)

LY . (10)
BribepeM Temepp UKCIO & HACTOJIBKO MaJIbIM, UTO IIEPBOE M TPEThE caaraeMoe B (10) ObLIn
10 MOJYJTI0 MeHblIe € . Terepb nMest BBUy cooTHoIeHus (8)-(10), moyaum

M € a(X (t,)) + 35B, (0) + 4054B, (0).
24

Orcro/1a, TOCKOJIKY € IPOU3BOJIBHO, IOJIyUYUM
Dx, (ty) = a(x(tp)).

AHanornyHO paccMaTpuBaoTes cirydan, korza ty =0 mmm ty =1.

3. O6cy:kaeHue pe3yabTaToB

HTak OCHOBHBIM pe3YyJIbTaTOM CTaThbU SBJISETCSI  CJIeAyIolias TeopemMa, B KOTOPOU
JIOKA3bIBAETCsl CYIECTBOBAHUS peleHUuss AudepeHnuaaibHOTO BKIIOUEHHUA C IapaTHHTeHTHOU
IPOM3BOJHOM B ciaydae, Korja mnpasad dacTh a(X) auddepeHnuasbHOro BEKIOYeHHS (1)

IpDUHAMAeT IIOYTH BBHIIYK/Ible B3HAUEHWs, a4 MHOTO3HAUYHOe oroOpakenme a:R" — 2R"
HEIPEePHIBHO 110 Xaycaopdy.

3ameuvanue 1. Ecau oc1abuTh yCI0OBHE HEIPEPHIBHOCTH OTOOpaXkeHWs &, TO

yTBEPK/IEHIE TEOPEMbI 2 CTAHOBUTCS HEBEPHBIM. JleHiCTBUTEIIBHO, IIYCTh
x e R*, a(0) ={-11}, a(x) =-signx.

Torma oToOpaXieHHe a IOJYHEIPEPBIBHO CBepXy, MHOxecTBa a(X) mMOYTH BBINMYKJBI
(npumep 1), HO pemenue ¢ HadanbHEIM yeaosueM X(0) =0 me cymecrsyer mpu t >0 (cM. mpumep
Brnarogackux, ®uauios, 1985: 243).

3ameuvanue 2. OTMETHUM, YTO B YCJITOBUSAX TEOPEMBI 2 BKJIOUEHHE 2 B IMAapaTUHTEHIHIX
He PAaBHOCHJBbHO JuPPepeHITnaTbHOMY BKIIOUEHUO (1).

JHeticreurensHo, mycrs a(X) ={-1L03U{2}, Vx € R'. OroGpaskeHne & HelnpepbIBHO, a AJIA
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KaK0r0 X MHOxecTBO a(X) mouTw BBINYKIO C KOHcraHToi ©=1/2. Pacemorpum
mubdepennuansaoe Braodenue (1) ¢ HadanbHbeIM yenoBuem X(0) =0 ma orpeske [0,3].
Jlunmunesa QyHKIUA
t ecu te[0,1],
X(t)=<2-t ecwm tell,2],
2t—4 ecwm te[2,3]

d
Ha oTpeske [0,3] ynosyierBopseT nuddepeHnnaIbHOMY BKIIOUEHHUIO d—X(t) € a(x) mourm
X

BCIOZTY.
yOILHaKO BKJIIOUeHHe (2) He BBINOJHAETCS BCIOAY, IMOCKOJbKy Hampumep 1.5 Dx(2),
u mostomy DX(2) < a(x(2)).
Pemenne BxtroueHus (2) B IapaTUHTEHTIUAX OyZieT HanpuMep GyHKIHA
t  ecwtel0]]
y(t)= {2 -t ecwtell3]
JlefiCTBUTEIBHO TMeeM
1 ecu te[0,1),
Dy(t)=< -1 ecm te(l3],
[-11] ecm t=1

IIOSTOMY BCIOZY HA OTPE3KE [0,3] HM:€€T MECTO BKJIIOUEHHE

Dy(t) c a(y(t)), y(0)=0,

3ameuanue 3. B mpumepe 3 (cm. ®uiumos, 1977: 1076) MHOTO3HAUHOE OTOOpaXKeHUe
a:R2 — 2R? HempephIBHO, I KAXKIOTO X MHOXKecTBO a(X) mbo /yra Ha OKPY:KHOCTH JIHOO
OKDYHOCTb, (T.e. MHOkecTBa a(X) IOYTH BBIMYKJIBI COIJIACHO IPHMEPY 2), M II0Ka3aHO, 4YTO
muddepennyanbHoe Braodenre Buga (1) ¢ HadaababiM  yerosuem  X(0) =0 me wumeer
KJIacCHYecKoe perieHre. Takum o6pazoM cylnecTByeT npumep auddepeHIuaTbHOr0 BKIIOUEHMS
suza (1), Te oToOpakeHue & HempepbiBHO, 3HaueHHsa a(X) HOYTH BBHIIYKJIBL, HO BKJIIOYeHHe (1)
HE MMEET KJIACCUYECKOEe PEIIEHHE.

4. 3akJaoueHue
Pe3ysnpraThl cTaThyi MOTYT OBITh NPUMEHEHBI B TEOPUH AUMPDEPEHITUATHBIX UTPax U B
3aZjlayax OIITUMaJIbHOTO yIIpaBJICHUA.
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O pemenusax AuddpepeHINATBHBIX BKIIOYEHNHN € IIOYTH BHIIMYKJIOH IPaBOi YaCThIO
Paduk AracueBuu XauaTpsH 2»*
a EpeBaHCKUI rocy/lapCTBeHHBIN YHUBEPCUTET, ADMEeHUA

AHHOTaI_lI/I}I. B crartpe pacCMaTpUBa€eTCA BOIIPDOC CYINECTBOBAHUA PEHICHUA BKJIIIOYECHUA

Dx(t) < a(x(t)) X(ty) =X, Dx(t)

BHUA IIp Ha4YaJIbHOM YCJIOBHU rae IHapaTHHT€HTHaA

X
IIPOU3BOAHAA q)yHKHI/II/I (t) . HpezmonaraeTCH, YTO MHOTO3HAYHO€E OTO6pa}KEHI/Ie a HEIIPpEPBIBHO,

X
a MHOXKeCTBa a(x) IIOYTH BBIILYKJIBI.

KiaioueBsle caoBa: MHoro3HauHoe 0TOOpa’keHHe, MIOYTH BBIITYKJIOCTD,
auddepeHITuaIbHOE BKIIOUEHHE.

* KoppecnnoHAUPYIOLIUHI aBTOP
Anpeca anexktponHO# mouTsl: khachatryan.rafik@gmail.com (P.A. Xauarpsmn)
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